Math 442 — Mathematical Statistics II
Spring 2009
Solutions to the in-class assignments (2/1/09).

Definition: Two random variables X7, X5 are said to have Bivariate Normal distribution if their joint pdf
is of the following form:

1 . e,m.[(zlgfil)Q,Ql)(mlgfl) (12;2#2)+(12;2#2)2} for ($1’x2) c R2.
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The parameter space for the Bivariate Normal Distribution is y; € R, 0? > 0 for i = 1,2 and p € [-1,1],
and we use (X1, Xy) ~ Bivariate Normal(py, pia, 03,03, p).

Theorem 1. Let Zy, Z5 be independent and identically distributed N(0,1). Define

Xy = owZy+pu and
Xy = oofpZy+ (1= p*)" 2] + pio.

Then (X1, X3) ~ BivariateNormal(uy, pia, 0%, 05, p).

Proof. We note first that under this transformation,
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The Jacobian of transform is, therefore,
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Given that o; > 0 and 0 < p? < 1, this is a positive constant. Thus we have, applying the transformation
technique, that
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As the form of this joint distribution is precisely that of the Bivariate Normal distribution, it necessarily
follows that (X, X3) ~ BivariateNormal(uy, pa, 02,03, p) as desired. O
O

Theorem 2. Let (X, X3) ~ BivariateNormal(py, pia, 03,03, p), then

(a) E(X;) = w;, Var(X;) = o2 and Corr(Xy, X3) = p fori=1,2,

(b) Xi~ N(ui,07) fori=1,2.



(c) p=0 if and only if X1 L X.
(d) Xo|y,_, ~ N(ua+ pos(®75), (1= p*)o3).

Proof.  (a) We recall first a few properties of expected value, variance, and covariance.

e For Y| 1 Y5:
E(aY; +bYs +¢) = aE(Y)) + bE(Y3) + ¢

and
Var(aYy + bYs + ¢) = a*Var(Ys) + b*Var(Ys).

e For Y1,Y5,...,Y,, random variables such that Cov(Y;,Y;) exists for all 4, j € {1,2,...,m} and

constants ay,...,apy,b1,..., by, c1,Co:
C’ov(cl + Z a;Y;, co + Z ijj) = Z Z aibjC’OU(Yi, Y])
i=1 j=1 i=1 j=1

e For any random variable Y, Cov(Y,Y) = E(YY) — E(Y)? = Var(Y), assuming said expected
values exist.

Applying the above properties, noting F(Z;) = 0 and Var(Z;) = 1 for i = 1,2, and as Z; L Zs,
Cov(Zy, Zy) = 0 we get:

E(X1) = E(01Z1+ )
= o E(Z) + 1 =,
E(Xy) = E(os[pZi + (1= p*)'"2 2] + o)
= 09pE(Zy) + 09(1 — p)Y2E(Zs) + pig = pua,
Var(Xy) = Var(o1Z1+ 1)
= oVar(Z)) = o},
Var(Xs) = Var(oo[pZy + (1 — p*)?Zy) + pg)
= o030°Var(Z)) + o5(1 — p*)\Var(Zy) = 05 and
Cov(X1,Xs) = Cov(o14) + p,09pZ1 + 09(1 — p2)1/2Z2 + )
= o109pCov(Z1, Z1) + o0109(1 — p2)1/2COU(Z1, Zs)
oroapVar(Zy) = o109p.

It, then, follows that

X, X
Corr(Xy, Xa) = Cou(Xi, Xo) _a1%2p _
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Thus we have established the required results for F(X;), Var(X;), and Corr(X;, X;3) for i =1,2.

b) We note that if Y7 L Y5, then aY; L bY5 for constants a and b. We further recall some useful
(

properties of moment generating functions.

Let Y7 L Y5, and a,b be constants. Then

Moy, 13(t) = € - My, (at) and

MY1+Y2 (t) = MYl (t> ’ MY2 (t)

As X; and X5 are both linear combinations of Z; and Zs we use the above observations in order to
find the marginal distributions of X; and X5.
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As this is the moment generating function of a normal distribution with mean p; and variance o?, it
follows that X; ~ N(uy,0%).

MXz (t) = Mcfz[pZ1+(1—p2)1/2Z2]+y,2 (t)
= et MU2PZ1+02(1—p2)1/222 (t)
= e#zt . le(o-th) + MZQ(O-2(1 o ,02)1/2t)
ket (02pt)? 5 (02(1-p%)/21)?
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This is the moment generating function of a normal distribution with mean p, and variance o3. It
now follows that X, ~ N(ug,03). Thus we have shown X; ~ N(u;,0?) for i =1, 2.

)

We know from Theorem 4.3.6 of the text, that if X; L X, then Corr(X;, Xs) = 0 and as we have
seen in Theorem 2.3, Corr(X;, Xs) = p. It follow that if X; L X5, then p = 0. Now suppose p = 0.
Then the joint pdf of (X7, X5) has the following form:
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= le (Xl) . fX2 (XQ) for xr1 € R and To € R.

As the joint pdf factors into a product of the two marginal pdfs (from Theorem 2.2), we see that
X7 L X, It follows that p = 0 if and only if X; L X5.

We again use properties of moment generate functions to obtain the conditional distribution of
X2|X1:$1. Given X; = x;, we have 7; = %, and thus X, = 02[,0(%) + (1 — p?)YV2Z,) + pio.

Let o = azp(’“—;&) + po, and B = oy(1 — p?)/2, then X,
generating function of Xy given X; = x; is

|X1=:v1 = a + (875, and thus the moment

My, (t) = Maipz,(t)
2X1=J)1
= €atMZ2(ﬁt)
_ eate%ﬂQtQ
eot+3 8%t

This is the moment generating function of a normal distribution with mean a and variance 3%. Thus
Xoly,,, ~ Nla, B%) = N(p2 + poa (211, (1 — p?)o3) as desired.
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Theorem 3. Let (X1, Xy) ~ BivariateNormal (i, 1o, 02,03, p), and define Y := aX; + bXy + c. Then
Y ~ N(apy + bus + ¢, a*0% + b*03 + 2abCov (X, X5)).

Proof. As'Y is a linear combination of X7, X5, which we have seen can be realized as linear combinations
of Z; and Z,, a pair of iid standard normal random variables, it follows that we can write Y itself as a
linear combination of Z; and Z,. That is,

X1 = o012+ p,
Xo = oopZi+ (1 — pQ)I/QZg] + e and
Y = aXi+bXs+c
= a(alZl + ,ul) + b(az[le +(1— pz)l/ng] + [1,2) +c
= (aoy + boap)Zy + boa(1 — p2)1/2Zg + (apy + bus + ¢).

As before, applying properties of moment generating functions we see that

My(t) = M(a0'1+b0'2p)Z1+b0'2(17p2)1/2Z2+(a,u1+b,u2+c)(y)
= elamtbt It o ((agy + bogp)t) My, (bog(1 — p*)Y/?t)
— e(a,u1+b,u2+c)t€%(aal+bagp)2t2+(ba'2(17p2)1/2)2t2

_ e(aul +bu2+c)te% (a20%+2ab0102p+b20%p2+b205(1—p2))t2

plam+buz+e)t+ (a202+2abo172p+203 ) 2 '
Recalling that Cov(Xy, X3) = 0109p from our proof of Theorem 2.1, we see that
My (1) = e(am+bu2+c)t+§(a2af+2abcou(xl,X2)+b2a§)t?_
This is the moment generating function of a normal distribution with mean ap; + bus + ¢ and variance

a’o} + 2abCov(Xy, Xo) + b%03. Tt follows that Y ~ N(api + bus + ¢,a’0? + 2abCov(Xy, Xo) + b%03) as
desired. O



