Math 442 — Homework Set 4

p.444[2,5,6,8,9,10,13,14], p.415[4,11]
In this solution packet, we will frequently use the notation
Az|0) = log fx(x|0).

1. (p.444 #2) Suppose that X has geometric distribution with parameters p. (See Section 5.5.)
Find the Fisher information I(p) in X.

Solution. It can be seen that
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Since the Fisher information may be defined as
I(p) = —E[N'(X|p)] Equation (7.8.8) page 436,

with E(X) = (1 — p)/p it follows that
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2. (p.444 #b5) Suppose that a random variable X has a normal distribution for which the mean is
0 and the variance o2 is unknown (02 > 0). Find the Fisher information I(¢?) in X. Note that
in this exercise the variance o is regarded as the parameter, whereas in Exercise 4 the standard
standard deviation o is regarded as the parameter.

Solution. Let
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3. (p. 444 #6) Suppose that X is a random variable for which the probability density function or
the probability function is fx(z|f), where the value of the parameter 6 is unknown but must
lie in an open interval €2. Let [y(f) denote the Fisher information in X. Suppose now that the
parameter 6 is replaced by a new parameter p, where § = 1 (u), and 1) is a differentiable function.
Let I1(p) denote the Fisher information in X when the parameter is regarded as p. Show that

Li(p) = [ ()] Lol ()],

Proof. By definition
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4. (p. 444 #8) Suppose that Xi, Xs,..., X, form a random sample from a normal distribution
for which the mean g is unknown and the variance o2 is known. Show that X, is an efficient
estimator of p.

Solution. It is said that an estimator, T" = T'(X;, Xo,...,X,,), is an efficient estimator of its
expectation g(0) if there is equality in the information inequality for every value of # € €. The
information inequality also known as the Cramér-Rao inequality may be stated as follows:
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In the given problem, 7' = X,, and so g(u) = E(X,) = p hence ¢'(i) = 1.
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Then
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Here we have used the fact that X, ~ N(u,0%/n); that is, Var(X,) = o?/n. Now it can be
observed that there is equality in the information inequality,
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for every value of i € Q. Therefore X, is an efficient estimator of s. m
. (p. 444 #9) Suppose that a single observation X is taken from a normal distribution for which the
mean is 0 and the standard deviation ¢ is unknown. Find an unbiased estimator of o, determine
its variance, and show that this variance is greater than 1/1(o) for every value of 0 > 0. Note

that the value of I(0) was found in Exercise 4.

Solution. Since we have not completed Exercise 4,
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Next we claim that /(7/2)|X| is an unbiased estimator of o,
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Therefore, our claim that \/(7w/2)|X| is an unbiased estimator of o is true.
The variance of the estimator is
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Clearly,
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for every value of o > 0, as was to be shown. [

. (p. 444 #10) Suppose that Xi, Xs, ..., X,, form a random sample from a normal distribution for
which the mean is 0 and the standard deviation ¢ is unknown (¢ > 0). Find the lower bound
specified by the information inequality for the variance of any unbiased estimator of logo.

Solution. Let T be an unbiased estimator of logo, then E(T') = logo = g(o) hence ¢'(c) = 1/0.
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Then

as Y (xi/o)* ~ x*,. Note this also confirms that the Fisher information of a random sample
is n times the Fisher information of a single random variable (= nl(o)).
The lower bound specified by the information inequality for the variance of T"is then
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. (p. 444 #13) Determine what is wrong with the following argument:
Suppose that the random variable X has a uniform distribution on the interval [0, ], where the
value of ¢ is unknown (0 > 0). Then fx(z]0) = 1/6, A(z|0) = —logf and N(z|0) = —(1/0).

Therefore,

16) = BIN(XIO)P} = 5

Since 2X is an unbiased estimator of 6, the information inequality states that

Var(2X) > % =0 .



But
62 02
Var(2X) =4Var(X) =4- — = — < 6* .
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Hence, the information inequality is not correct.

Solution. The information inequality does not apply to a uniform distribution on the interval
[0,6], because the Fisher information of distribution cannot be computed. Specifically, when
computing the Fisher information it is assumed that the order in which the probability density
function or probability function is integrated with respect to x and differentiated with respect to
0 may be reversed. In this case, the parameter 6 appears as an endpoint in the interval where
fx(x|0) > 0 which makes this reversal impossible. Hence, a false assumption has been made in
the proof which invalids the result. O]

. (p. 444 #14) Suppose that X, Xs,..., X, form a random sample from a gamma distribution for
which the value of the parameter « is unknown and the value of 3 is known. Show that if n is
large the distribution of the maximum likelihood estimator of o will be approximately a normal
distribution with mean « and variance
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Solution. It suffices to show that
I'(a)lM () = [I"(a)]
[T'(a)]? ’

for the asymptotic distribution of the maximum likelihood estimator of « shall be normal with
mean « and variance 1/[nl(a)]. Using the book’s definition of the gamma distribution,
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. (p. 415 #4) Suppose that X, Xy, ..., X, form a random sample from a normal distribution for
which the mean p is unknown and the variance o2 is known. How large a random sample must
be taken in order that there will be a confidence interval for 1 with confidence coefficient 0.95
and length less than 0.0107
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Solution. We know that the maximum likelihood estimator of 11, X, has normal distribution with
mean p and variance o2 /n. Let the random variable Z be defined as

Z:M = Z~N(0,1),

it follows that
P(—1.96 < Z <1.96) = ®(1.96) — &(—1.96) = 0.95 .

Hence,

— g — g
PlX——7(19) <pu< X+ —(196) ) =0.95
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and so a 95% confidence interval for p is (T — 0(1.96)/y/n, T+ 0(1.96)/y/n). As we have shown
(in-class assignment 04/06,/09) this is the shortest confidence interval, having length 2(o(1.96)/y/n).
It follows that
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that is, a random sample must be larger than 153,664 in order to ensure there will be a confidence
interval for p with confidence coefficient 0.95 and length less than 0.010. O

(p. 416 #11) Suppose that Xy, Xs,..., X, form a random sample from a Bernoulli distribution
with parameter p. Let X, be the sample average. Use the variance stabilizing transformation
found in Exercise 29 of Section 5.13 to construct an approximate coefficient v confidence interval
for p.

Solution. Since X, is the MLE and we know (from central limit theorem) that \/n(X, — p) ~
N(0,p(1 — p)), the variance stablizing transformation can be found as:

dx = arcsin /p.

P 1
h(p) = /0 NCeE)
Then we have,
Q = v/n(arcsin \/XTn — arcsin \/p) ~ N(0,1).

Now using () as a pivotal quantity,
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where Z1, = ®~1(152) and ®(-) is the CDF of N(0,1). So a 1007% CI estimator for p is:

({sin <arcsin VX, + %le)} : : {sin <arcsin VX, — %212)} 2) .



