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Chapter 7: Inferences for the Population Variance o2

» Asbefore, we are interested in making inferences about a population of
individuals, units, objects, or subjects from a sample drawn from a
population

* Previoudly, we discussed estimators and tests which involved the
population means or, or more generally, their centers

» Now we turn our attention to measures of population spread, specifically,
the population variance o2 and the population standard deviation o = /o2

« The usua point estimator of o2 is the sample variance

n
(y; — 1)
9 1=1

5T n—1 "

and the usual estimator of the population standard deviation o iss = \/3_2 :

» A key distributional result isfor this Chapter is. Given arandom sample of
size n from anorma population, then the sample variance, multiplied by a
suitable constant, has a chi-square distribution.
* Specificaly,
(n—1)s? 9
0.2 ~ Xnp—1

where Xi_l is a chi-square random variable with n — 1 degrees of freedom.
The constant is (n—1) / o’2.



Figure Estimated probability density functions (smoothed histograms) for
three chi-square random variables. 1000 observations were used to generate
of the curves
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 Therange of the chi-square random variableis (0,0c0), and it isright-
skewed unless n is largerthan 10

* The mean of the X?z—1 distributionisn — 1 and the varianceis2(n — 1).
For the data used above, the sample statistics are
Degrees of Freedom Sample Sze Mean Sample Variance

2 1000 1.97 3.63
5 1000 5.08 10.3
10 1000 9.86 19.4

« It is sometimes insufficient to present only the point estimate s2 of o2.
Sometimes a confidence interval is needed.

» What is a confidence interval? How is it interpreted?

* A confidence interval is a set of values between two endpoints L (lower)
and U (upper)




* The procedure (or process) of constructing a100(1 — «)% CI will contain

the true unknown parameter (in this case, o2) 100(1 — «)% of the time, if
the process of collecting the data and computing the interval is repeated
many times, the samples are truly independent, and the population is truly
normal

* If the data are not a random sample from a normal distribution, then the
procedure (or process) of constructing th 100(1 — )% CI will contain the

true unknown parameter (in this case, o-2) an unknown percentage of the time

« A 100(1 — )% confidenceinterval for o2 is derived from the probability
Statement

2
1—04—P(XL<0—2<XU>
where x2 and x?; arethe 100a/2th and 100(1 — a/2) percentiles of the
X2 _, distribution.
« We rearrange the probability statement as follows to get a Cl for o2:
2
l—Oz:P<XL<O_—2<XU)
2 2
X7, 1 Xir
= P(— <= < —)
(n—1)s2 02 (n—1)s2
:P<(n—1)82 9 (n—1)82>

X X

* This cdculation tells us what the lower (L) and upper (U) bounds are,
namely,

(n—1)s2 ad U — (n—1)s?
— = 77

L=
XU X]

» Table 7, p. 1100, contains percentiles of some chi-square distributions
Example: Lamb tapeworms (see p. 272)

* 7 lambs receive a drug against tapeworms, 6 receive no drug. Responses
were worm counts in daughtered lambs after 6 months.



e The summary statistics were
1 =9.00, s =38.67,n) =7,
Up =40.17, 2 = 258.2, ng = 6.

* Recall that a separate variance ¢t-test was used to test Hy : p1; — 1o =0
versus Ho : p1; — g > 0. Wasit necessary to use the separate variance t?
* To assess (informally) the necessity of the separate variance ¢, we can
compare 95% confidence intervals for 0% and o5 and determine if they
overlap.

» For n; = 7, wehavedf = 6. In addition, let « = 0.05 so that
a/2 = 0.025. From Table 7, x4 = 1.237 and x7, = 14.45. Then,

(n—1)s7  6x38.67

I = -
2, 14.45

= 16.05

and

(n—1)s]  6x38.67

U = —
% 1.237

= 187.5.

» Finally, the 95% confidence interval for 0% is 16.05 to 187.5



e | am 95% confident that the true value isin the interval

* | cannot say that thereisa0.95 probability that a% IS between 16.05 and
187.5. Intruth, 0.95 # P (16.05 < 0% < 187.5) because there are no
random variables involved in the statement. (0% is a parameter)

» The confidence interval formed by L and U is

1) al those values of 0% that are consistent with the data. Any value outside
the interval is not consistent with the data

2) constructed using a method that captures a% 95% of the time, assuming
that population of interest is normal and sampled randomly.

* The same set of steps for the second data set yields a 95% confidence
interval for o3 given by (100.6,1553).

* Whileit is true that the intervals overlap, the degree of overlap is small,
indicating that there is some statistical evidence that o # o2

AStatistical Test for o2

» The test requires data that are a random sample from a normal distribution
[to achieve the specified Type | error rate (o))

* The hypotheses of interest are:

L2 2
Hy:0° = oj versus

1. H,:02> 08, or
2. H, : o2 < ag,or
3. Hy:02# 0(2)
» Thetest statistic is the chi-square satistic
9 (n—l)s2
X = 2

%

* Wergect H, if 2 belongs to the rejection region R. R is determined by
H,, o, and the degrees of freedomdf =n — 1



 For each of the three research hypotheses,

1. Ha:0'2 >0(2),

R={x**>x}}

and X2U iIsthe 1 — o percentile from the X721—1 distribution

2.H, : o2 < 08,

R={x?*<x}}

and X% isthe o percentile from the X%_l distribution
3. H,: o2 =+ 08,

2 2 2 2 2
Rz{x | X° > xg7 0or x <XL}

and x5 andx % area/2 and 1 — o/2 percentilesfromthe x2 |
distribution, respectively
» A more general method of testing is to compute and interpret the p-vaue of

associated with the test statistic y2. Specifically, for the three aternative
hypotheses,

1.Ha:02 >a§,

p-vaue = P(X?,L_l > X2>

where X%_l represents the chi-square random variable with n — 1 degrees of
freedom, and x2 is the observed value of the test statistic.

2.Haza2 <O’§,

p-vaue = P<X721—1 < Xz)
3. H,: 02+ 0(2],
2

2P <x2) ify?<n-1,
p-value = (Xg_l X2) . X2 !
2P(X > X ) ifxy“>n—1

n—1



Example test H : 02 = 20 versus H, : 02 > 20 using s3 = 38.67 and
ny = T

, (n=1)sT  6x38.67

X = o2 20

= pvaue = P(X?z—l > 11.60) —0.071.

=11.60

« My interpretation is that there is some statistical evidence that o2 = 20 is
faseand o2 > 20 istrue

» Unlike inferentia procedures regarding the population mean(s), violations
of the normality assumption are severe. Thisis because the Central Limit
Theorem is about the sample mean X, and not about s2

7.4 Estimation and Testsfor Comparing Two Population Variances
0'% and ag

* The genera objective isto compare two population variances 0% and 0%. A
central objectiveisto lay out atest of

L2 2 L2 2

» We begin by assuming that the data are two independent samples of size
ny and ny, respectively, from normal populations with variances a% and 0% :
respectively.

» The key distributiona result is: if the data are two independent samples

from normal populations with the same variance, i.e., 0 = o, then

F= ~ Fdfl,de

w%w | »—%w

where Fys, g, represents the F-distribution with df; = ny — 1 numerator
and dfy = ny — 1 denominator degrees of freedom respectively

» However, if 02 # o2, then the distribution of s2 /52 is not T, g, and
the observed value of the ratio will inconsistent with the F-distribution.

» Therefore, the test is based on comparing s? /s3 to the F, 4, distribution



Figure Estimated probability density functions (smoothed histograms) for
three F' random variables. 1000 observations were used to generate of the

curves
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Notation: the distribution is F, ¢, and the random variableis F = /2

* fo.df, df, 1Sthe a-level upper tail vaue from the Fy;, 4, distribution. That
IS, if F'~ F of, dfy 1 then

a=P(F> f,d.d)



* There s an important relationship between f, 4, o, ad f1_, df, df, »
namely,

1
J1—a,dfy o,

» Table 8, p. 1103-1113, isthe F-table. It contains only |eft-tall areas and
only for values of o less than or equal to 0.25. We will have to use the
Inverse relationship above

Jodfy . dfy =

* For example, if F'~ F; 5, a = 0.05, wefind F{ o5 1 5 = 6.61. This
means that

0.05 = P(F> f0.05’1’5) = P(F> 1001)

* For example, if a = 0.95 and wewant to find f,, 4f, of, = f0.95.1.5, We
look up

fi—a,dh,df = Jo.0s5,1 = 230.2,

and compute

1 1

J0.95,.1.5 Tovss1 2302

Then,
0.95 = P<F> f0‘95’1,5> = P(F> 00043)

A Statistical Test of Hy : 03 = o2

* The test assumes that the data are independent random samples from two
normal distributions

» We suppose that random samples of size n; and n, have been collected
from populations with variances o and o3, respectively. Consider testing

Hy: 0% = 035 Versus

1. H,: 0% > 0%

2.H,: 0% + 0%



* It is not necessary to lay out the third aternative hypothesis H,, : 0% < 0%

becatise we can use the methods for 1 after relabeling o as o5, and o5 as

9
91

» Foratest of Hy : 0% = 05 versus H, : 0% > 03, thetest statistic is

F=

Cl:)lCl:)
DD | N

If Hy istrue, then F'~ Fgs o,

e Totest Hy: 0
according to

2 = o2 versus H, : 02 # o5, the F-statistic is computed

i 2 2.
, Ifs1 > S5

e 2
, |f81<8%.

S|

I

/N
w|l®w » | w
HM|[\D[\3M[\D|H[\D

\

» In other words, we divide the larger of 7 and s by the smaller of s% and
s3. Conseguently, F' will aways be larger than 1.

* Foraa-levd test,and 1) H,, : a% > J%, wergect H, infavor of H,,
whenever F'> F,, 4, df,

» For2) Hy: 0% # o3, wergect Hy infavor of H, whenever F

> Fo2,dfy

* It is sometime preferable to report a p-vaue rather than the accept/reject
decision.

 If Hyisone-tailed, then p-vdue= P(F' > f) where f isthe observed
value of F. Use Table 8, p. 1103, dfand df,, or the SPSS function CDF.F

 If Hyistwo-tailed, then p-vdue= 2P(F > f). Use Table 8, p. 1103,
dfland df2

Example: The tapeworm example (see p. 272)



* 7 lambs receive a drug against tapeworms, 6 receive no drug. Responses
were worm counts in daughtered lambs after 6 months.

s2=38.67T,ny =7,
s5 =258.2, ng = 6.

o A2 2 . 42 2.
Test Hy: 0] = o5 VersusHy : 07 # 05!

2

S5 258.2
F=-—=2="7%_—_6..68.

s% 38.67

* Notethat df;y =ny — 1 =6 — 1 = 5 isthe numerator degrees of freedom,
anddf2:n1—1:7—1:6

* Under Hy, F'~ F5 ¢ = pvaue=2P(F > 6.68) =2 x 0.0194
= 0.039.

» Based on thistest, a separate-variance t-statistic is preferred to the pooled-
two sample ¢t-statistic for atest of equality of population means

Case Study From Roberts, H.V. 1979. "Harris Trust and Savings Bank: An
Analysis of Employee Compensation,” Report 7946, Center for Mathematical
Studies in Business and Economics, University of Chicago Graduate School
of Business. See Ramsey. F.L. and Schafer, D.W. 2001. The Satistical
Seuth, 2nd ed. Duxbury, for more details.

» A lawsuit was filed againg the Harris Trust and Savings Bank claiming that
as a group, new male employees received larger starting saaries than new
women employees.



Figure. Bar chart showing mae and female starting sdlaries of skilled, entry-
level clerical workers hired by the bank from 1969 to 1977. (32 male starting
sdaries, and 61 femae starting salaries)
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o Statistical Summary

X1 =%$5957, s; = $690.7 (Males)

X9 = $5138, 59 = $539.9 (Females)

» Arethese differencesindicative of adifference among all (?) employees?

* Our primary interest is on the true population means, or more precisely, the

expected starting sdaries of male and female skilled, entry-level clerica
workers hired by the Harris Trust and Savings

» A two-sample ¢-test (either the pooled or the separate variance t) can be
used to assess the evidence supporting the plaintiffs clam

» SPSS provides atest of equality of variances against the aternative that
they are different, i.e,



L2 2 . 2 2

The SPSS test is arobust test (Levene's), and generally preferable to the F-
test above

» Levene'stest isroughly equivaent to atwo-sample ¢ test where the
observations of interest are the absolute deviations about the respective
sample medians, i.e, Zy; = | Xy; — My|,i=1,...,n, ad

ZQj = |X2] —M2|,j: 1,...,’)7,2

e Levenestest statisticisan I

* Levenestest isrobust because the Central Limit Theorem insures that
when ny and n,, arelarge, the test statistic is gpproximately normal in
distribution regardless of the distributionof Zy;, ¢ =1,...,nq, and Zy;,
j =1 L))

» Theordinary F-datistic above is sendtive to departures from normality

» SPSSyields F = 0.344 and p-value = 0.56. Thisresult implies that the
pooled variance t statistic is acceptable for atest of equality of means

e Thetedst statistic for atest of
HO AR 1) versus H, : 1 7é 25

wast = 6.29 with 91 degrees of freedom. The p-vdueislessthan 0.001,
and we conclude that these data provide substantial statistical evidence of
differencesin the expected starting salary

A Confidence Interval for o2 /o2
* See Ott and Longnecker, p. 359

* A 100(1 — )% confidence interval for 0% /o3 is (L,U) where

52 52

1 1
L= oapdud @4V = 5 fosodidh
2 2



* Because Table 8 does not have values of f_, / g, df, » We |00k up
Jfoy2,df, o, @d compute

B 1
Fi—aj2,dbdfy = Fofo.d s

for determining L
Example: The tapeworm example

52 =238.67,n; =1,
* s55=258.2, ny = 6.
» To compute a95% Cl for o2 /o2, note that df; = 6 and dfy = 5. Then,

ficajodbdfy = J0.975.5,6

1 1
fajodnd,  f0.02565
1

— — —0.143.

6.98

and
fa/2,df1,df2 = fo.025,56 = 9-99.

Then, the confidence interval is

38.67 38.67
(—258'2 x0.148, =20 x5.99) = (0.021,0.897).

» Notethat 1 ¢ (0.021,0.897), so the Cl provides evidence that
0% /o5 # 1. Hence, the Cl also provides evidence that 0% # o5

« A 95% Cl for o /09 is(;1/0.021,1/0.897).




