Math 442-Mathematical Statistics II
Spring 2009
Solutions to the in-class assignments (2/02/09).

1. Suppose that the random variables X7, ..., X, are independent and that X; has a normal distribution
with mean yu; and variance o? fori =1,...,n.

(a)

Find the distribution of X; +--- + X,,.

Solution. Let Mx,(t) denote the moment generating function of X; for i = 1,...,n, and let
Myz(t) denote the moment generating function of Z = X; + --- + X,,. Since the variables
Xi,..., X, are independent, then (by theorem 4.4.3)

:zﬁlMXz- Hexp (uzt+ 02t>
:exp[<zuz>t+ (Za> 2] for — o0 < £ < oo,

This is the moment generating function of a normal distribution. Hence, X; + --- + X, has a
normal distribution with mean > | y; and variance Y i oZ. That is,

=1 =1 =1

Find the distribution of ) (a;X; + b;) where a;,0; € R, i=1,...,n

Solution. Note that
MaiXieri (t> = ebitMXz'(ait>

for i = 1,...,n. Let Mz(t) denote the moment generating function of Z = > " | (a;X; + b;).
Since the variables X, ..., X,, are independent,

n

_ - 1
My(t) = H "t My, (a;it) = Hexp ((aiui + b;)t + §ai2aft2)

=1 =1

:exp[<i( ii + b; ) (Zal ) 2] for — oo <t < oo.

i=1

This is the moment generating function of a normal distribution. Hence, Y " ,(a;X; + b;) has a

normal distribution with mean > | (a;u; + b;) and variance Y, a;20?. That is,

n

Z(Q,XZ + bz) ~ N(i(a,,uz + bz), i CLZ'2Ji2).
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