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ABSTRACT

Euclidean distance -nearest neighbor ( -NN) classifiers are simple nonparametric classification rules.5 5

Bootstrap methods, widely used for estimating the expected prediction error of classification rules, are

motivated by the objective of calculating the ideal bootstrap estimate of expected prediction error.  In

practice, bootstrap methods use Monte Carlo resampling to estimate the ideal bootstrap estimate

because exact calculation is generally intractable.  In this article, we present analytic formulae for exact

calculation of the ideal bootstrap estimate of expected prediction error for -NN classifiers and5

propose a new weighted -NN classifier based on resampling ideas.  The resampling-weighted -NN5 5

classifier replaces the -NN posterior probability estimates by their expectations under resampling and5

predicts an unclassified covariate to belong to the group with the largest resampling expectation.  A

simulation study and an application involving remotely sensed data show that the resampling-weighted

5 5-NN classifier compares favorably to unweighted and distance-weighted -NN classifiers.
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1. INTRODUCTION

Suppose that a population consists of  groups and that  independent training observations have1 8

been collected by probability sampling.  Each observation in the training sample  is a pair consisting ofB

a covariate vector and a label identifying group membership.  The classification problem is to construct a

rule  from  that will be used for predicting group membership of unclassified covariates.  The(B B

prediction error of  is a binary random variable taking on the value  if the prediction is incorrect, and(B "

! if correct.  The expected prediction error of , over all possible samples and covariates, is the(B

probability of misclassifying an unclassified covariate.

The bootstrap (Efron 1982, Efron and Tibshirani 1993) is a popular method of estimating expected

prediction error.  The bootstrap idea is to replace the unknown distribution function  from which J B has

been sampled by the empirical distribution function  and calculate expected prediction error over J Js s

instead of .   This estimate is called the ideal bootstrap estimate of expected prediction error by EfronJ

and Tibshirani (1993) because analytic calculation is almost always intractable.  Consequently,

bootstrap methods almost always estimate the ideal bootstrap estimate of prediction error by Monte

Carlo resampling.  There are a variety of Monte Carlo bootstrap methods, but this article concentrates

on Efron 1983, the leave-one-out bootstrap ( Efron and Tibshirani 1997) because it is particularly well-

suited for estimating expected prediction error of 5 5-nearest neighbor ( -NN) classifiers.

In this article, we derive analytic expressions for the leave-one-out ideal bootstrap estimator of

expected prediction error for -NN classifiers.  While the practical applications of these analytic5

formulae are somewhat limited, they motivate a new -NN classifier which replaces the -NN5 5

posterior probability estimator by its expectation under resampling.  This classifier, which we refer to as

the resampling-weighted -NN classifier, is easy and fast to compute and avoids the need for tie5

breaking.  Comparisons of resampling-weighted and conventional -NN classifiers, and Dudani's5

(1976) and Macleod, Luk and Titterington's (1987) distance-weighted -NN classifiers, indicate that5

resampling-weighted -NN classifiers may outperform these classifiers for some problems.5

The article is organized as follows.  Section 2 sets up the classification problem and notation.

Section 3 discusses bootstrap estimation of expected prediction error and formulae for the ideal



2

bootstrap estimate of expected prediction error for conventional -NN classifiers.  Section 4 discusses5

distance-weighted -NN classifiers and analytic calculation of the ideal estimate of expected prediction5

error for these classifiers.  Section 5 introduces the resampling-weighted -NN classifier and compares5

it to other -NN classifiers via simulation.  Section 6 provides an additional comparison involving a land5

cover classification problem and Section 7 concludes.

2. CLASSIFICATION AND ASSESSMENT OF PREDICTION ERROR

Suppose that training sample  a  has been collected by random sampling of aB œÖB ßá ß B ×" 8

population  consisting of  groups .  Each observation  consists of ac 1 K ßá ßK B œ > ß C" 3 3 31 a b
covariate vector >3 3 and a group label .  The classification objective is to construct aC − Ö"ßáß1×

classification rule  for predicting the membership of an unclassified covariate vector   Usually,(B > − Þ! c

a classification rule can be viewed as a method of estimating the posterior probability of membership in

K >6 !.  If so, then the rule predicts  to belong to the group with the largest posterior probability estimate.

We denote the posterior probability of membership in  by .K Ð> Ñ œ T C œ 6 ± >6 6 ! ! !7 a b
Conventional Euclidean distance -NN classifiers  by the proportion of the -nearest5 5estimate 76 !Ð> Ñ

neighbors of  belonging to .> K! 6   To develop these ideas further, let  denote the th closest>!ß4 4

observation to  among , where the distance between covariate vectors is Euclidean> Ö> ßá ß > ×! " 8

distance, and let  denote the group label for  .  The  C >!ß4 !ß4 6 ! conventional -NN estimate of is the5 7 Ð> Ñ

sample proportion of observations belonging to  among the  nearest neighbors and can beK 56

expressed as

7-6 ! !ß4Ð> Ñ œ œ 6
"
5

Ð Ñ"
4œ"

5
G C , (1)

where  is the indicator function of the event .   Ties among the maximum posterior probabilityGa bT T

estimates may be broken by randomly choosing among the tied groups or by increasing the

neighborhood size and recomputing formula (1).

The following notation is based on Efron and Tibshirani (1993, 1997) although it is not entirely

consistent with either.  The prediction error of  in classifying  is denoted by(B >!
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UÐB ß Ñ œ
"ß > Á C ß
!ß > œ C ß!

! !
! !

B œ a ba bif 
if 
(
(
B
B

where  and  is the predicted group membership.  The B œ > ß C >! ! ! !a b a b(B conditional expected

prediction error of (B  is err  where the expectation is conditional on thea bB Bß J œ I UÐB ß Ñ!J !

sample  and over , the distribution of .  The  is the expectation ofB J B! expected prediction error

err  over the distribution of , and is denoted by err .  Let  denote the empiricala b a bB B Bß J I ßJ JsJ

distribution function of  placing probability mass  at each .  The apparent error rateB B"Î8 B −3

err  is a simple estimate of conditional Ð ßJ Ñœ U B ß Î8sB B! a b3œ"
8

3 expected prediction error.

However, it is because each  is used both tooptimistically biased  construct the classification rule andB3

to evaluate the prediction error of the rule.

3. BOOTSTRAP ESTIMATES OF EXPECTED PREDICTION ERROR

Let  denote a random bootstrap sample obtained by sampling  with replacement.  The idealB‡ Js

bootstrap estimator of the expected prediction error replaces the realized sample  by a randomB

bootstrap sample  in err  and takes the expectation over .  Hence, the ideal estimator isB B‡ Ð ßJÑ Js s

I Ð ß J ÑœI UÐB ß Ñs "
8J Js s

‡ ‡

3œ"

8

3err .B B"

For nearly all practical problems,  is very difficult to calculate analytically.  The standardI UÐB ß ÑJs 3
‡B

method of applying bootstrap ideas to estimation of expected prediction error uses Monte Carlo

resampling to sample  and approximate err .   For instance, select  bootstrap samplesJ I Ð ßJÑ Fs s
Js

‡B

B B‡" ‡Fßá ß Js from and construct a classification rule from each sample.  Each bootstrap rule is used 

to classify , and the estimate of err  is the average proportion of misclassified trainingB BI Ð ßJÑsJs
‡

observations given by

I Ð ßJ Ñœ UÐB ß Ñs s " "
F 8Js

‡ ‡,

,œ"3œ"

F 8

3err .B B""

As illustrated in the next section, err  may be is optimistically biased.  I Ð ßJÑs s
Js

‡B Efron and Tibshirani

(1997) discuss .bias-corrected estimates of expected prediction error and related topics
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3.1. Bootstrap Estimates of Expected Prediction Error for -NN Classification Rules5

Suppose that each observation in is unique and consider the -NN Euclidean distance classifier.B "

If  is in , then the bootstrap rule constructed from is certain to correctly classify .B B3 3
‡, ‡,B B  

Furthermore, the probability that  is in  is , and it is easy toB "�TÐB Â Ñ œ " � " � "Î83 3
‡, ‡, 8B B c d

show that this probability tends to  as  tends to infinity.  Especially for small , err  mayÞ'$# 8 5 I Ð ßJÑs s
Js

‡B

be badly and optimistically biased.   Efron 1983, The  bootstrap ( Efron and Tibshiranileave-one-out

1997) avoids optimistic bias at the cost of a small amount of negative bias.  The leave-one-out idea is to

remove one observation from , choose a bootstrap sample from the remaining observations, computeB

a classification rule from the bootstrap sample, and then evaluate the rule using the left-out observation.

To develop this idea further, let  denote an empirical distribution function placing probability massJsa b3
"ÎÐ8�" Ñ B − B Á B Js at each , , and let  denote a bootstrap sample from .  The leave-4 4 3 3

‡
3B Ba b a b

one-out ideal bootstrap estimator of expected prediction error is the average of the  expected8

prediction errors  given byI UÐB ß ÑJ 3s 3
‡

a b3 Ba b
I Ð ßJ Ñœ I UÐB ß Ñs "

8J Js s
‡ ‡

3œ"

8

3 3a b a b† 3
err .B B" a b

For simplicity, we write Err  in place of err .  Efron and Tibshirani (1997) provide aa b" ‡
JsI Ð ßJÑsa b† B

computationally efficient estimator of Err  given bya b"

Err .s a b"
3œ"

8
,

3 3
‡, ‡,

,
3 ‡,œ

"
8

ÐB Â ÑUÐB ß Ñ

ÐB Â Ñ
"

!
!

G

G

B B

B

3.2. The Ideal Estimate of Expected Prediction Error for -NN Classifiers5

For -NN Euclidean distance classifiers, Err  can be expressed analytically.  In this section, we5 a b"
demonstrate how to derive expressions for Err  involving  equations and given a value of .a b" 5�"# 5

Consider Err  when   Because  is a bootstrap sample from , there are only a b a b a b" ‡
3 35 œ "Þ J 8 � "sB

possible neighbors of  in .  Let  denote the th nearest covariate to  in  besides  and letB 4 > >3 3ß4 3 33
‡B > Ba b
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C > > B3ß4 3ß4 3
‡ ‡
3ß" 3 denote the membership label of .  Also, let  denote the covariate nearest to  in .> a b

Because  will be misclassified whenever  and , the resampling expectation of> œ Á C3 3ß4 3ß4 3
‡
3ß"> > C

prediction error in classifying  is the sum over all possible nearest neighbors of  given by> >3 3

I UÐB ß Ñ œ T Ð œ Ñ Ð Á C ÑJ Js s3 3ß4 3ß4 33
‡ ‡

4Á3
3ß"a b a b3 3

B > > Ca b " G . (2)

To derive a computational formula for , lT Ð œ ÑJ 3s
‡ ‡
3ß" 3ß4a b3 > > Bet  denote the event that  is drawnE4 a b

from  and note that .  BecauseÖ ßá ß Ð × T E œ Ò 8� 4 Ñ Î Ð 8� " Óˆ ‰ ˆ ‰ a b> C > C3ß4 3ß4 3ß8�" 3ß8�"ß ß Ñ 4
8�"

> >‡
3ß" 3ß4œ  if and only if both E E E § E4 4�" 44

- and  occur, and because ,+1

T œ ÑJs
‡
3ß" 3ß4a b3 Ð œ T E � T E

œ �
8 � 4 8 � 4 � "
8 � " 8 � "

> > ˆ ‰ ˆ ‰
Œ � Œ �

4 4�"

8�" 8�"
. (3)

Combining ideal bootstrap estimate of expected predictionequations (2) and (3) yields the following 

error for :5 œ "

Err

.

a b"
3œ"

8

3œ"4Á3

8 8�" 8�"

3

œ
"
8

œ � Ð Á C Ñ
" 8 � 4 8 � 4 � "
8 8 � " 8 � "

"
""� ŸŒ � Œ �
I UÐB ß ÑJs 3 3

‡

3ß4

a b3 B

C

a b
G

Besides improving on the accuracy of Err , Err  is easy to compute.s a b a b" "

We illustrate our general approach for deriving analytic expressions for Err  using the case .a b" 5 œ $

Let > B > > >‡ ‡ ‡ ‡ ‡
3ß4 3ß" 3ß# 3ß$3 2ß4ß63 denote the th closest covariate to  among , let  denote the event 4 > F Ð ß ß Ña b

œ Ð ß ß Ñ UÐB ß F Ñ >> > >3ß2 3ß4 3ß6 3 2ß4ß6 3, and let  denote the prediction error when classifying , given that

F >2ß4ß6 3 has occurred.  The resampling expectation of prediction error in classifying  is the sum over all

possible three closest neighbors given by

I œ T ÐJ Js s3 2ß4ß6 3 2ß4ß63
‡

a b a b3 3
UÐB ß Ñ F ÑUÐB ß F ÑBa b     ."

"Ÿ2Ÿ4Ÿ6Ÿ8�"
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As before, Err  is the average of .  Formulae for computinga b" I UÐB ß Ñ 3 œ " ßáß8J 3s 3
‡

a b3 Ba b  over 

T ÐF ÑJsa b3 2ß4ß6  are derived in the Appendix for each of the relations 2 œ 4 œ 6 2 œ 4 � 6 2 � 4 œ 6, , ,

and .  2 � 4 � 6  For large , it is neither practical nor necessary to calculate these probabilities for all8

values of , , and .  Instead,  can be approximated by zero whenever one or more of ,2 4 6 T ÐF Ñ 2Jsa b3 2ß4ß6

4 6 "&, and  are greater than some minimum value, say , because it is very unlikely that any of the three

closest neighbors to  among a bootstrap sample will be more distant than the original th nearest> "&3

neighbor.  For instance, the probability of selecting at least one of  or > > > >!ß" !ß# !ß$
‡ ‡ ‡

!ß"&,  from Ö ßá ß

>!ß8 �' �' �'× %‚"! #"‚"! $#‚"! 8 "& "&! %&! is , , and , when  is to equal ,  and , respectively.  A

lower bound on the ideal bootstrap estimate of expected prediction accuracy, " � Err , is given bya b"
the partial sum

"
8

T Ð Ÿ " �" "
3œ"

8

"Ÿ2Ÿ4Ÿ6Ÿ8

"   Err .
w
Js 2ß4ß6 3 3

‡
a b3 F Ñ ÖUÐB ß Ñœ!×G Ba b a b

where  is chosen to expedite computational effort.  An upper bound on Err  can be calculated8 � 8w "a b
by s .ubtracting the lower bound on expected prediction  from accuracy "

There are several problems that limit the practical utility of the analytic formulae for computing upper

bounds on Err .  The computation may be time-consuming even when  is smaller than  because ofa b" 5 &

the large number of terms in the partial sum approximation.  Furthermore, implementation of our

approach is burdensome when  because  distinct formulae are needed to compute the5 � & #5�"

resampling expectation of prediction error for  nearest neighbors.  If the classification rule breaks ties5

by increasing the neighborhood size, then additional formulae and computational effort will be needed.

4.  DISTANCE-WEIGHTED -NN CLASSIFIERS5

Before turning to other applications of resampling ideas to -NN classifiers besides calculating5

Err , we review distance-weighted -NN classifiers and show that analytic formulae for Err  can bea b a b" "5

derived for these classifiers.  Equation (1) shows that the 5-NN Euclidean distance classifier assigns

weight  to each of the  nearest neighbors"Î5 5 .  Because nearer neighbors may be more informative
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than distant neighbors, Dudani (1976) proposed a distance-weighted classifier.  Dudani's (1976) weight

for the th closest neighbor is  if , and  if ,4 A œÐ. � . ÑÎÐ. � . Ñ . Á . A œ " . œ .. .
4ß5 4ß55 4 5 " 5 " 5 "

where  is the Euclidean distance from  to , .   An unclassified covariate  is. > 4œ " ßá ß 5 >4 ! !ß4 !>

assigned to  if   is largest.   Macleodet al. (1987) proposed a more generalK A Ð Ñ6 4œ"
5 .

4ß5
! G C!ß4 œ 6

distance-weighting function and demonstrated improvement over Dudani's (1976) weighted rule.  In

Section 5, we use a form of Macleodet al.'s (1987) generalized weight given by A œÐ. � . Ñ7
4ß8 8 4

ÎÐ. � . Ñ . >8 8" ! where  is the maximum distance between  and any training covariate The simulation.  

studies of Dudani (1976)  and Macleod et al. (1987) demonstrated that weighted rules may improve on

the unweighted rule for finite  although Bailey and Jain (1978) showed that the asymptotic8

performance of a weighted  is no better than the unweighted rule.rule

Analytic formulae for Err  can be determined for distance-weighted -NN classifiers as follows.a b" 5

For arbitrary , l5 " Ÿ 2 ŸâŸ 6et  denote the event , F Ð ßá ß ÑœÐ > ßá ß > Ñ2ßáß6 3ß2 3ß6
‡ ‡
3ß" 3ß5> >

Ÿ 8 � ", and let  denote the prediction error of a distance-weighted rule whenUÐB ß F Ñ3 2ßáß6

classifying  given that  has occurred.  Then, resampling> F3 2ßáß6 Err  is the average of the  a b" 8

expectations

I UÐB ß Ñ F ÑUÐB ß F ÑJs 3 2ßáß6 3 2ßáß63
‡

a b3 Ba b œ T Ð    "
"Ÿ2ŸâŸ6Ÿ8�"

Jsa b3 .

5.  RESAMPLING WEIGHTED 5-NN CLASSIFIERS

T -NN estimate of  is the sample proportion of observations in a  nearest-neighborhoodhe 5 > 576 !a b
of  belonging to .  This estimator may be criticized for two reasons.  Unless  is large, it is not> K 5! 6

smooth because there are only  possible realizations.  Secondly, each of the  neighbors has equal5 � " 5

weight in determining the estimate even though the informativeness of the neighbors may decrease as the

distance between  and its neighbors increases.  In some instances, Euclidean distance weights, such as>!

those proposed by Dudani (1976) and Macleod et al. (1987), may not be an effective scale for

measuring the value of each neighbor for classifying .  Furthermore, weights based on the distance>!

ranks seem truer to the nonparametric nature of the -NN classifier than Euclidean distances. In the5
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next section, a smoother  is proposed which gives each training observation a weight estimator of 76 !a b>
determined by its distance rank to .>!

5.1  The Resampling-Weighted -NN Classifier5

We propose to smooth the -NN estimator of  taking its resampling expectation.  This is5 >76 !a b
accomplished by the   (equation [1]) replacing sample  in by a random bootstrap sample ,B B7- ‡

6 !Ð> Ñ

and calculating the expectation of this function with respect to  Thus, the J 5s. resampling-weighted -NN

estimator of  is76 !a b>
7 G< ‡
6 !ß4!

4œ"

5

Js

4œ"3œ"

5 8

Js !ß3 !ß3

a b "
""

> I Ð œ6Ñ
"
5

"
5

T Ð œ6Ñ

œ

œ œ Ñ Ð

C

> > C‡
!ß4 G . (4)

Rearranging equation (4) shows that  is a weighted average over all  neighbors where the7<6 !a b> 8

weight assigned to  is  > > >!ß3 !ß3
<
3ß5 4œ"

5
JsA œ T Ð! ‡
!ß4 œ ÑÎ5Þ 5  In comparison, the conventional -NN

estimator assigns the weight  to GÐ 5 >3Ÿ5ÑÎ5 >!ß3 !.  The resampling weighted -NN classifier predicts 

to belong to the group with the largest resampling expectation .7<6 !a b>
To calculate , n  will occur if  contains atT ÐJs > > > > > > >‡ ‡ ‡ ‡ ‡

!ß4 !ß4 !ß" !ß8!ß3 !ß3œ Ñ œ œ Ö ßá ß ×ote that 

most  copies of  and .  If  ranges over the4 � " á ß > á ß > +> ß 4 > ß!ß" !ß"!ß3�" !ß3at least  copies of 

number of copies of  and is constrained to , and  ranges over the> ß!ß" áß > Ö! ßáß4�"× ,!ß3�"

number of copies of  while constrained , so that hen there must be> Ö4 � +ßáß8�+×!ß3 > >‡
!ß4 !ß3œ , t

8 � + � , á ß > copies of  to fill out > ß!ß3�"
‡

!ß8 > .  Hence,

T ÐJs >
‡ + 8�+�,
!ß4 8!ß3

+œ! ,œ4�+

4�" 8�+
œ > Ñ œ 3 � " 8 � 3

" 8 8 � +
8 + ,

" " Š ‹a b Š ‹a b
 

.

To illustrate the behavior of this weighting scheme, Table 1 shows  for  andT ÐJs >
‡
!ß4 !ß3œ > Ñ 3 Ÿ "!

4 Ÿ & & 8 and the resampling weights  for the resampling-weighted -NN classifier when A ßá ßA< <
"ß& "!ß&

œ"&!.  In general, the resampling -NN classifier places greater weight on the neighbors closest to 5 >!
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and extends non-zero weights beyond the first  neighbors  Finally, there does not appear to be a5 Þ

practical method of computing the ideal bootstrap estimate of expected prediction error of .7<6 !a b>
Another resampling estimator of  can be constructed by selecting bootstrap samples 76 !a b> B‡, , ,

œ" ßáßF > F 5 from -NN classification rules B and classifying  using each of  .  The proportion! (B‡,

of times that  is predicted to belong to  is an estimate of > K! 6 T Ö > œ6× >Js ! 6 !( 7B‡ a b a b, and also of .

Furthermore, an analytic expression for this probability can be derived by enumerating and calculating

the probabilities of events  , defined in Section 4.  However, tF2ßáß6, he" Ÿ 2 ŸâŸ 6 Ÿ 8

usefulness of this effortestimator, which we call the resampling -set estimator, is greatly limited by the 5

of computing these probabilities.

We used one of the simulated data sets discussed in the following section to compare the root mean

square error (RMSE) of the conventional -NN, resampling-weighted -NN, and resampling -set5 5 5

estimators of expected prediction error.  Because the simulated data were generated from a mixture of

normals, the exact posterior probabilities and the RMSE's of the estimators can be calculated.  In

particular, the RMSE of the conventional -NN, resampling-weighted -NN, and resampling -set$ $ $

estimators were , , and , respectively.  For , the corresponding RMSE's were ,Þ!'! Þ!%$ Þ!&" 5 œ & Þ!%#

Þ!$" Þ!&# !Þ$##, and .  The optimal expected prediction error (McLachlan 1992, Chap. 3) was , and

the sample means of expected prediction error were , , and , for the conventional -NN,Þ$)$ Þ$(* Þ$)! $

resampling-weighted -NN, and resampling -setclassifiers, respectively.  For , the$ $ 5 œ &

corresponding sample means were , , and .  Based on these comparisons andÞ$(* Þ$'* Þ$(!

computational effort, we conclude that resampling -set estimator is not useful, and the remainder of this5

article concentrates on the resampling-weighted -NN classifier.5

5.2. A Comparison of Weighted and Unweighted 5-NN Classifiers

Weighted and conventional -NN classifiers were compared by replicating the simulation study used5

by Bailey and Jain (1978), Dudani (1976), and Macleod et al. (1987).  The simulated data consist $

sets of  observations randomly sampled, respectively, from the&!  bivariate distributions:

# $ X
& &"" " "# " # # $ $ """R ß � R ß R ß R ß œ $ß$ ß œ"Þ&a b a b a b a b a b. 5 . 5 . 5 . 5 . 5M M M M# # # #, , and  where ,
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. . 5 . 5X X X
"# # $# $œ (ß( œ %ß' œ # œ (Þ&ß$Þ& œ $ "&!a b a b a b, , , , and . Six training sets of 

observations and a test set of  observations were generated.  Each training set was used to classify$!!!

the test set.  The estimated expected prediction error for a classifier was the proportion of incorrectly

classified test observations.

We used two conventional -NN classifiers: one which broke ties randomly and one which broke5

ties by increasing .  T resampling -NN classifier and the distance-weighted classifiers proposed by5 5he 

Dudani (1976) and Macleod et al. (1987) were also used.  We used the version of Macleod et al.'s

(1987) distance-weighted classifier which appeared to perform best in their simulation study (Macleod

et al. 1987).  The distance weights were  Figure 1 shows only smallA œÐ. � . ÑÎÐ. � . Ñ7
4ß8 8 84 " .  

differences in expected prediction error among the weighted -NN classifiers and poorer performance5

by the conventional -NN classifier over the range .5 5 œ "ßáß#!

- Figure 1 about here -

6.  POLYGON CLASSIFICATION USING REMOTELY SENSED DATA

The performance of the -NN classifiers is illustrated by a training set provided by the Wildlife5

Spatial Analysis Laboratory, Montana Cooperative Wildlife Research Unit, University of Montana.  The

training set consisted of  observations on reflectance intensity for 7 spectral bands sampled by the$")%

Landsat Thematic Mapper (TM) satellite, TM sceneand elevation, and had been used to classify 

P41/R28, an area of $Þ& million hectares of remote, rugged terrain in western Montana and northern

Idaho.  The purpose of classification was to construct a map predicting land cover type for a set of

contiguous polygons covering the TM scene.  Fifteen land cover types were identified; eight were forest

types, two each were shrub and grassland types, and one type each of subalpine meadow, riparian

shrub, and barren ground.

We compared the conventional -NN classifier with ties broken randomly, the conventional -NN5 5

classifier with ties broken by increasing , the resampling -NN classifier, the distance-weighted -NN5 5 5

classifiers proposed by Dudani (1976) and Macleod et al. (1987), and the linear discriminant classifier.

Leave-one-out Monte Carlo bootstrap estimates of expected prediction error were computed from &!
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bootstrap samples.  Figure 2 plots leave-one-out bootstrap estimates of expected prediction error

against  over the range .  Classifier performance is similar 5 5 œ "ßáß#! to the simulation results of

Section 5.2 as the expected prediction error estimates are smallest for the resampling-weighted -NN5

classifier for fixed , with relatively good results from the conventional classifier with ties broken by5

increasing , and Macleod et al.'s (1987) distance-weighted -NN classifier. 5 5  The leave-one-out

Monte Carlo bootstrap estimate of expected prediction error for the linear discriminant classifier was

Þ%(( 5, substantially worse than almost all of the -NN estimates.

- Figure 2 about here -

7. CONCLUSION

We have derived analytic expressions for the ideal bootstrap estimate of expected prediction error

for unweighted and distance-weighted -NN classifiers.  For values of  less than , analytic calculation5 5 &

of  is a feasible alternative to the Monte Carlo bootstrap approximation.  For values of  greaterErra b" 5

than , Monte Carlo approximation usually will be preferable because of &  excessive computational

demands.

Analytic formulae for the ideal bootstrap estimate of expected prediction error motivated the

resampling-weighted -NN classifier.  This classifier is similar to the combination classifiers5  discussed

by , among others,LeBlanc and Tibshirani (1996) and Mojirsheibani (1999)  because the resampling-

weighted -NN classifier combines the indicator functions  5 Ð 6G C!ß4 œ Ñ 4 œ " ßáß8, , which are

elements of the  conventional -NN classifiers.  However, inspection of equation (4)5 œ " ßáß8 5

reveals that the resampling-weighted -NN estimator of 5 76 !Ð> Ñ cannot be expressed explicitly as a

combination of the conventional -NN classifiers.5

The resampling ideas motivated by ideal bootstrap estimate of expected prediction error can be

exploited for other purposes.  For example, an -estimator of the population mean can be constructed6

by calculating the resampling expectation of the sample median.  We have not yet examined the

properties these estimators.
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APPENDIX: FORMULAE FOR COMPUTING RESAMPLING PROBABILITIES

Let  where  is the number of observations in , and let  denote the sample space7œ 8 � " 8 Ba b3 H

generated by sampling  with replacement.  We can calculate the probability of Ba b a b3 2ß4ß6 3F œ ÖB‡

− ± Ð ß ß Ñœ Ð > ß > ß > Ñ× 2 œ 4 œ 6 2 œ 4 � 6 2H > > >‡ ‡ ‡
!ß" !ß# !ß$ !ß2 !ß4 !ß6  separately for each of the cases , , 

� 4 œ 6 2 � 4 � 6 2 œ 4 œ 6, and  as follows.  For  , the probability of F2ß4ß6 is the sum of the

probabilities of getting  copies of  and  observations from  where + > 7 � + Ö> ßá ß > × $ Ÿ!ß2 !ß2�" !ß7

+ Ÿ 7.  Hence,

TJs
�7 7�+

+œ$

7

a b3 ˆ ‰ "Š ‹a bF2ß4ß6 ± 2 œ 4 œ 6 œ7 7� 2
7
+

.

For ,  will occur if and only if exactly two copies of  appear in , 2 œ 4 � 6 > " Ÿ + Ÿ7F2ß4ß6 3
‡

!ß2 Ba b
� # > 7 � + � # copies of  appear in , and the remaining  observations are selected from!ß6 Ba b3‡
Ö> ßá ß > ×!ß2�" !ß7 .  Hence,

TJs
�#

7�# 7�# + 7�+�#

+œ"

�7 7�+�#

+œ"

7�#

a b3 ˆ ‰ Š ‹Œ � Œ �Œ � Œ �"
Š ‹ a b"Œ �

F2ß4ß6 ± 2 œ 4 � 6 œ 7
7 7� 2 7 � # " 7� 6
# 7 + 7 � 2 7 � 2

œ7 7� 6 Þ
7 7 � #
# +

 

Similarly, for ,2 � 4 œ 6

TJs
�"

7�" 7�" + 7�+�"

+œ#

� 7�" 7�+�"

+œ#

7�"

a b3 ˆ ‰ Š ‹Œ � Œ �Œ � Œ �"
"Œ �a b

F2ß4ß6 ± 2 � 4 œ 6 œ 7
7 7� 2 7 � " " 7 � 4
" 7 + 7 � 2 7 � 2

œ7 7� 4
7 � "
+

 

.a b

After some reduction,

TJs 7�"
+œ"

7�#
7�+�#

a b3 ˆ ‰ "Œ �a bF2ß4ß6 ± 2 � 4 � 6 œ 7� 6
7 � " 7 � #
7 +

 .a b
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Table 1. Resampling probabilities  for  , , and .  Also TÐ œ Ñ 4 Ÿ 5 œ & 3 œ "ßáß"! 8œ"&!> >‡
!ß4 !ß3

shown are the resampling weights A œ œ ÑÎ&Þ3ß& !ß4
< ‡!

4œ"
&

Js !ß3T Ð> >

4
3 " # $ % &
" Þ'$$ Þ#'% Þ!)! Þ!"* Þ!!% Þ#!!
# Þ#$$ Þ$$# Þ#%% Þ"#$ Þ!%) Þ"*'
$ Þ!)& Þ#!) Þ#&' Þ#"" Þ"$# Þ"()
% Þ!$" Þ"!) Þ")( Þ#"' Þ")) Þ"%'
& Þ!"" Þ!&! Þ""% Þ"

 A3ß&
<

(" Þ"*" Þ"!(
' Þ!!% Þ!## Þ!'# Þ""% Þ"&) Þ!(#
( Þ!!" Þ!!* Þ!$" Þ!'* Þ""$ Þ!%&
) Þ!!" Þ!!% Þ!"& Þ!$) Þ!($ Þ!#'
* Þ!!! Þ!!# Þ!!( Þ!#! Þ!%% Þ!"%
"! Þ!!! Þ!!" Þ!!$ Þ!"! Þ!#% Þ!!)
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FIGURE LEGENDS

Figure 1. Estimated expected prediction error for five -NN classifiers.  Six training data sets consisting5

of  observations were sampled from a mixture of three normal distributions.  The test data consisted"&!

of  observations independently sampled from the same mixture distribution.$!!!

Figure 2. Estimated expected prediction error for five -NN classifiers,  and .5 8œ$")% 1œ"&


