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Chapter 6 Inferences Comparing Two Population Central Values

» The generd topic is inference regarding the centers of two possibly
different populations

* Objectives:
1. estimate the difference in centers (population means, or medians)

2. test hypotheses about the differences in population means, or medians.
For example, test Hy) : p1y — pio = 0 versus Hy, : p1g — g > 0

e \We consider two Situations:
1) Two Independent Samples

Example: Does seeding clouds increase the mean amount of rainfall falling
from a seeded cloud? On each of 52 days that were deemed suitable for
seeding, and random number table was used to detemine whether or not to
seed. A plane was loaded with either Nal, or an inert salt, and the salt was
seeded into aclould. Pilots did not know what kind of salt was dropped.
The amount of rainfall was measured by radar.

Data: 26 measurements on rainfall when clouds were not seeded (sample
from population 1), and 26 measurements on rainfall when clouds were
seeded (sample from population 2).

2) A Sample of Pairs

Example: Among right-handed men, is right eye vision better than left eye
vison? Measure vision in both eyes for a sample of 30 right-handed men.

pq and po represent the mean vision in left and right eyes of right-handed
men, respectivily.

» Samples are not independent because men with poor vision in one eye
usually have poor vison in the other. Knowing the vision measurement in the
right (or left) eye is provides some information about vision in the other.
Hence, right- and left-eye vision is not independent.

» Anayzing the differences, right eye score — |eft eye vison, will usualy
produce atest statistic with greater power than atest statistic that uses the
sample means from each group



1. Two Independent Samples

Case Study Smpson, J. Olsen, A., and Eden, J. 1975. "A Bayesian anaysis
of a multiplicative treatment effect in weather modification," Technometrics,
17, 161-166, and Ramsey, F.L. and Schafer, D.W., 1997, The Statistical
Seuth, Duxbury Press, p. 54.

* The cloud seeding data are summarized in the following boxplot.
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* Probability-probability plots. These data are from possibly different
populations, so we construct P-P plots from both samples. Do not pool the

data.
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» Skewness sometimes can be removed by a nonlinear transformation. For
example, rainfal amounts can be transformed via the natural logarithm. If r;
Isthe rainfal on the ith day, then,

li = In(’l“i + 1) = IOge(rZ- + 1), 1= 1,...,n
are the log-transformed data. The figure below is a P-P plotfor the seeded
group
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» Thelog-rainfal mediansare M = 3.79 (unseeded) and M, = 5.40
(seeded). Units are log-acre-feet

« Converting back from natural logs to the original scale yields e3- 79 = 44.2
and e”-* = 221.6 acre-feet (same as the medians on the original scale).

* Seeding results in an estimated increase of 221.6/44.2 = 5 times as much
rainfall as not seeding. A formal test shows that there is strong evidence that
seeding increases the amount of rainfall. Causation is attributable to seeding
because this was a controlled experimentation that used randomization



The Basisfor Inferential Procedures Regarding p1q — po

» Supposethat X ~ N(uq,01) and X9 ~ N(uy,09) areindependent
random variables.

» o1 and o, arethe standard deviations of population 1 and 2 respectively
» Two important results are:

1) X1+X2NN(LL1+LIQ, O’%‘FO’%),

» Note that the standard deviation of X1 + X is /02 + o2

2
2) X1 — X ~ N(uy — . yJ07 +03).

* Suppose that }_/1 and }_/2 are sample means computed from samples of
Szenqy and ny, respectively. Then,

*Y | ~ N(uy,01//ny) and Yy ~ N(ug, 09/ /15)

> o 7%
‘Yl—YzNN</L1—/~02, EﬂLg)

*WeuseY; — Y, asan estimator of ju; — juo

» To carry out tests regarding piq; — 9 and construct Cl'sfor pq — p9, we
need to estimate the variablility of the difference of sample means

« The standard deviation of the distribution of Y| — Y, is

2 2
(o) 0‘2

N D S]
0§1_§2_ n1+n2

* 0y _y, isdsocaled the standard error of thedistribution of Y; — Y

* If we can judtify the assumption that the two populations have the same
standard deviation, so that

01 =09 =0,

then there isa smpler expression for the standard error, namely,



I
0-?71_§2 =0 nl + n2

* 05—, usualy is not known, so we estimate o 7, —7, using

1 1

ol — - -

- = =8
Y1=Y2 p nl n2

where

B \/(n1 —1)s2+ (ny —1)s3
Sp—

n + ng — 2
X Y- YRR (Vi — Y))?
- TLl + 712 -2

is called the pooled sample standard deviation.

* sp isan estimator of o, the common standard deviation of the two
populations

6.2 Inferences about 111 — o Independent Samples

* In this section, methods are developed assuming that there are two
Independent samples from two, possibly different, populations.

» The general question of interest is. do the populations have the same mean?
A Confidence Interval for p; — po
* Recall that Y ~ N(u,05) led to a100(1 — «)% ClI for x given by
— S
Y+ ta/z%’
whereY and s are computed from a random sample of size n, and ta /2 IS
the 1 — /2 percentile of the ¢-distribution with df =n — 1.



. = = 1 1
* Smilarly, Yl—YQNN(ul — o, O —+—> leadsto a 100(1 — «)
ny Ny

confidence for pi; — o given by

— — [ 1 1
Yl —YQZIZta/QSp n_1+n_2,

wheret,, /5 is obtained using df = ny +ny —2.

* The assumptions of this procedure are:

1) The two populations are normal in distribution
2) o1 = 09

3) The samples are independent

Example

* Y| =3.990,Yy=5.134= Y, — Y, = 1.144.
e a = 0.05, df:52—2:50$ta/2 = 2.021.

* Transform rainfall to natura logarithm of rainfall to reduce the skewness of
the sample data. For the transformed data,

Y, =3.990, s; = 1.642,n; = 26,
Yo = 5.134, 59 = 1.600 ny = 26.
«Then, Yy — Y| = 1.144,

(ng —1)s% + (ng —1)s3 \/25><1.6422 125%1.6002
Sp = =
P ny +ng — 2 50
= /2.628 = 1.621,



and

A B 11
70 =\ o T,
- 16214 — + —
- 26 26
= 0.4496.
* A 95% CI for g — pq is
Yy =Yy £1090 5,7,

=1.144£+2.01x0.4496
= 0.240 to 2.048.

» Theinterva can be written as (0.240,2.048) or [0.240,2.048] log acre-
feet

» This95% ClI isfor the natural log of rainfall. To get an approximate 95%
interval for the mean difference in rainfal (mm), we reverse the log
transformation by computing the anti-logs of L = 0.240 and U = 2.048

» Computing anti-logs gives an approximate 95% CI for p; — po:

(0240 2048y — (1,27 7.74) acre-feet

Hypothesis Testing - Two Independent Samples

* Inthissection, atesting procedure is develolped for the difference in the
population means p1; and i

« Specificaly, we hypothesize that the difference is a number denoted by D,
(the null hypothesis difference). Commonly, Dy, is0

 Wetest H : 1y — 19 = Dy versus one of three alternatives:
DHy:pq — pg > Dy,

2 H, : 1y — g < Dy, or

) Ha:p —p9 # Dy

» The assumptions of this procedure are:

1) The two populations are norma in distribution



2) 01 =09
3) The samples are independent
* Thetest statisticis

T —
1 1
S — —
PVing g

* If Hyistrue thenT ~ 7, 1, _o.

» Thisiscdled the pooled two-sample T" test. Thereisasmilar test caled
the separate-variance 7' test.

 The pooled two-sample T" stetistic isused if o1 = o5 iSreasonable; the
Separate-variance statistic 7' is used if the assumption cannot be justified

 For now, the discussion is limited to the pooled two-sample T" statistic

 The rejection region depends on the aternative hypothesis. For df = ny
+ny —2,look up t, Ort,, , for aone- or two-sided test, respectively,

» The rgection regions for each of the three alternative above are
1) All values of T that are greater than ¢,
2) All values of T that are lessthan —t,,

3) All values of T"that are lessthan —t , 5, and dl values of T that are
greater than z,, /o

Example
HO S — = 0 (i.e., DO = 0) versus H, : Ho — 1 > 0.
e Convert mm rainfal to natura logarithm of rainfal. Then,
Y, =3990,Y,=5.134 = Y,-—Y;=1144

and



S1 = 1642,82 = 1600, ny = 26, N = 26

N (g —1)s7 + (ng —1)s3 \/25><1.6422 125%1.6002
S = =
P ny +ng — 2 20

2.628 = 1.621,

e Then,

Y2—Y1—DO 1.144

@/——i-— 1621\/
ni

Also,df =26+26—2=50. Anexact calculation (use SPSS) gives p-
vaue= P(I" > 2.544) = 0.007.

» Based on these data, there is very strong evidence that seeding increases
the mean amount of rain on days that are considered to be suitable for
seeding.

Problem 6.4, p. 280

* Probability-probability plots are used assess the normal distribution
assumption. The sample observations indicate that the assumption of
normality is difficult to support
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* The sample means and standard deviations are



Y, =165.8 s, =14.8
Yy =378.5 sy =23.9,
where group 1 isthe 26° C group, and group 2 isthe 5° C group

» The sample standard deviations quite different, but then again, the sample
szesare smal and o4 and o are not well-estimated.

* Levenested for equality of variances will help clarify whether | can safely
assumethat 0; = 09. Thehypothesesare Hy : 01 = 09 and H, : 0y

# 09. Thetest gtatistic and p-vaue measure the strength of evidence against
H, andinfavor of H,

* Levene'stest should be viewed as an informal test because the accuracy of
its p-value calculation depends strongly on the assumption that the data are
drawn from normal populations

» According to the description of the study, it is reasonable to assume that
the samples are independent

 For now, | proceed with caution and use the pooled two-sample ¢-statistic.
Therefore, my hypotheses will be about the population means (versus
medians)

a) The hypotheses are:
Hy:pg—pp=0andHg:pg—pg >0

where 111 and p are the population means for the 26° C group and the 5° C
group, respectively

e Thetest gatisticis

e Thevaueof s is

i =1)si+ (g —1)s3 \/5><14.82 +5x23.92
Sp_ nl—l—n2—2 10

= 19.88,



then,

T 378.5 —165.8 _ 185,
19.88 l—l—l
' 6 6

» Totest at the « = 0.05 level, wergect for large values of 7. Specificdly,
if T"islarger than the critical vduet, = 1.812 (df = 10).

» My conclusion isthat there is abundant evidence that .5 — 111 > 0. The
Issue of whether to use the pooled- or separate-variance ¢ isirrdevant
because the evidence is overwheming, and re-doing the test will not change
the conclusion

b) Assumptions were discussed above.
c) The confidence interval is given by

_ 1 1
YQ—YIZtta/QSp ’]’L_1+’]’L_2

wheret, , = 2.228 (df = 10 and a/2 = 0.025). Hence, theCl is

1
378.5 — 165.8 +£2.228x 19.88y /= + = = (187.1,238.3)

|~

Unequal Population Variances

» Now suppose that it is not true, or that we unwilling to assumethat oy =
02

« If ny = ny, then, t-procedures are O.K. provided that 0% and 0% do not
differ by more than afactor of 3.

* If ny > 2ny Or ny > 2n4, then, t-procedures are very sengtive to the
assumption of equal variances

» If o2 and o2 are substantially different, then the separate variance ¢-
statistic isused to test Hy : j1q1 — py = Dy versus one of three aternatives:

1)Ha:u1 — U9 > Do,
2)Ha:,u1 — Moy < Do, or
3 Hy:p —po # Dy



» The separate variance t-statistic is

- Y1= Y= Do
2 2
%
ny Ny

* Note that the denominator differs from that of the pooled variance ¢-
satistic

 Under Hy, T ~ T4 where

(ng —1)(ng — 1)

df = 5,
(ng — e+ (ng — 1)(1 —¢)

and

. sim
s%/nl—l—s%/nQ'

* If df is not an integer, then round down to nearest integer.
« Use T" in the same manner as T' for determining rejection regions and Cls.
Example

* 7 lambs receive a drug against tapeworms, 6 receive no drug. Responses
were worm counts in slaughtered lambs after 6 months.

* Let uq denote the mean number of tapeworms for lambs receiving the
drug, and let 15 denote the mean number of tapeworms for lambs receiving
no drug. The sample standard deviations from the two samples are denoted

by s and s, respectively
o Test: Hy:py —pg =0 versus Hy : pg — po < 0.

Y1 =9.00, s{ =38.67,n) =7,
Yo =40.17, 55 = 258.2, ny = 6.
* Note that s% > 33%.

«Then, Y| — Yy =9.00-47.17=—-31.17.



. T = — —4.47.
\/38.67 N 258.2
7 6
* Also,
s1/m 38.67/7

c= = = 0.114,
s2/ny +s2/ny  38.67/7+258.2/6

= ¢2 =0.013, and
(np —1)(ng — 1) 6 x5

- = 6.28.
(ng — 1)c2+ (n; —1)(1—¢)?> 5 x0.01346 x (1 —0.114)2

Use df = 6 and look up acritical value in Table 2.

« If a = 0.05, then the rgjection region is al values of 7" that are small than
—1.943

 Thereis sufficient evidence to rgject H; and conclude that thereis a
reduction in mean number of worms between the drug-treated and control
populations.

6.3 A Nonparametric Alternative: The Wilcoxon Rank Sum Test

» Thisstatistic is called a distribution-free statistic because no distributional
assumptions about the sampled populations are made

* It is equivaent to the Mann-Whitney U-dtatistic

* Wetest H, : the two populations are exactly the same (identical) versus
one of three dternatives:.

1) H, : population 1 is shifted to the right of population 2, but otherwise the
same

2) H, : population 1 is shifted to the left of population 2, but otherwise the
same

3) H, : the populations have different centers. That is, one population is
shifted with respect to the other

» Assumptions. samples are independent



* We do not require assumptions of normality or symmetry
* Thetest statistic is

T = sum of the ranks for the observations from pop'n 1

» Under H), the ranks from population 1 samples are randomly distributed
among the population 2 ranks

* If n; =2 and ny = 4, then we can find the distribution of 7" by listing
every combination of 2 ranks, and their sum, when drawing 2 integers from
theset {1,2,3,4,5,6}. The probability distribution of 7" is

t |3 4 5 6 7 8 9 10 11
_ 1 1 2 2 3 3 2 1 1
Pr=t)|& £ 4 2 £ £ &€ & &

Stepsto Computing the Test Statistic

1) Combine the samples and rank the observations from smallest to largest
2) Sum the ranks for the observations from sample 1

Notes

 If H istrue, the distribution of 7" has mean and variance

_mlytngtl) o mnp(y +np+1)
Hr 2 r 12 |

* If population 1 is shifted to the right of population 2, then T" should be
large (larger than 7))

* If population 1 is shifted to the left of population 2, then 7" should be small
(smaller than pp)

* If population 1 is shifted to the right, or left, of population 2, then T’
should be substantialy larger, or smaler, than pp

The Rejection Region

e If ny <10 andny < 10, then use Table 5 to find a critical value (17, or
T, depending on H,, for achosen level of «)

The rejection regions, corresponding to alternatives 1) - 3), are
1) All values of 7" larger than 17;



2) All values of T" lessthan 17,
3) All values of T larger than I, and al values of 71" lessthan 17,
e If ny > 10 or ny > 10, then use anorma approximation. It says that if
H istrue, then
T—pp
or

~ N(0,1).

* S0, we can compute approximate p-vaues in the same manner as with the
Z-and t-dtatistics. That is, the p-vaueis atail areato the right (or left) of
the test datistic

* For example, if the dternative hypothesisis H,, : population 1 is shifted to
the right of population 2, then large values of " are evidence against H, and
in favor of H,, SO

pvaue=P(T > t)

where ¢ isthe observed value of T

* Ties. Sometimes observations have the same value and there is no
obvious way to rank them.

 Solution: average the ranks of the ties, and replace the ranks of the ties with
the averagerank. Example: S| ={1,3,4,5,9,12}, S9 = {2,3,4,6,9}

Observation rank  rank Population

1 1 1 1
2 2 2 2
3 3* 3.5 1
3 4* 3.5 2
4 5** 5.5 1
4 6** 5.5 2
5 7 7 1
6 8 8 2
9 9*** 9.5 1
9 10*** 9.5 2
12 11 11 1

*tied, **tied,*** tied
*T=1+35+5.9+7+9.5+11=38.5



nl(n1+n2—|—1) 6(6+5+1)

[ ] — — :36
MT 2 2 Y

. 2_nan(nl-l—ng—l-l)_6><56-|—5-|—1)_30
T = 12 - 12 -

 Ott and Longnecker (p. 292) provide an aternate formulafor 0% when
there are large numbers of ties

 To finish the example, suppose that the hypotheses are
Hy : the two populations are exactly the same (identical) versus

H, : population 1 is shifted to the right of population 2, but otherwise the
same

and o = 0.05. From Table 5, ny = 6, ny = 5 and Ij; = 41 (one-sided).
T = 38.5 <41 =1y,
SO we cannot reject H.
 Toillustrate the calculation,
T — 38.5—36
HT >

O'T \/%

* The norma gpproximation p-vaue calculation should be used only if
ny > 10 and ny > 10, so | have little faith in the computation above

p-vaue= P(

)~ P(Z > .456) = 0.32.

Case Study Thall, P.F. and Vail, S.C. 1990. Some covariance models for
longitudinal count data with overdispersion. Biometrics, 46, 657-671. These
arelongitudinal datafrom a study of the effectiveness of adrug for
suppressing seizures in epileptics. 59 subjects were randomly assigned to
treatment and placebo groups, and each subject reported the numbers of
seizures experiences in each of 4 consecutive two-week periods. Also
recorded was age and baseline seizure count.

» Basdline saizure count is important because there are large differences
among individuals with respect to selzure rate

» The observations are not independent because there are 4 measurements
on each individua. So, | define a new variable which is the sum of the 4
counts and use it instead



Figure. Number of seizures summed over the four observation periods
plotted againgt basdline

Placebo Group (np = 28) Drug Group (np = 31)
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* Thisplot indicates that thereisalot of variablility associated with the
baseline count. One way to partially remove its effect is to scale the counts
using the basdline variable. That is, define a new variable given by
sum/baseline.



* Normal probability plots for sum/baseline are
Placebo Group Drug Group

1.00

75

.50

Normal P-P Plot of SUMOBASE

1.00

Normal P-P Plot of SUMOBASE

75

.50 o?

25 25

Expected Cum Prob
o

Expected Cum Prob
o

0.00 _ _ _ 0.00 _ _ _
0.00 25 .50 75 1.00 0.00 25 .50 75 1.00

Observed Cum Prob Observed Cum Prob

* Itisbest not to use the ¢ procedures because the normal assumption is not
justified. On the other hand, the samples moderate in Size, np = 28 and

np = 31. Moreover, sp = 0.631 and s = 0.575. So, at procedure will
be approximately correct. Rather than worry anymore, | will use the
Wilcoxon Rank Sum test

* The Wilcoxon Rank Sum can be used to test
Hy : the two populations are exactly the same, versus

H, : The drug population is shifted to the |eft (fewer seizures) of the placebo
population, but otherwise the same

 If H, istrue, then T" should be smaler than 11, which is computed
assuming H, to be true

« | will define the Wilcoxon Rank Sum datistic 7" to be the sum of the ranks
for the drug group. Then, T'= 779,

nD(np+nD+1) . 31(28+31—|—1)

“ iy = > : = 930
+np+ 1
op = \/”P”D(”Pl2 "D _ g5 88
and
779-930
P(T < 779) ~ P(Z < ————=) = 0.011.

65.88



» My conclusion is that there is strong evidence that the drug suppresses
seizures (p-vdue = 0.011)

Paired-Data Procedures
» We have aready used these procedures for hypothesis testing

» Example - (from Ramsey and Schafer 1997, p. 29). Suddath, et a. 1990,
"Anatomical abnormalities associated in the brains of monozygotic twins
discordant for schizophrenia', New England Journal of Medicine, 322(12):
789-93, found 15 twins where one was schizophrenic and the other was not.
An MRI was used to measure the | eft hippocampus of the subjects.

» Generdly, there are substantial differences among individuals with respect
to brain morphol ogy

* Differences between twins respect to brain morphology are much smaller,
in genera, than the differences among members of the two populations

* Paired-data procedures exploit the structure of the data by using the
differences for inference, rather than the origina data

 Specifically, we convert the data to differences, and carry out the ordinary
one-samplet-procedures on the differences

« For example, the differences in volumes (cm?) of left hippocampus were
Par Unaffected Affected Difference

1 1.94 1.27 0.67
2 1.44 1.63 —0.19
3 1.56 1.47 0.09
4 1.58 1.47 0.19
5 2.06 1.93 0.13
6 1.66 1.26 0.40
7 1.75 1.71 0.04
8 1.77 1.67 0.10
9 1.78 1.28 0.50
10 1.92 1.85 0.07
11 1.25 1.02 0.23
12 1.93 1.34 0.59
13 2.04 2.02 0.02
14 1.62 1.59 0.03
15 2.08 1.97 0.11




» A norma probability plot of the differences does not look sufficiently
normal to assume that the ¢-procedures will achieve the specified o levels
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* For now, | will proceed with the ¢-procedures

» The mean and standard deviation of the differences(unaffected — affected)
are

D =0.199¢cm’, sp = 0.238 e’

* Let 1y denote the mean difference (unaffected — affected)between twinsin
left hippocampus volume. Then, the hypotheses of interest are

. Hy:pp=0versusH, : up # 0.
and the test gatistic is




* To assess the strength of evidence, | will compute the p-vaue. Itis
P(|T| > 3.24) = 2P(T > 3.24) = 0.0045.

» Conclusion: there is strong evidence that these populations differ with
respect to mean left hippocampus volume. Because the evidence is so
strong, the lack of conformity of the sample differences to a normal
distribution probably does not affect the conclusion, though the p-vaueis
not very accurate

» We cannot say that the difference is caused by schizophrenia
 An approximate 100(1 — «)% CI for the difference i, is

i

* For these data, an approximate 95% confidence interval

_ 0.238
D+ t.0258—\/% = 01992.145- = = (0.067,0.331).

* Itisnot correct so say that thisis a 95% confidence intervd; it isan
approximate 95% confidence interval

 Ott and Longnecker summarize these procedures on p. 303
The Wilcoxon Signed Rank Test
* A nonparametric aternative to the paired ¢-test

» Use when the distribution of differencesis symmetric, but not necessarily
norma. We can aso use the sign test if the original data are replaced with the
differences, but the Wilcoxon signed rank statistic generally has greater
power

» Test H, : the distribution of differencesis symmetric about D), versus
1). H, : the distribution of differences is shifted to theright of D,
2). H, : thedistribution of differencesis shifted to the left of D,

3). H, : the digtribution of differencesis shifted to the right, or to the left, of
Dy



Computation of the Wilcoxon Signed Rank Test

1. compute pairwise differences and subtract D, from every difference
(under H, thisdistribution is symmetric about 0)

2. Take the absolute value of the differences, and delete any difference equal
to 0

Set n = # of nonzero differences
3. Rank the n absolute differences
4. Thetest statisitic depends on H;:

1). H, : the distribution of differencesis shifted to the right of D,. Then the
test statistic is the sum of negative-signed ranks. Call it 7. Small values of
T support H,

2). H, : the distribution of differencesis shifted to the left of D(,. Then the
test statistic is the sum of positive-signed ranks. Call it 7. Small values of
T support H,

3). H, : thedigtribution of differencesis shifted to the right, or to the left, of
Dg. Then the test statisticis 7' = min{7-,7_}. Small valuesof 7" support
H,



» For example, for the twins data
Difference Abs. Difference Rank Difference Sign

0.67 0.67 15 +
—0.19 0.19 9.5 —
0.09 0.09 2 +
0.19 0.19 9.5 +
0.13 0.13 8 +
0.40 0.40 12 +
0.04 0.04 3 +
0.10 0.10 6 +
0.50 0.50 13 +
0.07 0.07 4 +
0.23 0.23 11 +
0.59 0.59 14 +
0.02 0.02 1 +
0.03 0.03 2 +
0.11 0.11 7 +

T=mn{Ty,T_} =min{9.5,108.5} = 9.5

* If n < 50, compare T to the critical valuein Table 6 (p. 1098) for some «,
or compute an approximate p-value.

eT=9.5and n=15and Table6 = .002 < p-vaue < 0.005. From
SPSS, pvaue~ 0.004.

n(n4+ 1) and o — \/n(n + 12)i2n+1)
(make adjustment for ties - see Ott and Longnecker, p. 308).

» For H, : thedistribution of differencesis shifted to the right of D), the
test statisticis 7", and

* If n > 50, compute yup =

T — :UJT)
or

pvauer P(Z <

where Z ~ N(0,1).



* For H,, : the distribution of differencesis shifted to the left of Dy, the test
satisticis 7%, and

T —MT)
or

p-vaue~ P(Z <

where Z ~ N(0,1).
» For H, : the distribution of differencesis shifted to the right, or to the left,
of Dy, thetest satisticis7 = min{7,7_} and
T —
pvaue~ 2P(Z < —*1)
or
where Z ~ N(0,1).
Another Application of the Signed Rank Test for One Population

* Suppose that we wish to test H, : the population is symmetricaly
distributed about D), versus

1). H, : the population is shifted to the right of D,
2). H, : the population is shifted to the left of D,
3). H, : the population is shifted to the right, or to the left, of D,

» We can use the Wilcoxon signed rank statistic if we subtract D, from
every observation and treat these values asif they were differencesin the
computation of the test statistic

A Key for Identifying the Appropriate I nferential Procedure
A) One population of interest
1) Population is approximately normal in distribution

a) Population standard deviation o is known (arare stuation).
Inferential procedures are based on the Z -statistic:

Under HO U= o, Z ~ N(O,l)

b) Population standard deviation o is not known. Inferential procedures
are based on the t-statistic. :



Under Hy, T' ~ 14, wheredf =n — 1. If nislarger than 50, then, the
Z table can be used to find p-vaues and rgjection regions.

2) Population is not normal in distribution

a) Transform the origina data (e.g., the natural logarithm) to get
normality

b) No transformation can be found. Use the Wilcoxon Signed Rank
test if the population is symmetrically distributed

¢) No transformation can be found, and the population does not appear
to be symmetrically distributed. Use the Sign test

B) Two populations of interest
1) Independent samples.
a) Populations are both gpproximately normal in distribution

i) o# = 02. Use pooled variance t-procedures
ii) 0% # o5 Use separate-variance t-procedures

» The separate-variance t-procedure is a conservative test. You

should useit if it is not clear that 0% = o3

b) One or both populations are not normal in distribution
1) Try to find transformations to normality

i) No transformation can be found. Use the Wilcoxon Rank Sum
test

2) Paired data (observations are not independent)

a) The population of differencesis approximately normal. Use the
paired data t-procedures

a) The population of differencesis not norma in distribution. Use the
Wilcoxon Signed Rank Test
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