THE HORMANDER COMPANION

JENNIFER HALFPAP

As the title suggests, these notes are designed as a companion to Hérmander’s
now-classic book An Introduction to Complex Analysis in Several Variables [H6r90].
This book has survived for many decades because it is concise and efficient. On the
flip side, these characteristics can make it hard for the student to read. It assumes
considerable background and tends to leave details to the reader.

Thus, in addition to being a graduate course in the analysis of functions of one
and several complex variables, this is a course on learning how to learn mathematics.
Sometimes it is tempting to abandon a hard book or paper because one doesn’t
have all the background. This book, for example, uses the language of differential
forms and the wedge product on the second page. If you haven’t met these ideas
before and hear that they are taught in a course on manifolds, you might think
you need to wait until after such a course to read this book. Similarly, this book
uses theorems commonly first encountered in a course on measure and integration
theory. You might think that therefore such a course is also a prerequisite.

My perspective is that if you wait to read a book or paper until you have mas-
tered all the prerequisites, you won’t progress. Instead, when you come up against
material assumed as background with which you are unfamiliar, aim to develop
enough of a working knowledge to be able to proceed with your main goal. As your
interests develop, it will become clear which auxiliary areas require more attention
on your part and which are peripheral.

These notes are designed to help you learn to do this. They include some expos-
itory material that may make reading Hérmander’s exposition easier, they include
exercises that allow you to practice using definitions and results, and they help you
fill in some of the details left to the reader.

1. ANALYTIC FUNCTIONS OF ONE COMPLEX VARIABLE

Let Q be an open subset of C and consider f : 2 — C. Write f in terms of its
real and imaginary parts, i.e., if z = x +1y, f(2) = u(z,y) + iv(z,y) for real-valued
functions v and v of the two real variables x and y. Hormander defines f to be

analytic on Q if f € C1(Q) and % =0, where 2 = (2 + Za%) It then follows

. F) .
that for f analytic, df = a—ﬁdz for % = %(% — za%).
Exercise 1. Using this definition of analyticity, determine the system of (real)
partial differential equations satisfied by u and v.

In most undergraduate texts on complex analysis, analyticity is defined as fol-
lows:

Definition 1. f:Q — C is analytic at zg € Q if
" i F6) = 1)

z—20 Z— 20
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exists, in which case the value is denoted by f'(z0). [ is said to be analytic on the
open set Q if it is analytic at every point of ).

Exercise 2. Consider a function f = w + iv for which the above limit exists for
some zg = To + tyo. Show that at this point, u and v satisfy the same system of
partial differential equations identified in the previous exercise. (Hint: Consider
restricted approaches to zy.) Then show that this definition of f' agrees with what

Hérmander would write as %.

The point of Hormander’s approach is that it reflects the intuition that analytic
functions are those functions on C which are independent of Z. Such intuition is
reinforced by the following elementary exercises:

Exercise 3. Define e* := e* cosy + ie” siny. Show that this defines an analytic
function on all of C. (Such functions are called entire.)

Exercise 4. The modulus of a complex number z = x + iy is its usual Fuclidean
distance from the origin and is denoted by |z|. Show that |z|?> = 2%, and determine
all points of C at which f(z) = |z|? is analytic.

Exercise 5. Show that f(z) = 2" is entire for n € N. This can be done in a
number of ways. In particular, either definition of analyticity can be used. Try it
both ways.

2. STOKES’/GREEN’S THEOREM, THE CAUCHY INTEGRAL FORMULA, AND
CONSEQUENCES

Most undergraduate books in complex analysis take a long time working up to
the Cauchy Integral Formula, and then usually only give partial proofs for rather
special domains. Few of these presentations do what Hoérmander does and obtain
the result from a version of Stokes’/Green’s Theorem using the language of differ-
ential forms and the exterior derivative. Furthermore, these latter topics are often
treated in a similarly incomplete manner in the undergraduate curriculum. Such
pedagogical choices are appropriate and understandable; a thorough treatment of
Stokes’ theorem is usually left to a course in differential topology or smooth mani-
folds.

We will commit similar sins here and neither prove Stokes’ theorem nor develop
the underlying ideas fully. Such a development would be inappropriate here because
what is really being used is the more elementary special case of Stokes’ Theorem
known as Green’s Theorem. On the other hand, consistent with the spirit of this
exposition, we aim to move the reader one step closer to an understanding of this
deep result by introducing, albeit informally, notions of manifold, tangent space,
and differential form, followed by two statements of Green’s theorem and the proof
of the Cauchy Integral Formula given in Hérmander’s Section 1.2.

2.1. What is a manifold? Roughly speaking, a k-dimensional manifold is a set
which near every point resembles R¥. For example, consider the curve in the plane
with equation y = z2. This set is most certainly not a vector subspace of R2.
However, this curve is locally linear; at every point along the curve there is a
well-defined tangent line. We mention two other (trivial) classes of examples of
manifolds: open subsets U of R%, and any finite set of points in R2.

For our purposes in this section, the three examples above are about all we need;
we will consider curves in the plane which have a well-defined tangent line at all
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but finitely many points (e.g., the unit circle or the boundary of some polygonal
region in the plane), open sets in the plane whose boundaries are these sorts of
curves, and finite collections of points in the plane.

For any manifold, there is an associated notion of dimension, corresponding to
the dimension of the Euclidean space it resembles locally. Thus an open set U in R?
is a manifold of dimension 2, the unit circle in R? is a manifold of dimension 1, and
a point or collection of points is a manifold of dimension 0. Also associated with
any manifold is its tangent space at a point. In the case in which the manifold
is also a subset of some R"™, this notion of tangent space corresponds closely to the
notion developed in calculus, except that because we want to think of the tangent
space to a manifold at a point as a vector space, we always think of our tangent
spaces as going through the origin.

Let us consider the three examples above. In all cases, since the manifold under
consideration is a subset of R?, we will also think of the tangent space as a subspace
of R2. If p is a point of an open subset U of R?, the tangent space to U at p, denoted
T,(U), is just a copy of R2. For the point p = (1/v/2,1/+/2) on the unit circle C,
since the equation of the tangent line is y —1/v/2 = — (2 — 1/1/2), the tangent space
is given by T,,(C) = { (z,y) : y = —x }. Finally, the tangent space to the manifold
consisting of the single point p is T,({p}) = {(0,0)}.

Exercise 6. Look up the definitions of a diffeomorphism, a smooth k-dimensional
manifold M C R", and the tangent space T,(M) to M at p. Using these definitions,
show that the unit circle C in R? is indeed a smooth 1-dimensional manifold and
that (as claimed above) Ty, /5,,,5)(C) = {(z,y) 1 y = —x}. A good source is
[GP74], p.8 and p.9.

2.2. Tangent vectors and forms on R". Consider R™ as an n-dimensional man-
ifold, or, more generally, consider an open subset U of R™. As discussed in the
previous subsection, at any point p, the tangent space T,,(R™) (resp. T,,(U)) is just
R™ itself. We could denote the standard basis for this vector space by {e1,...,e,},
but to stress that this copy of R™ arises as the tangent space to a manifold at a
point, a more common notation for this basis is

o0,
Oxy’ " Oz

Definition 2. A 1-form at p € R™ (or U) is a linear map ¢ : T,(R™) — R. The
set of all 1-forms at p is the dual space to T,(R") and is denoted T, (R").

The above is a special case of a standard construction in linear algebra:

Definition 3. Let V' be a normed vector space over R. A linear functional is a
linear map £ : V — R. The set of all continuous linear functionals on V is called
its dual space and is denoted by V*.

It is a standard result from linear algebra that the space dual to a vector space
(equipped with the obvious operations) is itself a vector space, and when the original
space has finite dimension n, so does the dual space. We denote by {dz1,...,dz,}
the basis dual to the standard basis, so that the following relations hold:

0
dxz(%) = 51'7]'.
J

More generally, we define k-forms on R™.
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Definition 4. A k-form on R™ (thought of as T,(R™) or T,(U)) is a function
¢ 1 (T,(R™)* — R that is multi-linear and anti-symmetric, i.e.,
(a) if L*,...,L* are vectors and L' = aM*' + BM?, then o(L',...,aM* +
BM2,.. LF) = ap(LY,. .., MY, ..., L*) + Bo(LY, ..., M2, ... L¥).
(b) @(LY,... Lo L, LF) = —p(LY,... L3, ... Li,... L¥).
We denote the space of k-forms by A*(Tx(R™)).

The first essential remark is that you are already quite familiar with one example
of the above.

Example 5. The determinant function det defines an n-form on R™. Indeed, to
every collection of n vectors in R™, it assigns a real number. This function is linear
i each entry, and if two vectors are interchanged, the determinant changes sign.
In fact, det is the unique n-form on R™ for which det(a%l, ce %) =1.

Not only does the determinant provide a familiar example of a form, but also in
some sense all k-forms on R™ can be thought of as generalizations of the determi-
nant.

We define an operation that allows us to combine forms to obtain a new form.
Definition 6. Let ¢ be a k-form on R™ and n an l-form. We define ¢ A1 :
(Tp(R™)*! =R by
(2)
oAn(LY, ... LF LETY . LE) = Z sgn(o)gp(L"(l), e Lg(k))n(L”(k"'l), e 7L‘T(lﬁ'l))

oESK41
where the set Sy consists of all permutations of {1,...,k+1}.

For example, if we consider the 1-forms dz; and dxs on RZ, their wedge product

dzq A dzy is a 2-form on R2. If L = aa%l + ca%z and L? = ba‘zl + da%z, then

dx1 A dao(LY, L?) = +dxy (LY)dzo(L?) — doy (L) dzy(LY) = ad — be,

which we recognize as the determinant of the 2 x 2 matrix (Z Z)

The following proposition contains properties of this wedge product.

Proposition 7. Let p, w be k-forms, let n be an l-form, let T be an r-form, and
let o, 3 be scalars.

(1) ¢ Anis ak+1-form (i.e., it is multi-linear and antisymmetric).

(2) (ap + Bw) An=alpAn) + BwAn).

(3) e A(nAT) = (pAn)AT. We may thus use the notation ¢ An AT for either.

Exercise 7. Use the above definition to describe
(1) dxl A dJUl
(2) the relationship between dxi A dxe and dxs A dxy.
(3) 1 A2 A @3 where each p; is a 1-form on R2.
State propositions generalizing the above for wedge products of forms on R™.

We make a few final comments in light of general results suggested by the above
exercise. The only interesting spaces A*(T7*(R™)) are for k < n, so henceforth when
we talk about k-forms on R™, we will be thinking of £ < n. Furthermore, there is an
obvious vector space structure on A¥ (T3 (R™)), and { da" := da;, Adxi, A. .. Ada;,
1<) <ig <...<ir<n}is a basis.
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2.3. Differential forms and the exterior derivative. For an open subset {2 of
R™, let £(2) be the space of infinitely-differentiable complex-valued functions on

Q.

Definition 8. A differential 1-form or smooth 1-form on € is an object
n
(3) a= Z a;dz;,
j=1

where o € ().

One of the most familiar examples is the exterior derivative df of a function

fe&n).
Definition 9. For f € E(R™), p € R™, and L € T,(R"), define df by
af(L) = L(f).

Of course it would be nice to know how to express df in the form (3). Taking L

9 _ Of
to be Ba; » ONE sees that o; = By 0 1€

j=1 "7

More generally,

Definition 10. A smooth differential k-form on Q (or, more succinctly, a
smooth k-form) is an object

(4) o= flai’

||=Fk

where each fI € £(Q), each I is an increasing k-tuple of elements from the set
{i:1<i<n}, and the sum is taken over all increasing k-tuples. We denote by
ER(Q) the set of all smooth k-forms on . Since smooth 0-forms are identified with
smooth functions, the notations £°(Q) and £(Y) may both be used for this space.

Definition 11. We define the exterior derivative d : £¥(Q) — ET1(Q) by

d > flda" | =" dff ndat.

)=k [I|=k

Exercise 8. (1) Let n = 2?ydx + zy3dy and ¢ = e*(cosy + isiny)dr —
e*(isiny + cosy) dy. Compute dn and dp.

(2) Prove that for any smooth k-form o, d*p = d(dp) = 0.

(3) In a multivariable calculus course, one often learns about exact differential
forms. Look up this definition and the connection between exact differential
1-forms and line integrals. Discuss how these ideas relate to the earlier
pasts of this exercise.

(4) Look up the definition of a closed differential form, and discuss the con-
nection between closed and exact forms.



6 JENNIFER HALFPAP

2.4. The theorems. The result you know as Green’s Theorem is probably some-
thing close to the following:

Theorem 12 (Green’s Theorem, First Version). Let Q C R? be an open, connected,
and bounded set whose boundary 0S) is piece-wise smooth and positively-oriented
(i.e., as one traverses the boundary in the positive sense, ) lies to one’s left). If P
and Q are smooth throughout some open set containing 2, then

oQ opP
dQPd:E—I—Qdy—// <_y> dx dy.

This can be expressed in a different way using forms and exterior derivatives.
For the 1-form ¢ = Pdx + Qdy (using subscripts to denote partial derivatives)

dp = dPANdx+dQANdy
= (Ppdx + Pydy) A dz + (Qzdxz + Qudy) N dy
= Pydr ANdx+ Pydy Ndz + Qudz AN dy + Qudy N dy
= —Pydr Ndy+ Q.dx Ndy.

We may thus restate Green’s Theorem:

Theorem 13 (Green’s Theorem, Second Version). Let Q C R? be an open, con-
nected, and bounded set whose boundary OS2 is piece-wise smooth and positively-
oriented. If ¢ is a smooth 1-form on a neighborhood of 2,

/ goz/dga.
oQ Q

Green’s theorem is a special case of Stokes’ theorem, which says more generally
that for an oriented k-manifold M with boundary M having the induced orienta-
tion, the integral of a kK — 1 form on the boundary equals the integral of its exterior
derivative over the manifold. Stating it more precisely would require us to extend
our definitions of vector, form, smooth differential form, and exterior derivative to
functions defined on manifolds. This is “beyond the scope of this course.”

We now return to the complex setting. Think of 2 as a connected, open, bounded
subset of C with piece-wise smooth boundary. Consider ¢ = fdz for f € C1(Q).
Then

d(fdz) = df Ndz

= (8fd + afdy) A (dz + idy)

0 0
of of

= za—d:ﬂ/\dy— 6—dm/\dy

= Qi%dm A dy

= 8fdz/\dz

Green’s Theorem and this calculatlon thus give the following:

Corollary 14 (Cauchy Integral Theorem). If Q and 02 satisfy the same hypotheses
as in Green’s Theorem and if f is analytic in a neighborhood of 1, then

f(z)dz=0.
Q
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Exercise 9. Prove the identity 2idx A dy = dZ A\ dz used above.

Exercise 10. Let C' denote the positively-oriented unit circle. For each n € Z,
evaluate (with justifications) fc z"dz. Look up the definition of a simple closed
curve in C. What happens if C is replaced by a simple, closed, positively-oriented
curve v having the origin in its interior?

We can now state the Cauchy Integral Formula.

Theorem 15 (Cauchy Integral Formula). If f € Cl(i),

(5) 2mif (¢ / fﬁg / Cdz/\dz

Exercise 11. Fill in the details of Hormander’s proof of this theorem. In particular,
include complete justification of the statements
27

lim [ f(C+ee)df = 2mf(C)

0
i [ Ecnae= [ 2
e—0 Q.
2.5. Hormander’s Theorem 1.2.2.
Theorem 16. Let u be a measure with compact support K in C. The integral

(6) ﬂo—/ﬂizw<>

defines an analytic C* function on C\ K. Furthermore, in any open set Q) where
dp = (2mi)"tpdz A dz for ¢ € CF(Q), we have f € C*(Q) with gi =g ifk>1.

To summarize, this theorem tells us that (1) for ¢ not in the support of p,
integrating against 1/(z — ¢) produces an analytic function and (2) for ¢ in the
support of u, if equals (27i)"Lpdz Adz, then f has the same degree of smoothness
as ¢ and satisfies 2 a7 = ¥

Understanding the theorem and its proof requires us to understand what a mea-
sure is and how to differentiate a function defined as an integral.

Measures. The theory of measure and integration is a course in itself. In this section,
we give a definition of measure which should be enough to allow us to proceed.

Definition 17. Let X be a compact subset of R™ and let C(X) denote the vector
space of complex-valued continuous functions on X, equipped with the sup-norm
|| f]| :=sup,ecx | f(z)]. A complex measure on X is a continuous complez-valued
linear functional on C(X).

and

If 11 is a complex measure on X, we could denote its value on an f € C(X) by
p(f), but it is more traditional to denote it by [ f(x)du(z). The following exercise
helps to explain why such notation is used.

Exercise 12. Suppose ¢ is itself a continuous function on the compact subset X

of R™. Show that
£ [ sareta)da

defines a complex measure on X. A common notation for this measure would be

pdx.
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In Theorem 1.2.2, Hormander assumes that p is compactly supported, meaning
that there is a compact set K such that [ fdu = [} fdp. When dp = pdz A dz
for ¢ continuous, this just means ¢ has compact support.

Differentiating functions defined by integrals. This is another common situation in
analysis arising in this book for the first time in the proof of Theorem 1.2.2. We
have a function defined by an integral:

7 1) = [ dute)

where p has compact support K. We are interested in whether f is differentiable or
analytic as a function of ¢ on C\ K. Since for any ¢ in C\ K, z — { does not vanish
for any z in K, viewed as a function of {, our integrand has the desired properties.
Is the following legitimate?

= [ () autar = foau o

Fortunately, in many situations it is, though of course some justification is required.
We discuss here several common arguments that may establish the legitimacy of
differentiating under the integral sign.

The most obvious approach uses the definition of the derivative For simplicity,
suppose f : R? — R. Define a new function F': R — R by F(t) := [ f(z,t)dz. If
we wish to show that, under some hypotheses on f, F'(t) = f ‘g{ (x t) dx, we must
show that for every & > 0, there exists § > 0 such that for all 0 < |h| < 4,

‘F(H—h) ~F(t)  [f

—(z,t)dz| < e.

h ot
Furthermore, the left-hand-side of this inequality

/f(w7t+h)—f(x,t) of
h ot

t+h b b
/% </t 8—{(!@,3)— 8{(m,t)d3> dx|.

Exercise 13. State hypotheses on f under which the above argument can be com-
pleted to show that F'(t) = [ ‘Z{ (x,t)dz. Give the complete argument in this situ-
ation.

(z,t)dx

Another approach makes use of limit theorems. After all, we are trying to
determine whether

. F{t+h)—F() B fz:t+h flz,t)
ilLll&) h o h—>0/ dx
= /lim I, t+h) f(z, )d:r.
h—0 h

Exercise 14. Many theorems exist giving hypotheses under which the limit of the
integrals is the integral of the limit. The simplest such is usually encountered in
an undergraduate analysis course. It says that the conclusion follows if f, — f
uniformly. State the definition of uniform convergence for a sequence of functions
on a set X, and then give a precise statement and proof of this theorem.

Another more sophisticated limit theorem is the Dominated Convergence Theo-
rem:
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Theorem 18. Let p be a complex measure and let {f,} and f be integrable. Sup-
pose for (almost) every x, lim, . fn(z) = f(x) and that there exists a function
g with [ |g|dp < oo such that | f,(z)| < |g(x)| for all n and for (almost) every x.

Then lim,, ffn )dp = ffdu

In other words, this theorem says that the limit of a sequence of integrals is the
integral of the limit if the integrands converge pointwise (almost everywhere) to
the limit and if there is a single integrable function “dominating” all the functions
in the sequence.

We use the Dominated Convergence Theorem to prove the following theorem on
the continuity and differentiability of functions defined by integrals.

Theorem 19 ([Fol99], Theorem 2.27). Suppose f : X x (a,b) - C (w0 < a
b < oo) and that f(-,t) : X — C is integrable for all t € (a,b). Consider F(t) :
Jx fla,t) du(x).
(a) Suppose there exists g : X — C such that [y |g(x)|du(z) < oo and for
all z,t, |f(x,t)] < |g(z)|. Then if limy_y, f(x,t) = f(x,to) for every z,
lim; ., F(t) = F(to). In particular, continuity of f(x,-) for each x implies
continuity of F.
(b) Suppose 8—{ exists and there exists g : X — C such that [y |g(x)|dp(x) <
oo and for all x,t, |0f/0t(x,t)| < |g(x)|. Then F is differentiable and

= | % du(z)
Proof. For part (a), let {t,} be any sequence in [a,b] such that ¢, — tg. Set
gn(z) := f(x,t,). Then each g, is integrable in z, g,(z) — f(x,to) for every z,
and |gn(x)| < |g(z)| for all . Thus by the Dominated Convergence Theorem,

<

nlirrgo F(t,) = HILH;O f(x ty) du(x)
= nlggo gn(z) dp(x)

/fl"todli

Next, consider part (b). Fix ¢t. Let {hn} be a sequence of real numbers such that
h,, — 0. Set

f(iC,t-i—hn) — f(.’IJ,t)

hy, .
Then each g, is integrable in z, lim,_, gn(z) = g{ (z,t) for all z, and |g,(z)] <
|g(x)] for all n and . Thus by the Dominated Convergence Theorem,

iy LG+ ) = F(@) JLI%O/ f(x,t+hg)—f(x,t> du(z)

gn(l‘) =

n— o0 hn

n—oo

of
/X O ) ()

Since this is true for all sequences h,, — 0, F’(t) exists and equals the integral of
the derivative. (]

= lim [ gu(z)dp(z)
X
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Exercise 15. Return to Hormander’s Theorem 1.2.2. If ( =t + is, show that %

and % can be obtained by differentiating under the integral sign and that ?T]Cj =0 on
C\ K. (If the presence of the measure makes you uncomfortable, assume throughout

that du = (27i) ~Yodz A dz.)

Completing the Proof of Theorem 1.2.2. The above discussion and exercise establish
the first statement of the Theorem, that f(¢) = [(2—¢) ! du(z) is C* and analytic
on C\ K. We thus consider the second assertion.
Furthermore, we treat only the case = R?, so that for all 2z, du(z) = (2mi) ~te(2)dzA
dz for ¢ in C*(R?) with compact support K. Then

1 o(z) _
f(¢) = i z—CdZ/\dZ
_ % / LZ; D gz n ds.

For every ( = t+is, the integrand is the product of a compactly-supported function
and a locally-integrable function and is thus integrable. Since ¢ € C* with compact
support K, the integrand is a continuous function of ¢ and s with the integrable
upper bound z7!||¢||xk—¢(2). By Theorem 19, f is continuous. If k > 1, since any
derivative of ¢ up to order k is continuous and compactly supported, any derivative
of the integrand in ¢ and s up to order k is bounded by an integrable function of z
alone. It follows from Theorem 19 again that f € C* with derivatives of f obtained
by differentiating under the integral sign.

Thus if £ > 1,
o
of 1 [ 5e(z+0) .
—= = — [ =>=——dzNd
¢ © 27 z Fhaz
dp
= —1_ 2+ dz \dz
271 z
Op
1 32(2) _
= 3= 2~ C dz NdZ.

The last integral is over all of R2, but since ¢ has compact support K, we obtain
the same value if we integrate instead over an open disc B(0, R) large enough that
it contains K. Since ¢ is identically zero on 9B(0, R),

of 1 %(z) _
=) = — L2 L dxNdz
5<( ) 271'2 B(O,R) Z —
o
= i / w(2) dz + / 2 (2) dz N dz
2mi \ Jop(o,r) 2 — € B(OR) 2~ €

= »(0),

where for the last equality we have used the Cauchy Integral Formula. Theorem
1.2.2 is thus established when Q = R2.

2.6. Consequences of the Cauchy Integral Formula. It is not immediately
obvious that the condition that an f in C'(Q) is also analytic is a particularly
strong one. After all, we have seen that this is merely equivalent to complex dif-

ferentiability of f, i.e., the existence of lim,_,,, %ﬁz«)) for every zg € Q. Just
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as real-valued functions can be once-differentiable but not twice-differentiable, it
seems there must exist functions that are once complex-differentiable but not twice
complex-differentiable.

This is, in fact, not the case. It turns out that the condition of complex dif-
ferentiability is quite strong; analytic functions are remarkably well-behaved. As
evidence, we establish a number of consequences of Hormander’s Theorems 1.2.1
and 1.2.2.

Corollary 20. If f € A(Q), f € C(Q) and [ € A(Q).

Proof. Fix ¢ € Q. There exists » > 0 and (y €  such that ¢ € B((p,r) and
B(¢o,r) C Q. By the Cauchy Integral Formula,
1 f(z
Q) = 5= I 4.

27t Jop(¢or) 2 =6

_ / Zic(zm')*l F&)xoB(con (2)dz A dz.

Since du(z) := (2m) "' f(2)XoB(co,r) (2)dz A dZ is a compactly-supported measure
(supported on 9B({y, 7)), by Theorem 1.2.2, f is C*° and analytic on C\ dB({g,r),

in particular at . Consider g := f’. Then g € C*(B({y,r)) and
o9 _ 1 _ 001,

¢ 9¢o¢  9¢ a¢

for all ¢ € B({o,r). Thus f’ is analytic at ¢ and the result follows. O

Thus Hérmander uses his quite general Theorem 1.2.2 to conclude that an ana-
lytic f is in fact infinitely-differentiable and that all of its complex derivatives are
analytic. One can obtain the result more directly:

Exercise 16 (Cauchy Integral Formula for Derivatives). Let f be analytic on §).
For ¢ € Q and B((, R) C Q, show without appealing to Theorem 1.2.2 that for any
JeN,
: j! f(z)

(8 f @ C = 5 / - dz.

) ©) 21 Jop(c,r) (2 — )T

The next exercise contains number of familiar and beautiful consequences of the
above exercise. Of course any undergraduate text in complex analysis will have the
proofs; try to prove them on your own.

Exercise 17. Let f : Q — C be analytic. Suppose (o € 2 and that B((p, R) C Q.
(1) (Cauchy Estimates)

) UO@I< L s (7O

T 1c—¢ol<R

(2) (Liouville’s Theorem) If f is bounded and entire, f is constant.
(3) (Fundamental Theorem of Algebra) If f is a non-constant polynomial
over C, there ezists zo € C such that f(z) = 0.

It is also natural to ask for what notion of limit is the limit of a sequence of
analytic functions analytic? We will prove the following:

Proposition 21. If f,, € A(Q) and f, — [ uniformly on compact subsets of Q,
then f € A(Q).
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Exercise 18. You may wish to consult an undergraduate analysis text such as
[Str00].

(1) Let {fn} be a sequence of continuous functions from [a,b] to R. For what
mode of convergence is the limit function f guaranteed to be continuous?
State such a theorem and give an example showing that if the hypothesis is
violated, the conclusion may fail.

(2) Let {fn} be a sequence of differentiable functions from [a,b] to R. Suppose
fn(x) — f(x) for allx. Under what additional hypotheses is f differentiable
with f'(z) = lim,— f}(x)? State such a theorem and give an example
showing that if the hypothesis is violated, the conclusion may fail.

The proof of the proposition requires the next theorem on the size of derivatives
of an analytic function.

Theorem 22 (Hormander’s Theorem 1.2.4). For every compact subset K of
and every open neighborhood w of K in Q, there exist constants C; such that for

all f € A(),

(10 sup [£0(2)| <, [ 176:)| .
ze w

Proof. Fix a compact subset K and a bounded open neighborhood w of K with

w C 0.

Let C§°(w) denote the set of all infinitely-differentiable functions with compact
support contained in w. Let ¢ € C3°(w) with the additional property that ¢ =1
on a neighborhood w’ of K. Consider f € A(Q) and define g := fi). We want to
apply the Cauchy Integral Formula to g on w. Since g(z) = 0 on dw and % = f%,

9(¢) FP(C)

1 [ f(2)%E0:) i

Since ¥ is a smooth function with compact support, its first partial derivatives are
bounded functions. Thus there exists M satisfying |0v¢/0z| < M on w. Further-
more, since 9 /9z = 0 on ', for { € K there exists d > 0 such that |z — (| > d on
the support of the integrand. Thus for { € K

1O = 1g(0)
f(2)2

:/w 2=

< ¥ / (=) dady.

The result follows for j = 0. O

%)

dxdy

Exercise 19. Finish the proof by first establishing that for j € N and ¢ € K,

: [ )% i
FO(¢) = ;TZ@/W (i?)fﬁ dz A dz.

We now prove Proposition 21.
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Proof. Fix a compact set K in () and an open neighborhood w of K with compact
closure in €. (This is expressed succinctly as K C w CC €.) Applying the previous
theorem to f, — f, gives

swmw—mwsa/mw—mwmw
zeK w

Since the sequence {f,} is uniformly convergent, it is uniformly Cauchy, and hence

by the Dominated Convergence Theorem, the right-hand side of the above inequal-

ity tends to zero. The sequence {Jf,/0z} is thus uniformly convergent on K.
Since the f,, are analytic,

Ofn 1 (0f, .0fn
i = — i + Zi = 07
0z 2\ Ox oy
ie., % = —i%. Thus % = z% = % and the uniform convergence of

{0fn/0z} on K implies the uniform convergence of the sequences {9f,/dz} and

{0fn/0y}. We now invoke the real-variable result to conclude that % = lim,— 00 %ﬁ"’
o : Afn 1/0 SO\ _1; 1(0fn 4 ;0fny _
and % = lim, 00 8]; , o that 5(% + 18—3];) = lim,, 00 5(% Jrza—fy) =0. O

As a consequence, we obtain

Corollary 23. Suppose the power series f(z) = E;io ajz? converges on B(0, R).
Then f € A(B(0, R)).

Proof. We will show that for every 0 < r < R, the series Z;io ajzj converges

uniformly and absolutely on B(0,7). Recall that to say that this series converges
uniformly on B(0,r) means that the sequence {f,} of partial sums, defined by
fu(z2) = Z?:o ajz7, converges uniformly to f on B(0,7). Uniform convergence on
every closed ball B(0,r) in B(0, R) would then imply that f,, — f uniformly on
compact subsets of B(0, R). Since the f,, are polynomials in z, they are analytic,
and so Proposition 21 would give the analyticity of the limit function f.

The proof that a power series whose convergence set includes B(0, R) converges

uniformly and absolutely on every B(0,7) C B(0,R) is left to the reader as an
exercise. 0

Exercise 20. Go to it, reader! You may begin by recalling or proving that if we
have a series Y u; of functions all defined on a common ball B, and if Y M, is
a convergent series of non-negative numbers, then if |u;| < M; throughout B, the
series »_ u; converges uniformly and absolutely on B. This is sometimes called the
Weierstrass M-test.

We are now ready to prove the converse of the above, which is yet another result
illustrating our point in this section that the condition of analyticity is remarkably
strong.

Theorem 24 (Hérmander’s Theorem 1.2.8). If f € A(B(0, R)), we have

() .
(11) 1=y 0
Jj=0 )

with uniform convergence on every compact subset of B(0, R).



14 JENNIFER HALFPAP

Proof. For 0 < r < p < R, by the Cauchy Integral Formula (with a change in
notation), for |z| <r,

_ 1 f©)
O =5 ey =2 %

Observe,
1 1 1

(-2 ~ {a-C)
1 o
= = C_]ZJ7

2

where we have used the formula for the sum of a convergent geometric series.
Define g, (z,¢) := @ Z;L:O (7729 and ¢(z,() := % Since

() < SRizelf OIS

p =
supj¢—, [f(O)] 1
p 1-7

gn — ¢ uniformly. The following is therefore legitimate:

1/ SO 4o = 1/| lim g, (z,¢) d¢

211 Cl=p C —Z 211 Cl=p n—0o0

— lim o / on(z,0) dC

n=o0 2mi Ji¢|=p
o] f(©) j
- nlggo Z o /Cl—p (it ¢ | =

For functions that are merely in C*°(Q), knowing the function in a neighborhood
of a single point tells us nothing about its behavior in other parts of the domain.
The situation is radically different for those functions represented by power series.

Corollary 25 (Uniqueness of analytic continuation). As usual, let Q@ C C be a
connected open set. If f € A(Q) and if there exists zy € Q such that fU)(zp) = 0
forall j >0, then f =0 on (.

Proof. Let Z :={z € Q: fU(2) =0,j =0,1,2,... }. Since Z = 72, (f9) 1 ({0})
and each function f() is continuous, Z is a closed subset of .

On the other hand, by hypothesis, Z is not empty since zg € Z. Fix ( € Z and
consider g defined by g(z) := f(z+ (). g is analytic in some neighborhood B(0, R)
of the origin, and on this disc it is represented by the series 3 £ (20)27 /j!. Thus
g=0on B(0,R), ie., f =0 on B(¢, R). This proves that Z is open in €. Since Z
is both open and closed in €2 and 2 is connected, Z = (). O



THE HORMANDER COMPANION 15

Exercise 21 (Laurent series). Let 0 < r < R and define the annulus a(r,R) :=
{z:r <|z| <R}. If fis analytic on this annulus, then

- ; 1 f(©)
f(z) = a2/, aj=o— 7 d,
j;oo 2mi Jygl=p ¢
where v < p < R. (Suggestion: Apply the Cauchy Integral Formula to a(r’', R') for
r <1’ < R' < R and use the idea of the proof of Theorem 24.)

2.7. Mean-Value and Maximum Modulus Properties. Whereas the conse-
quences of the Cauchy Integral formula discussed in the previous subsection largely
concern regularity properties of analytic functions, the results of this section begin
to explore the extent to which, for f € A(Q), we can relate its behavior on ) to its
values on 0f2.

To begin with, if f € A(Q2) and B({, R) C 2, then

O = = EICI

21 dB((,R) Z — C
1 27 Rei? )
= L [TICERT) )iRei® do
2mi Jo Re?
1 27 0
= — Re') do.
5 |1 e
This is the mean value property for analytic functions: for a function analytic
on B((, R), its value at the center of the disc is equal to the average of its values
on the boundary. From this, the maximum modulus principle will follow.

Theorem 26 (Maximum Principle - local version). Suppose f is analytic on
B(¢, R). If for all z € B(C, R), |f(2)| < |f({)l, then f is constant on B((, R).

Proof. If f(¢) =0, then |f(2)] < |f(¢)| on B((, R) gives f =0 on B(¢, R). Thus in
the remainder of the proof we may suppose f({) # 0. Fix 0 < r < R. By the mean
value property,

1 27 0
f(C)ZE ; F(C+re?)do.
Equivalently,
0= 1 [T R~ Lt ey an
o 27T 0 271- re ’

or, dividing by f(¢) and writing the right-hand side as a single integral,

L[ f(Ctre’)
- A )
=) T 0

It follows that

D Y O ((
(12) 0727T ; R (1 70 )d@.
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Write z = ¢ 4 7e?® and observe

2Re<1—f(z)) O N (C)]

Q) 70 ©

_ L, IOFQ-TBQ

NGE
_2fQP ~ FFQ) ~ TR

FOP
L QP FEFQ - FRQ + )P
- FOP
IGEO

NGk

> 0

Return to equation (12). The integrand is a continuous function of §. Furthermore,
the last calculation shows it to be non-negative. Thus it can only have integral zero
if it is zero for all 0, i.e., f({ +re?) = f(¢) for all . Since r < R was arbitrary,
the result follows. O

Theorem 27 (Maximum Principle). Suppose f is analytic on a domain Q CC C
and f extends continuously to Q. Then f attains its mazximum modulus on OS).

Exercise 22. Prove Schwarz’s Lemma: Let f be analytic on B(0, 1) with f(0) =
0 and |f(2)] < 1 for all z € B(0,1). Then |f'(0)] < 1 and |f(2)|] < |z| for all
z € B(0,1). If |f'(0)| = 1 or if there exists zo € B(0,1) such that |f(z0)| = |20l,
then there exists o € C with |a] = 1 such that f(z) = az for all z € B(0,1).

3. RUNGE’Ss THEOREM

This theorem is often skipped in a first course in complex variables. If you
would like to read a more elementary and more extensive discussion of the theorem
than that given by Hérmander, see Conway’s book [Con78]. In fact, we will follow
Conway to some degree here.

Look again at Theorem 24. One way to restate it is to say that every analytic
function on B(0, R) is the uniform limit on compact subsets of a sequence of poly-
nomials. We consider generalizations. For instance, if we replace B(0, R) by an
arbitrary open set G, is it true that for every f € A(G) and every compact K C G,
f can be uniformly approximated on K by polynomials? As the next example
shows, the answer is no.

Example 28. Take G := {z:0 < |z| < 2}. Then f(z) = 27! is analytic on G.
Suppose we had a sequence {p,} of polynomials such that p, — f uniformly on
compact subsets of G. In particular, since K := 9B(0,1) is a compact subset of G,
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pn — [ uniformly on OB(0,1). Thus (if the circle is oriented counter-clockwise)

2my = / 2V dz
aB(0,1)

/ lim p,(z)dz
8B(0,1) "

= lim pn(2) dz
n—0 JoB(0,1)
= 0.

Since this is a contradiction, no such sequence of polynomials exists.

We make two remarks concerning this example. First, neither G° nor K¢ is
connected. Second, in the notation of Exercise 21, G = a(0,2), and so every
analytic function on G is a limit (uniform on compact subsets) of a sequence of
rational functions with poles outside of G.

In light of the above, we might try to characterize those G with the property that
every analytic function on G can be approximated uniformly on compact subsets by
polynomials. We might also look for a more general theorem on the approximation
of analytic functions on a set G by rational functions with poles outside G.

Theorems of this sort vary in their precise formulation but tend to go by the name
of Runge’s Theorem. In many texts such as Conway’s [Con78] Runge’s Theorem is
very clearly about the uniform approximation of analytic functions on a compact
set by polynomials, whereas in Hormander’s text, no explicit mention is made of
rational functions. We include both statements here so that the reader may compare
them. We will only prove the version stated by Hormander.

Definition 29. Consider Co, := CU{oco}. We put a topology on this set by taking
as a basis for the topology all open discs B(a,r) in C together with sets of the form
{z :]|z| > r}U{oo}. Because Co with this topology is homeomorphic to the 2-sphere
52, we visualize Coo this way and call it the Riemann sphere.

Theorem 30 (Runge’s Theorem [Con78]). Let K be a compact subset of C and let
E be an open subset of Coo \ K that meets each component of Coo \ K. Let Q be
an open set containing K. If f € A(Q) and if € > 0 is given, then there exists a
rational function R, all of whose poles lie in E, such that sup,c g | f(2) — R(2)| < e.

Theorem 31 (Runge’s Theorem [H6r90]). Let Q be an open set in C and let K be
a compact subset of Q. The following conditions on  and K are equivalent:

(a) Bwery function analytic in a neighborhood of K can be approximated uni-
formly on K by functions in A(S2).

(b) The open set Q\ K has no component which is relatively compact in €.

(c) For every ¢ € Q\ K there exists f € A(Q) such that

(13) £ (O] > sup [f].
K

If we take 2 = C, we obtain a theorem on the uniform approximation of analytic
functions by polynomials.

Corollary 32. Let K be a compact subset of C. FEvery function analytic in a
neighborhood G of K can be uniformly approximated by polynomials on K if and
only if K€ is connected, or, equivalently, if and only if for every ( € K¢ there exists
a polynomial p in z such that |p(()| > sup |p|.
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Upon a first reading, you may find the statement of this theorem somewhat
intimidating. This is a normal response. It is also likely that jumping right into
the proof will not help. Something useful to do at this point is to look at some
examples. Examples don’t prove theorems, but they are the key way we build
intuition.

For simplicity, let us take € to be all of C. Define two compact subsets: K; :=
a(1/2,3/2) and K, := B(0,1).

Consider first Q \ K7. This has two components, namely B(0,1/2) and {z :
|z| > 3/2}. The first component, call it O, has closure {z : |z| < 1/2}, which is a
compact subset of 2. Therefor the pair (€2, K1) violates (b). If the theorem is true,
we should be able to see that (a) and (c¢) are violated as well. Indeed, the example
preceding the statements of the theorems essentially addresses (a); the function
f(2) = 27! is analytic on C\ {0}, which is a neighborhood of K7, but this function
is not the uniform limit on K7 of a sequence of entire functions.

To see that (c) is also violated, we must find ¢ € 2\ K7 such that for all f € A(Q),
|f(¢)] < supg, |f|. Take ¢ = 0 and any entire f (since 2 = C). Then since f is

analytic on any B(0,r), by the maximum principle,

| £(0)] < sup |f(2)

z|=r

)

and in particular

IF(O)] < sup  |f(2)] =suplf].
1/2<2]<3/2 K

On the other hand, O\ K2 = {z: |z| > 1}. This set is connected and its closure
is {z : |z| > 1}, which is certainly not compact in €. Thus (b) is satisfied, and
if the theorem is true, (a) and (c¢) must hold as well. Concerning (a), we have
already proved that if G is an open set containing B(0, 1), any function analytic on
G is the uniform limit on the compact subset B(0, 1) of the sequence of polynomials
consisting of the partial sums of the power series representing the analytic function.

To see that (c) holds, note that if { € Q\ Ky, then || > 1. Consider f(z) = z.
This is entire and

I<l =[O > 1 =sup|f].
Ko
With these examples in mind, we turn to the proof of the theorem.

Exercise 23. Hormander begins by proving that (c) implies (b). Read this part of
his proof, and write out a version of it for yourself in which you fill in any details
you need. Focus especially on the statement that, if O is a component of Q\ K with
compact closure in Q, then for every f € A(Q),

(14) sup | f| < sup|f].
19) K

Proof of (a) = (b). This will be a proof by contradiction. Suppose (b) fails, and let
O denote a component of  \ K with compact closure in . Since (a) is valid, for
any f analytic in a neighborhood of K, there exists a sequence {f,} of elements of
A(R) such that f,, — f uniformly on K. Inequality (14) yields

sup |fn — fm| < sup|fn — fml.
ol K

Thus {f,} is also uniformly convergent on O. Let F denote the limit function.
Since F' is the uniform limit on compact subsets of O of a sequence of analytic
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functions, F' is analytic on O. As a uniform limit of continuous functions, it is also
continuous on J0. Furthermore, since F' and f are both continuous on O and are
the limit of the same sequence there, F' = f on 00.

The above argument applies to any f analytic in a neighborhood of K. Thus if
Ceo, f(z) = Z—ig is analytic in the neighborhood C\ {¢} of K, and we obtain
an associated F' analytic in O and continuous on 00 with F(z) = Z—ig on 00. Set
g(z) == (2 — ()F(z). This function is analytic in O and is identically 1 on the
boundary. Thus g = 1 on O. Since ¢ € O and ¢(¢) = 0, this is a contradiction,
proving that (a) implies (b).

Exercise 24. Prove the assertion made in the penultimate sentence of the preceding
paragraph: If O is a bounded open set and if g is analytic on O and continuous on

00, then if g = ¢ on 00, then g = c on O.

Proof of (b) = (a). Hérmander intends to apply the Hahn-Banach Theorem in this
part of the proof. See Rudin’s book [Rud66] for a statement of this theorem as well
as its application in the proof of Runge’s Theorem. We follow that development
here. Recall,

Theorem 33 (Hahn-Banach, [Rud66]). If M is a subspace of a normed vector
space X and if X\ is a bounded linear functional on M, then \ can be extended

to a bounded linear functional A on all of X without increasing the norm, i.e.,
ALl = [IA[]-

The following is a consequence:

Proposition 34. Let M be a subspace of a normed vector space X and let xg € X.
Then xq is in the closure M of M if and only if there exists no bounded linear
functional A on X with A(x) =0 for all x in M but A(xg) # 0.

Exercise 25. Prove Proposition 34.

We are now prepared to understand Hormander’s application of the Hahn-
Banach theorem. For K and Q as in part (b), consider C(K), the vector space
of continuous functions on K equipped with the sup-norm. Thus C(K) plays the
role of the normed vector space X above. Let M be the subspace consisting of the
restrictions of elements of A(2). Let f be analytic on a neighborhood of K. Then
f € X, and the question of whether or not it is the uniform limit on K of elements
of A(Q) is equivalent to the question of whether or not it is in M. By Proposition
34, to prove that f € M, it suffices to prove that for every continuous linear func-
tional 1 on X with p(g) = 0 for every g € A(Q), u(f) = 0 as well. Since the set of
all continuous linear functionals on K is precisely the set of complex measures, we
must show that if 4 is a measure such that

/gdu =0 forall g e A(Q),

then [ fdp=0.

Exercise 26. With this background, work through the rest of Héormander’s proof
of the Runge approzimation theorem. Write a summary of the key steps of the
arguments that (b) implies (a) and that (b) implies (c).

We restate Runge’s Theorem to motivate the next definition: Given a domain
Q, some compact subsets have the right topological properties that guarantee that
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analytic functions on them are close to analytic functions on 2 whereas other com-
pact subsets do not have this property. Given a compact subset K of (2 without
this property, it would be nice to be able to enlarge it to satisfy the hypotheses
of Runge’s Theorem. Moreover, condition (¢) in Runge’s Theorem gives us an-
other way to describe those points we must add to K. We thus make the following
definition.

Definition 35. Let K be a compact subset of Q. We define K, the A(Q)-hull of
K by

(15) K=EKq:={2z€Q:|f(z) <sup|f| for every f € A(Q)}.
K

This set has the following properties:

Proposition 36. Let K be a compact subset of €2, Kits A(Q)-hull.

(a) K C K.

(b) K satisfies the hypotheses of Runge’s theorem.

(c) d(K,Q°) = d(K,Qc).

(d) If ch(K) denotes the conver hull of K, K C ch(K).

Exercise 27. Prove part (c) of Proposition 36. One direction is immediate. For
the other, follow Hormander’s suggestion: For ( € Q°, consider the function f(z) =

(=0~

Proof of (b). This simply requires us to unwind the definitions. To show that K
satisfies the hypotheses of Runge’s Theorem, we must show that for all { € Q\ K ,
there exists f € A(Q) with |f(¢)] > supg |f|. If this were not the case, we could
find ¢y € Q\ K such that for all f € A(Q), |f(¢o)| < supg |f|. But then such a (g
would be an element of K. This contradiction establishes the claim.

Proof of (d). We discuss part (d) because it presents us with an opportunity to begin
our exploration of notions related to convexity. We recall a number of definitions.

Definition 37. A subset E of R™ is convex if for all x,y € E, the line segment
joining x and y is contained in E, i.e., (1 —t)z+ty € E for allt € [0,1].

Definition 38. If E C R", the convex hull of E, denoted ch(E), is the intersec-
tion of all convex sets containing E.

We can describe the convex hull of a set F in another way. We focus here on E
closed since this is the situation we have in mind, though one can formulate similar
results for more general E. A hyperplane in R" is given by {z : Y ajz; =c}, a €
R™. Such a hyperplane divides R” into two closed half-spaces HT := {>_ a;x; > c}
and H- := {3  a;r; < c} and is said to be a support hyperplane for a set E if E is
contained in one of the half-spaces and if there exists y € E such that )" a;y; = c.

Exercise 28. Let E C R™ be closed.

(1) If y is exterior to ch(E), then there exists a hyperplane ) a;x; = ¢ such
that EC H- and Y. ajy; > c. Such a hyperplane separates E and {y}.

(2) If ch(E) is not all of R™, then ch(E) is the intersection of all support closed
half-spaces containing it.
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With this background, we are ready to prove part (d) of Proposition 36. Take
z0 = To+iyg € K and suppose that zq is not in ch(K). Then there exists (a,b) € R?
and ¢ € R such that ax 4+ by < ¢ for all z =z + iy € K but axg + byy > ¢. Since
Re[(a — ib)(z + iy)] = ax + by, if we set o = a + ib, we have

Re(@z) <c¢ but Re(az) > c

Now, for any complex a, z — €% is entire, hence in A(Q) for any Q. Furthermore,
forall z € K
|66¢z| — eRe(&z)

eC

<
< eRc(&zo)

= |e*].

This contradicts the assumption that zg € K, hence K C ch(K). This completes
the proof of part (d) of the proposition

The topologlcal description of K. We close this section with a different description
of the set & which matches with the intuition that K “flls in the holes” of K.

Theorem 39 (Hérmander, Theorem 1.3.3). Kq is the union of K with the com-
ponents of Q\ K that are relatively compact in Q.

Proof. Suppose that O is a component of Q \ K that is relatively compact in .
Then by inequality (14), O C K. Thus if K, is the union of K with such rela-
tively compact subsets of Q \ K, then K; C K. We wish to establish the reverse
containment.

Since K7 is the union of K with components of Q\ K, Q\ K is open. It follows
that K is closed and in fact compact. Furthermore, 2 \ K; has no components
which are relatively compact in 2. Thus K satisfies ( ) in Runge’s theorem, and
hence (c). Thus we conclude Ky = . Since K - Kl, we conclude K C Ky, as
desired. (]

3.1. Meromorphic Functions and the Mittag-Leffler Theorem. This is an-
other context in which Hormander’s treatment differs substantially from what is
typically done in a course on functions of one complex variable. Thus in this section
we begin by giving the more elementary definitions.

Here, we follow Section 1.4.2 of [Varll]. We begin by defining three kinds of
singularities for functions analytic on a punctured disc.

Definition 40. Let f be analytic on a punctured disc B'(¢,r) :={z:0< |z —(| <
r} about ¢, with Laurent series Z;’i_m aj(z —¢)7 about .
(1) f has a pole of order n > 1 if a_,, #0 but a_, =0 for all k > n.
(2) f has a removable singularity at ¢ if a; =0 for all j < 0.
(3) f has an essential singularity at  if there are infinitely many j < 0 for
which a; # 0.
Exercise 29. Find all poles of f(z) =

Then determine f,y f(z)dz where v is a positively-oriented circle of radius R >

m and determine the order of each.

1. (You probably know a result called the Residue Theorem that allows you to do
this quickly. If you want to use that theorem, prove it first. If you don’t recall
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that theorem, approach this problem by considering the integral over a contour that
includes the circle of radius R together with circles of radius € about the poles.)

Exercise 30. Suppose f is analytic on B'(¢,r).

(1) If f is bounded in a neighborhood of ¢, show that the Laurent series for f
about ¢ has no non-zero coefficients a; for j < 0.
(2) Prove that f has a pole at ¢ if and only if lim,_.¢ |f(z)| = oo.

This last exercise shows that, for a function with a pole at (, it makes sense to
assign the value co at (, so that such a function could be viewed as a function into
CU{oo}. The same can not be said of a function with an essential singularity at .

With this background, we have the following “standard” definition of a mero-
morphic function.

Definition 41. Let Q2 C C. f is meromorphic at ( € Q if there is a punctured
disc centered at ¢ on which [ is analytic and if ( is not an essential singularity of
f. f is meromorphic on  if it is meromorphic at every point of €.

Since an analytic function h can only vanish to at most finite order at a point,
it is clear that the ratio of analytic functions defined on a neighborhood of ( is
meromorphic at (. We will eventually address the question of whether every mero-
morphic functions is a ratio of analytic functions.

Now that we have reviewed the classical treatment of meromorphic functions,
we discuss Hormander’s formulation of the concept.

Fix z € C. We consider the set of all functions which are analytic on some
neighborhood of z. We define an equivalence relation on this set so that f ~ g if
there is a neighborhood of z on which f is identically equal to g. We let A, be
the set of equivalence classes under this relation, and denote the equivalence class
determined by f by f.,. With addition and multiplication defined in the obvious
way, A, is a ring. Furthermore, it has no zero divisors, and we may form the

quotient field M, :=={ f./9.: f.,9. € A., 9. #0, }.

Exercise 31. Let A, be as defined above.

(1) How should we define f, + g.? Show that (according to your definition)
f= + g2 is in fact well-defined.
(2) Give all the details of the argument that A, has no zero divisors.

We can now state Héormander’s definition of a meromorphic function.

Definition 42. Let Q) be an open subset of C. A meromorphic function on
is a mapping ¢ : Q — U, M, such that for all z in Q, p(z) € M, and such that
for all points zy in Q there is a neighborhood w and elements f,g € A(w) such that
©(z) = f./g, for all z € w. We denote the set of all meromorphic functions on {2
by M () and write p, instead of p(z) for p € M(Q).

The aspect of this definition that matches our intuition for meromorphic func-
tions is its explicit reference to quotients of (equivalence classes of) analytic func-
tions. On the other hand, its formulation in terms of equivalence classes may make
you wonder what connection these objects have with analytic functions.

The first essential remark, then, is that A(€Q) can be identified with a subset
of M(Q) in a natural way. Take F € A(Q). For any z € €, since {2 is open,
I is indeed analytic in a neighborhood of z and hence determines an equivalence
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class F,. Since the ring A, is naturally embedded in M,, F, is identified with an
element of M,. Consider the map ¢ defined by z — F,. In order for this to be a
meromorphic function, there is another condition it must satisfy. Let zg be a point
of 2 and consider w a neighborhood of zg in . Since F € A(w) as well, it is indeed
the case that there is a single pair of analytic functions F and 1 on w for which
p, = F,/1, for all z € w. We conclude that the ¢ defined in this way is indeed a
meromorphic function.

In order for A(f2) to be identified with a subset of M (), we need to also know
that distinct elements of A(Q) are identified with different elements of M (£2). Thus
suppose F, G € A(Q2) and that these are not identically equal. Then there exists zg €
Q2 such that F(zg) # G(zp). With respect to the equivalence relation associated with
functions analytic in a neighborhood of zg, these two functions are not equivalent,
and so they determine different equivalence classes. That is, F., # G, in A, and
50 Fioy /1, # G/l in My,.

As a next step in reconciling Hérmander’s definition of meromorphic function
with the classical one, we ask whether it is possible to sensibly assign an element
of CU{oo} to ¢ € M. If we can do so, this will allow us to identify a meromorphic
function on 2 with a map from Q to C U {oo}.

Thus take ¢ € M¢, so that there exist f¢,gc € A¢ with g # 0¢ such that
q= fc/gc. If fe = 0¢, we define ¢(¢) := 0. Suppose, then, that fo # O¢. Let f and
g be representatives of f- and g.. Both are analytic in a neighborhood of ¢, and
neither is identically zero, so there exist integers n, m > 0 such that

f@)=(E-0"i(z)  g(2) =(z=)"q(2),
where f; and g; are analytic in a neighborhood of ¢ with f;(¢) # 0 and g1(¢) # 0.
We define

0 n—m >0
(16) q(¢) :== ¢ f1(0)/g91(¢) m—n=0
00 n—m <0.

We must show that ¢(¢) is in fact well-defined. Thus suppose there are different
analytic functions F' and G on a neighborhood of ¢ so that ¢ = F¢/G¢, G¢ # Oc.
We must show that this leads to the same value for ¢(¢). If f¢/gc = F¢/G¢, then
also
feGe = Fege,

and this holds in A¢. Since neither g¢ nor G¢ is O¢, fe = O¢ if and only if F = 0¢.

It suffices, then, to consider the case in which none of the four functions is
identically zero in a neighborhood of (. There exist non-negative integers n,N,
m, and M and analytic functions fi, g1, F} and G; not vanishing at ¢ so that
f(z) = (z = {)™f1(z), etc. Therefore

(z = Q" i)z = OMGi(2) = (2 = OV Fu(2)(2 = Q)" g1 (2)-

Since each side represents an analytic function in a neighborhood of ¢ and since
equality holds throughout this neighborhood, by the uniqueness theorem for ana-
lytic functions, n + M = N +m, i.e., n —m = N — M. It is now clear that the
definition of ¢(¢) is independent of the particular choices made in representing q.

ADD STUFF ON ANALYTICITY OF MEROMORPHIC FUNCTIONS.

The above discussion can be summarized by saying that, if F' is meromorphic in
an open set containing ¢, on a sufficiently small neighborhood of {, F' is a quotient
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of analytic functions. This is somewhat consistent with our intuition, but is a local
result.

Still, we have an immediate corollary on the Laurent expansion for a function
meromorphic at (:

Theorem 43.

The expression Y ,_, Ax(z — ¢)~" is the principal part of F at (. Our next
theorem, known as the Mittag-Lefler Theorem, tells us that we can find a sin-
gle meromorphic function on 2 with prescribed principal parts at each point of a
discrete subset of 2.

Theorem 44 (Mittag-Leffler). Let D := {z; : j € J} (J a finite or countable
index set) be a discrete subset of the open subset Q of C, and for each j, let f; be
meromorphic in a neighborhood of z;. Then there exists f € M(Q) such that f is
analytic on Q\ D and for all j, f — f; is analytic in a neighborhood of z;.

The proof applies the Runge approximation theorem to each member of an in-
creasing sequence of compact subsets of 2. We thus first state the lemma that
establishes the existence of such a sequence.

Lemma 45. Let Q be an open (not necessarily connected) subset of C. Then there
exists a collection {K,} of compact sets such that Q = U, K,, and

(1)

(2)

@) -

We leave the details of the proof to the reader, but give an outline of the argu-
ment. For each n, set
V., := B(oco,n) U U B(a,1/n).
a€(C\Q)

Set K, := S?\ V,,.

3.2. Harmonic Functions. We recall that the Laplacian on R" is the differential
operator
A= —.
; ox

Definition 46. Let Q be an open subset of R™. Then h € C?(f2) is harmonic if
Ah =0 on Q.

Exercise 32. Show that when n =2, A = 49%/020%.

Note that if f is analytic on €2, it follows that Re(f) and Im(f) are harmonic.
It is also true that every harmonic function w is the real part of some analytic
function f. (See the next exercise for some further discussion.) Hence the mean
value property for analytic functions implies a corresponding mean value property
for harmonic functions:

SN

Proposition 47. If Q@ C R? and if h is harmonic on Q, then if B(z,r) C Q,

1 27 .
/ h(z 4 re') de.
0

(17) h(z) = 5=
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Exercise 33 (harmonic conjugates). Ifu is a harmonic function on C, ¢ harmonic
conjugate is a function v for which f = w + v is analytic. One method for
finding a harmonic conjugate of a harmonic function u uses the Cauchy-Riemann
equations uy = vy and uy = —vg. (e.g., Example 1.5.20 in [MH99].) A second
method observes that we seek f with f(z) + f(z) = 2u(x,y). If u is real analytic,

it is legitimate to replace x with Z;Z, y with 5=, and then to treat z and z as

independent and set 2 = 0. This gives f(z) + f(0) = 2u(3,5:). (See p.93 of
[D’A10].) Use each of these methods to obtain the harmonic conjugates of each of
the following:

(1) u(z,y) = 2% — 3ay?.

(2) u(z,y) = e” cos(y).
3.3. Subharmonic Functions. Section 2.1 of Krantz’s book [Kra92] includes a
rather similar treatment of subharmonic functions. One difference is that we tend
to focus on subharmonic functions on R? or C whereas Krantz proves his theorems
in RV,

Many definitions of subharmonic functions exist, and different definitions are

possible depending on the degree of smoothness one assumes. We will consider
functions which are, to begin with, upper-semicontinuous.

Definition 48. Let Q) C R™ be open. u : Q@ — [—00,00) is upper-semicontinuous
if for every s e R, {x € Q:u(x) < s} is open.

Exercise 34.

If E C R™, we define its characteristic function, xg, by the condition xg(z) =1
if x € E and xg(x) = 0 otherwise. State a hypothesis on E under which x g is usc.
g is a step function on [a,b] C R if there exists a partition a = xg < x1 < ... <
zn, = b of [a,b] and real numbers ¢;, 1 < j <mn, such that g(x) = ¢; on (x;_1,x;).
How must g be defined at x; in order for g to be usc?

The following proposition includes several results about upper-semicontinuous
functions that Hormander uses but does not state explicitly.

Proposition 49. Suppose u: Q2 CR" — [—00,00).
(1) w is usc on Q if and only if for every xo, limsup,_, u(zx) < uo).
(2) If u is usc, u is the point-wise limit of a decreasing sequence of continuous

functions.
(3) If u is usc and K is compact, supg u is attained at some point of K.

Definition 50. u : 2 — [—00, 00) is subharmonic if (i) u is upper-semicontinuous
and (ii) for every compact K C ), whenever h is continuous on K and harmonic
on Int(K) withu < h on 0K, u<h on K.

As a little exercise, think about what this means for functions on R. Harmonic
functions are those with second derivative zero, i.e., linear functions. Then a sub-
harmonic function on R is one with the property that, if its graph lies on or below
a line on the boundary of a compact set K, the same is true throughout K. Thus
subharmonicity is can be thought of as a generalization of convexity.

We next consider Hormander’s Theorem 1.6.3, giving a number of necessary and
sufficient conditions for subharmonicity.

Theorem 51. Let u: Q2 C C — [—o00,00) be upper-semicontinuous. The following
are necessary and sufficient for u to be subharmonic.
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(a) If D is a closed disc contained in 2 and if [ is an analytic polynomial with
u < Re(f) on 9D, then u < Re(f) on D.
(b) Let Qs :={z€Q:d(z,9Q° >0d}. Then if z € Qs,
2m i
- 1 [ fy " ulz +re’?) do du(r)
T 27 J du(r) ’
where u is any positive measure supported in [0, ).
(¢) For every 6 > 0 and every z € Qgs, there exists some positive measure [

supported in [0,0] with some mass away from the origin for which (18) is
valid.

(18) u(z)

We begin with a few remarks. Recall that if A is harmonic on €2, it satisfies the
mean value property, i.e., if B(z,6) CQ and 0 < r <,

1 27 X
=5 /0 h(z+ re’e) de.

We could, if we like, integrate both sides against du(r) if u is a measure on [0, d].
A natural choice would be to take du(r) = x[o,5)(r)r dr. This gives

1 1 1 2m .
h(z) / rdr=— / / h(z + re®)r de dr.
0 21 Jo Jo

The integral on the left gives the value %52. On the right, we obtain a double
integral, in polar coordinates, over the disc B(z,d). Simplifying yields

1

B W weB(z,0)

h(z)

h(z) h(w) dA.

The right-hand side is the average value of h over the disc B(z,d). Thus we have
a obtained a second “mean value property” from the first through integration,
and, furthermore, it is apparent other equalities may be established by integrating
with respect to different measures. Part (b) of the above theorem is the analogous
inequality for subharmonic function.

Exercise 35. Read Hérmander’s proof of Theorem 1.6.3. State all lemmas per-
taining to trigonometric polynomials and upper-semicontinuous functions used in
this proof. See also Proposition 49 above. Select two of these lemmas and give their

proofs.

We close this section with a discussion of the connection between subharmonicity
of a function f and and the non-negativity of the Af. This part of the exposition
follows Krantz closely, though we treat the special case of 2 open in C rather than
in RN for an arbitrary natural number N.

We will use without proof the following lemma:

Lemma 52. If f is subharmonic on Q and not identically —oo, then f is locally
integrable on Q and P:={z € Q: f(z) = —o0 } has Lebesgue measure zero.

Proposition 53. Suppose f is subharmonic and not identically —oc. Suppose
v € C§° () is non-negative. Then

/ngpdA >0.
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Proof. Take z € Q and r > 0 such that B(z,r) C Q. By the sub-mean value
property for subharmonic functions (established as part of the proof of Hérmander’s

Theorem 1.6.3),
1 27

f(z) < — f(z+re®)dd.
2 Jy

Multiply by ¢(z) (which is assumed non-negative) and integrate over C. The local
integrability of f on Q and the compact support of ¢ in Q guarantee that the
integrals are absolutely convergent. We obtain

/f dA<//2ﬂfz+re Yo (z) dO dA.

We change variables in the area integral, setting w = z + e’ and then expand ¢
about w in a Taylor polynomial of degree 2 plus an error E5 with the property that
lim, o4 77 2E5(r) = 0. We obtain the following string of inequalities:

[ e
< 5 [1w | 7 ol — re®) oA
10%p

_ L _ 9y g 9 10% o o
= /f / o(w) ax(’w)TCOba 8y( )7‘5111(94—2a 2( w)r< cos” 0

‘P
0xdy

1 2
(w)r? cos O sin 6 + gjf(w)ﬁ sin? @ + Ey(r)df dA

3
1 7w 0% 7 0% I

0
Thus

0< / Fw) [iAg@(w)rQ—F;W " B d&] A

0
Dividing by r? and taking the limit as 7 — 07 gives the result. O

Corollary 54. If f € C*(Q) and f is subharmonic, Af > 0.

Exercise 36. Prove Corollary 54. Use the preceding proposition; for ¢ fized as
in the proposition, its support is contained in some rectangle [a,b] x [c,d] C R2.
Integrate by parts in the integral | fA@dA.

4. ELEMENTARY PROPERTIES OF FUNCTIONS OF SEVERAL COMPLEX
VARIABLES

4.1. Definitions and notation. The development in this section is analogous to
the one-variable case. We denote the coordinates on C" by z = (z1,...,2,) and
write either z; = xoj_1 +ix9; or 2; = x; +iy;, 1 < j < n. Then

de = dl‘gj_l + idl‘gj
dij = dxgj,l - idxgj.

Then if 2 C C" is open and u € CI(Q) we may write

du = Z Bixkdxk
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or we may write du in terms of the 2n independent 1-forms dz; and dz; as
"\ Ju "\ Ju
19 du = ——dz; ——dz;.
(19) " — 62’]‘ K +Z::1 85j K

Inspired by this decomposition, we make a number of definitions.

Definition 55. Suppose ¢ is a 1-form. ¢ is of type (1,0) if it is a combination
of the dz; alone and is of type (0,1) if it is a combination of the dz; alone. The
(1,0) part of du in (19) is denoted by Ou whereas the (0,1) part of du is denoted
by Ou.

Definition 56. u € C1(Q) is analytic (synonymously, holomorphic) if du is of
type (1,0), i.e., if Ou = 0.

More generally, we define the type or bi-degree of higher-degree differential forms.
Definition 57. A differential form f on Q C C" is of type (p,q) if

F=Y"Y" frsdz" nd,

[Il=p|J|=q

where the fr; are smooth functions on Q, I = (i1,...,4p) for1 <i; <...<i, <n
is an increasing p-tuple and dz' = dz;, A ... A dz;,. J and dz’ are interpreted
similarly.

As in one-variable case, we may take the exterior derivative of the form f:

df = > > dfryndz' ndz’

[Tl=p|J]=q

= Z Z (8fIJ + 5f1]) Adzt A dz!

IIl=p|J]1=q

= > > ofiunds ndzT+ > > 0fryndz" ndz

[I|=p |J]=¢ [I|=p|J|=q

We denote the first sum on the last line by df and the second by 0f. Note that if
f is of type (p,q), Of is of type (p+ 1,q) and Of is of type (p,q+ 1).

Exercise 37. Previously we have shown that d? = 0. Use this to show that 8% = 0,
00+00=0, and 3> =0

We end this section on definitions and notation by discussing the topology in C"
in more detail. As expected, we equip C™ with the hermitian inner product (z, w) :=
2?21 zjw;, which induces a norm and metric space structure. One therefore defines
the open ball B(zg,r) := {2 : ||z — 20|| < r } and naturally thinks of such sets as a
basis for the open sets. When n = 1, this definition even reduces to that of an open
disc in C. There is, however, another basis of open sets generalizing open discs -
the polydiscs. For a = (a1,...,a,) € C* and r = (r1,...,ry), r; > 0, define

D(a,r):={z:|zj —a;| <r;} =D(ai,r1) x -+ X D(an, ).

Observe that we now have two different notations for a disc in C. Note also that
in the notation B(a,r), r is the radius and is a single number, whereas in the
notation D(a,r), if r is an n-tuple of non-negative real numbers. The topological
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boundary of D(a,r)is{z: |zj—a;| =r; for some j}, whereas the distinguished
boundary 9yD(a,r) is {z:|z; —a;| =7; for allj}.

Although the collection of open balls and the collection of open polydiscs are a
basis for the same topology, it is worth noting even here that a ball and a poly-
disc have different function theory. It is an important and non-obvious result in
several complex variables that the ball and the polydisc are not biholomorphically
equivalent.

4.2. The Cauchy Integral Formula and its Consequences. In section 2.2,
Hormander turns his attention to the several-variable version of the Cauchy Integral
Formula and its consequences. His discussion is somewhat complicated by the fact
that he also wishes to explore the connection between separate analyticity and
analyticity.

Recall the definition of an analytic function on Q@ C C™. We begin by considering
f € C(Q) and say that f is analytic if f = 0. This means 0f/0z; = 0 for all
1 < j < n. In particular, f is what we might call separately analytic - when
n — 1 of the variables are held fixed and f is considered as a function of the single
remaining complex variable as it ranges over some slice of €2, the resulting function
of one complex variable is once continuously differentiable and satisfies the Cauchy-
Riemann equations in that variable.

We might ask about the converse. If we f is defined on 2 C C™ is separately
analytic, is it in fact analytic on 27 This appears to be a weaker hypothesis because
we do not begin with a function which is C1(Q) - it is only C* as a function of each
variable individually when the others are held fixed. Our experience with functions
of several real variables might lead us to suspect that such separate smoothness in
not enough.

Exercise 38. Give an example of a function of two real variables which is C*° as
a function of x for any fired value of y and C*° as a function of y for any fized
value of x but which fails not in C*(R?).

We wish to prove that if f is analytic on an (open) polydisc D, then f is repre-
sented by a power series. It is convenient to begin this discussion with a definition
of the notion of convergence obtained in this theorem.

Definition 58. Let A be a countable index set. A series of functions ) . 4 aa(2)
converges normally in Q if for every compact subset K of Q, the series Y supy |aq(2)|
is convergent.

Exercise 39. Suppose ¢ € 9pD(0,7). Find a poser series representing
1

(Cl - Zl) tee (Cn - Zn)

in D(0,7) and show that it converges normally.

4.3. The Inhomogeneous Cauchy-Riemann Equations. Let  C C", n > 1.
Suppose we are given a (0,1) from f and we wish to find a function u such that

(20) ou = f.
Since f is a (0,1) form, f = 2?21 fidz;. A less succinct way to write (20)
" ou

dz; = fdz;.
oz ;fj “

Jj=1
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Thus given the n functions f;, we aim to solve the system

ou

U 1<i<
aij fj? SN

for w.
We pause to recall that we considered this problem briefly already in the case
n = 1. Reread Theorem 16. A rephrasing the second part is the following:

Theorem 59. If f € CY(Q) with k > 1,
(21) u(z) == / g(_cl d¢ A dC

is in C*(Q) with % = f.

We seek a generalization for n > 1. We first note that since 0% = 0, in order for
(20) to have a solution, it is necessary that 0f = 0. In other words,

0 = 5(2 fjdéj)

5fj N dz;

I
M:

<.
Il
—

Z a—fdzk ANdz;.

1 k=1

I
M=

<.
Il

If j =k, dzy ANdz; = 0. If k # j, the above sum involves two terms that may be
combined, and when combined, the resulting term must be 0. Thus we require

(afj_ o

22
( ) 0z, 82]

)d zZr Ndz; = 0dz;, A dz;.

We describe this condition on the form f as a compatibility condition.

Exercise 40. Is there a corresponding compatibility condition when n = 1% When
n =2, give an example of a (0,1) form f that satisfies the compatibility condition
and an example of a (0,1) form g that does not.

We may now state the theorem.

Theorem 60 (Hormander’s Theorem 2.3.1). Suppose n > 1. Let f; € CE(C"), for
1<j<nandk>1 and that (22) is satisfied. Then there is a function u € C(C™)
satisfying (20).

The theorem as stated is not true when n = 1; this theorem includes as a
conclusion that if the f; which are the coefficients of the 1-form f are compactly
supported, then the solution function u is compactly supported. To see that this fails
when n = 1, consider f smooth with compact support and such that | f dzAdz # 0.
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Suppose the solution w had compact support contained in B(0, R). Then

0 = / u(z)dz
|z|=R
= / du N dz
B(0,R)
ou
= / —dzZ Ndz
B(0,R) 0z

_ / fdzAd#0.
B(0,R)

This is a contradiction, and thus w can not be compactly supported even if f is if
n=1.

We now proceed to prove the several complex variables result. Note that the
method of proof is similar to that of Theorem 1.2.2 even though the result differs
somewhat.

Proof. For z = (z1,...,2n), define

u(z) = % fl(c’gz_’""zn)dCAdC
flw—l_'zlvz?a-"?zn)

= dw A dw.
27i w

Since f1 and its first k derivatives are continuous with compact support, and since
1/w is locally integrable on C, it is legitimate to obtain derivatives of w up to order
k by differentiating under the integral sign, and these derivatives are continuous.
Thus certainly u € C*(C™). It also follows from Theorem 16 that du/0z; = fi.

Now consider j > 1. Since k > 1, all derivatives Ou/0Z; are also obtained by
differentiating under the integral sign. Thus

o 1 [10f _

= = - [ =24 o zn)dw A d

0z 2mi | w0z (w2122, 2) dw A di
1 [ 10f

= — [ —= ey Zpn) dw A dw
2’]‘("i w821(w+217z27 ’Z) w w

Loog,
o2mi | ¢ —2z oC (©
= fj(zla"'azn>7

where we have used both the compatibility condition and the Cauchy Integral
Formula on a disc in C large enough so that f;(¢, 22,...,2,) = 0 on its boundary.

It remains to prove that u has compact support. Indeed, if we go back to
the definition of u, since f; has compact support contained in some D(0, R) :=
{z:]z;] < R,1 < j < n}, regardless of the value of 21, u(z1,22,...,2,) = 0 in
S:={|zj| >R:2<j<n}. S°is closed and contains the support of u, but S¢ is
not itself compact. However, we also know from Theorem 16 that u is analytic off
the support of fi, i.e., on D(0, R)C. Since this latter subset is connected and since
u is analytic and identically zero on the open subset S, By analytic continuation,
u is identically zero on D(0, R)C. This proves that u has compact support. and
completes the proof of the theorem. [

29,y 2n) dC A dC
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It is perhaps initially surprising that our first application of this theorem on
the solution of the inhomogeneous Cauchy-Riemann equations is to a problem of
holomorphic extension. We ask a basic question: Do there exist open sets €2 in C"
for which there is an open set Q' properly containing € having the property that
for every u € A(2) there exists U € A(Q) with Ulg = u?

If this question has never occurred to you, it is perhaps because when n = 1,
such holomorphic extension is never possible.

Set

D(0,7) ={ (21, 22) | |21]; [22] <7}
Let
Q=D(0,1)\ D(0,1/2).
We claim that every holomorphic function on €2 extends holomorphically to D(0, 1).
We can show this with one-variable techniques.
Suppose u is a holomorphic function on €. Define a new function on D(0,3/4)

by
_ 1 U(C,ZQ)
U(z1,22) = 277i/<|=2 =2 dg.

By differentiating under the integral sign, one sees that U is holomorphic in D(0, 3/4).

1 3
Furthermore, for zy satisfying 5 < |22] < T by the Cauchy integral formula, the

given integral is also equal to wu(z1,22). Since u and U are both holomorphic on
D(0,3/4) \ D(0,1/2) and agree on {|z1] < 3/4, 1/2 < |z| < 3/4}, and since
D(0,3/4) is connected, by the uniqueness of analytic continuation, they agree on

the entire set. We have thus achieved the desired extension of h.
Theorem 61 (Hartogs).

Exercise 41. Show that, if Q C C™ is convex, for any open set Q' properly con-
taining , there is an element of A(QY) that does not extend to an element of A(Q').

Exercise 42. Let f be holomorphic on Q C C", n > 1. Fiz a € C. If the level set
S:={z€Q: f(z) =a} is not empty, show what S is not contained in a compact
subset of Q. Compare and contrast this with the situation when n = 1.

Exercise 43. Formulate and prove a version of the maximum principle for holo-
morphic functions of several complex variables.

Perhaps even more surprising is the fact that it is sometimes possible to extend
functions satisfying an appropriate condition on the boundary of a domain to ana-
lytic functions inside. Before we state the theorem, we make some definitions and
try to motivate some of the hypotheses that appear in the theorem.

Definition 62. Let Q be an open subset of C™ with boundary 02. A real-valued
function p on C" is a defining function for 0Q if p(z) = 0 if and only if z € O
and Vp(z) # 0 for z € 00.

Example 63. p(z) = 2?21 |zj|? — 1 is a defining function for the boundary of
the unit ball B(0,1), but p? is not. p(z,w) = Im(w) is a defining function for the
boundary of the half-space { (z = x + iy, w =u+iv) €C*:v>0}.

We will need the following proposition:
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Proposition 64. Let p be a C' defining function for 0Q and suppose g is a C!
function that vanishes on 0S). Then there exists h continuous such that g = hp.

Proof. We give a sketch. We work locally. By translating if necessary, we may
assume 0 € 0f). In a small neighborhood V of the origin we may make a change
of variables so that 92 NV has defining equation y, = Im(z,) = 0. Suppose g

vanishes on 9. We use the notation 2’ := (z1,..., 2,-1) and write 2z, := &, + iyn.
Then in V'
g(z/7 zn) = 9(2/7 Tn + Zyn) - 9(2/, Tn + ZO)
v g
0 8yn
1
dg .
— (2", xp +1Yns)ds - Yn
= h(z)p(2).
([

With this set-up, we can begin discussing the result we aim to prove. Suppose
u is smooth on a neighborhood of . Can we identify a condition on u which is
necessary if there is to exists U smooth and analytic on a neighborhood of € with
Ulsa = ulan?

If such a U exists, U —u vanishes on 0f2 and so there exists h such that U—u = hp.
Apply 0. OU —0u = pOh—hdrho. Since U is analytic, OU = 0. Also, for all z € 052,
p(z) = 0. Therefore

(23) —0u(z) = h(2)0p(2), =z € ON.

We can rewrite this condition on w in two different ways. First, (23) says that at
every point z € 91, the form du(z) is a scalar multiple of dp(z). Thus Ju(z) A
0p(z) = 0 on 9. Another way to express this is to say that if a is orthogonal to
Op(z), it is also orthogonal to du(z), i.e.,

(24) ;aja—zj(z) =0 whenever Jz::laja—zj(z) =0.

We call these the tangential Cauchy-Riemann equations - we are only asking that
u be annihilated by an operator ) a;0/0%; for certain a tangent to the boundary
identified by the condition ) a;0p/0%;.

Is it true that whenever u satisfies (24) on 92 then it is the restriction of some
U analytic on an open set containing Q? The answer is no.

Example 65. Return to Q = {(z,w) : Imw > 0}. The defining equation for 9

is p(z,w) = Y2, Since

0= 01% tag - = 112(—%) if a2 =0,
the condition imposed on u by (24) is % =0 on 0.

For this boundary, however, even if we relax our requirements and simply try to
find some small open subset V' of Q0 with the property that every u satisfying (24)
extends to a function analytic on V, we will be unsuccessful. For example, take
(20, w0) €V (s0 that Imwg > 0). Consider u(z,w) := (w — wo)~*. This is smooth
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on 09 since Imw = 0 there and Ou/0Z = 0, but u does not agree with an analytic
function of (z,w) on V.

We therefore need additional hypotheses on u and/or additional hypotheses on
Q. A full exploration of this question is well beyond the scope of this course. The
interested reader should see the sections concerning holomorphic extension of CR
functions in Boggess’s book [Bog91]. For now we consider the theorem presented
by Hormander which addresses one holomorphic extension situation.

[Bog91]
[Con78]
[D’A10]
[Fol99]

[GP74]
[H6r90]

[Kra92]
[MH99]
[Rud66]

[Str00]
[Varll]
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