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This paper uses computer simulations to verify several features of the Greatest Deviation
(GD) nonparametric correlation coefficient. First, its asymptotic distributionisused in a
simple linear regression setting where both variables are bivariate. Second, the
distribution free property of GD is demonstrated using both the bivariate normal and
bivariate Cauchy distributions. Third, the robustness of the method is shown by

estimating parameters in the Cauchy case. Fourth, a general geometric method is used to
estimate aratio of scale factors used in the confidenceinterval. The methodsin this
paper are an outgrowth of general research on the use of nonparametric correlation
coefficientsin statistical estimations.  The results in this paper are not specific to GD and
are appropriate for other rank based correlation coefficients.
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Thiswork dependsin part on earlier unpublished work of Gideon and is available on his
web site: www.math.umt.edu/gideon. Some of the references will refer to papers posted
at thisweb site.

1. The Bivariate Cauchy

The bivariate Cauchy is, of course, the same asthe bivariate t with 1 degree of
freedom (Cornish 1954, Dunnett and Sobel 1954). Sincethisdistribution is seldom
used in simulations and estimation, it is discussed here. Thejoint, marginal, and
conditional distributions are given; the procedure that was used to generate bivariate
datais then explained.

Let (t,,t,) bean outcomefor a(T,, T,) bivariate Cauchy random variable. Thejoint
distribution is given in two forms, one to generate random observations and the other
to see the dliptical nature of the contours. The elliptical nature of the contours, as
with the bivariate normal, allows GD to be distribution free over the whole class of
bivariate t distri butions
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Both marginal distributions have the same standard Cauchy:

f(t)=;2f0r -¥<t<¥,
p@+t9)

The conditional distribution of T, isgivenfor T,. For afixed t,,
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This density isrelated to a standard Student t distribution with 2 degrees of freedom
by the following transformation.

f(t, |t1) =

Letw= Y20 T0) gy V2L
\/1- r \/1+t J1- 121+t
f(w) = g+—i for-¥<w<¥

These distributions are now used to generate bivariate Cauchy data. Let t, equal the

outcome of a standard Cauchy random variable, and let w be an independent outcome
of a Student t with 2 degrees of freedom. The computer package S-Pluswas used in

these simulations. The S-Plus commands: t, < - rcauchy(n) and w< - rt(n,2) were
used to generate random wmples of szen. After randomly generating t, and w, let

t,=rt, +§1' ' )2(1+t DE w. A standardized bivariate Cauchy random variable
5

(t,,t,) hasbeen generated. Thislatter form aso shows the regression equation. The

2 2
slopeisr and the scale factor is \/ (- r ;(1+t1) . Therandom quantity w playsthe

role of the error variable in the regression. It will be shown in the simulations that
GD regression estimatesr and gives a nearly correct asymptotic confidence interval
for thisslope. In addition, GD regression residuals are used to estimate an error scale
factor, which is the above scale factor. Because the same type of estimation and
confidence intervals are used for the bivariate normal, these simulations show the
distribution free property and robustness of the GD simple linear regression method.

2. TheBivariate Normal

A method of generating bivariate normal values that parallels the above method isto
generate two independent N(O, 1) outcomes, z, and z,; then with the correlation

parameterr ,let z, =r z, +4/1- r *z,. Thebivariate random variable (Z,,Z,) has
Zero means, variances of one, and correlation of r .

For amore direct normal model in simple linear regression, let X be N(m,s ;) where
the second parameter is the standard deviation as this notation is commonly used in
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computer packages. Let e beindependent of X witha N(O,s ) distribution.
Construct the standard model Y =a + b x+e. Thus, the conditiona distribution is
congtructed given the x and arandom error. In S-Plus, this becomes:

X< -rnorm(n,m,s,)and y<-a +bx+rnorm(n,o,s ) wheren isthe sample size.

3. The GD S-Plus regression routines

Gideon and Hollister (1987) define the GD correlation coefficient. It isrestated here
for convenience as al work depends onit.

The GD correlation coefficient is defined as follows: |et the bivariate data (X, y) be
ordered by the x-data. Each data vector is then replaced by its ranks. The datais now
(e, p) where eistheidentity vector, 1,2,3,....,n, and p contains the corresponding
ranks of they-data. |, an indicator variable, is0 or 1 depending whether its
expression isfalse or true, respectively. Then GD(x,y) = GD(e, p) andinthe
definition below the p; are the components of p .

1£iEn

max § I(n+1- p, >i)- rlgi\xé I(p, >i)
GD(x,y) = = =

ént
&2H

Thereisonly one GD S-Plus function that needs to be directly called to perform the
work. Itiswrittenin C code and called in a S-Plus calling sequence. Work over a
long time period has made the calculation fairly efficient. Given a paired data vector
(X,y), the GD simple linear regression function is rgrgc(x, y,0) . Thisreturnsthe
intercept and slope, say a and b. The regression predicted values y = a + bx and the
residuals y - y are now formed. A second regression is performed on the sorted

x and sorted residuals y- y. In S-Plus, thisdone by rgrgc(sort(x), sort(y - ¥),0).

The slope of thisregression esti mates+/n times the estimated standard error of the

\/ﬁs'\rs
o]

slope estimate in classical least squares; that is, Vn's, = ——'=— . Thisis

4\ a (Xi - )_()2
demonstrated in the smulations and is explained fully in Gideon and Rothan (2004).
The method is very general in that any correlation coefficient can be used in the same
manner. GD isbeing used becauseit is very robust and also gives good results on
data without outliers. It must be emphasized that this method of measuring the
variation with the slope is necessary to make the method distribution free. One uses
the actual observed sorted x-data as the standard to obtain a relative measure of the
variability in theresiduals. The expectation isthat if the residuas have the same type
of distribution, then slope of the regression line of the ordered residuals on the
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ordered X’ s (t, for the Cauchy) will provide a reasonable estimate of Sie . Inthe
S

X

simulations that follow, the data is bivariate normal or bivariate Cauchy; and
apparently this geometrica method of estimating Sre does allow the distribution

property to work. For an apha significance level, nearly correct 1- a confidence
interval levels are obtained.

4. Greatest Deviation Asymptotics

The population parameters of GD for the bivariate normal and Cauchy distributions
are found in Gideon and Hollister (2000). A Taylor Series expansion was used to
relate the distribution of slope to the asymptotic distribution of r  (Gideon, Prentice,
and Pyke 1989). Theseresults are used in forming confidence intervals. Let
GD(X,Y) bethe population parameter of GD for the bivariate random variable
(X,Y). Then for both the bivariate normal and Cauchy distributions

GD(X,Y) :Esin'lr , Wherer isthe correlation coefficient in the normal case, but

can only be called the correlation parameter in the Cauchy case. The usual definition
of r does not suffice for the Cauchy as moments do not exist. The Cauchy correlation
parameter r does exist for GD and is derived from the population definition of GD in

Gideon and Hollister (2000). Let F and G be the distribution functions of continuous
random variables X and Y. Now let

U =F(X)and V =G(Y), thenthefunction C(u,v) = P(U £u,V £ v)isknown asthe
Copulafunction. The population parameter of GD for (X,Y) is
GD(X,Y)=2aupC(t,1- t)- 2sup(t- C(t,1)).

Of£t£1l COEtE1

For the asymptotic distribution of GD whenr =0, Gideon, Prentice, and Pyke (1989)
showed that for data vectors(x, y), for asample size n, that as n increases

«/ﬁGD(x, y) becomes N(0,1). From the population parameter of GD and its
asymptotic distribution, the asymptotic distribution of the estimated sope in either the
bivariate Cauchy or normal is as follows:

S, pPS,y1-r?

b convergestoa N(r —,—2———) distribution.

S, 2\/ﬁsX
S 1-1 2

S

=S isestimated directly asthe slopein
S

In the computer smulations,

X X

the GD regression where the residuals are regressed on the x-data
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(rgrgc(sort(x), sort(y - y),0)), that is, . Theasymptotic 1- a confidence

X

. : : s : . : :
interval isthen this Slope, —= , times the remaining termsin the asymptotic standard
S

deviation above. So the distribution-free robust confidence interval for the dopeina
simplelinear regression is

+ pig res
"~ 2vn s,
For additional background material for this section, see Gideon (1992), Gideon and
Rummel (1992), Gideon and Rothan (2004).

b , Where Z, is the upper 2/ quantile of the standard normal.

5. Computer Simulations for the Distribution-Free Confidence Interval

The computer smulations primarily demonstrate the confidence interval for the sope
in the simple linear regression, but some correlation results are al'so given. Values of
r usedare0, 0.5, 0.75, 0.9. For smplicity, only 0 is used for the location parameters
and 1 for the scale parameters. The two distributions used are bivariate normal and

bivariate Cauchy as explained earlier. For the standard univariate Cauchy, the 3
quartileis 1 (Q, = - 1) sothat the median of 1+ T, is2. Thus, the scale factor

_ 2 _ 2
‘/1 2r (L+1t?) inthe simulations should vary about 1Tr*2= 1- r?. Note

that thisis the same asin the bivariate normal case (i.e., the residual scale factor).
Since the scale factor of the x-variable with standardized distributions is one, the ratio
S.o/s, =+1- r2and S /S, estimates \/1- r 2. The difference between the
Cauchy and the Normal is that the scale factor for the Cauchy averages /1- r 2 ; but
for individual points, the scale factor depends on the given value of t,. The scale

factor is constant for the normal. The slopes and the correlations have the same value
in the simulations since the standard distributions were used.

The tables are labeled by a Roman numeral in the upper left corner. Table | shows
means of 1000 simulations each for a sample size of 68, except for the last two rows
that are based on 5000 simulations. The categories are the ratio of the scale factors
resulting from the simulations; the population scale factor; the intercept whose
population parameter is 0; the slope whose population parameter isr ; the proportion

of the samples whose confidence interval contains the true slope, the GD estimate
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of r ,sin(p GD(x, y)/2); and the population correlation coefficient. It isknown that
the sine transformation of GD underestimatesr except at zero. Except for the
population parameters, al entries are the mean of the given number of smulations.
Rows in the table aternate between Cauchy and Normal in order to view the
distribution-free robustness property.

Tablel | Ratio 5 Sample prop.

SA@/SX 1-r Intercept  Slope 90% level Corr. r
Normal | 1.0044 1 -0.0066 -0.0033 0.934 0.0012 O
Cauchy | 0.9958 1 0.0127 0.0013 0.903 00032 O
Normal | 0.8701 0.8660  -0.0013  0.5001 0.930 0.4671 0.50
Cauchy | 0.8592 0.8660 0.0171  0.5015 0.898 0.4866 0.50
Normal | 0.6650 0.6614 0.0012  0.7456 0.914 0.7076  0.75
Cauchy | 0.6620 0.6614 0.0027  0.7490 0.922 0.7105 0.75
Normal | 0.6644 0.6614  -0.0002 -0.7557 0.927 -0.7084 -0.75
Cauchy | 0.6584 0.6614  -0.0082 -0.7473 0.901 -0.739 -0.75
Normal | 04348 04358  -0.0004 0.9033 0.925 0.8664 0.90
Cauchy | 04335 0.4358 0.0028 0.8986 0.890 0.8670 0.90

The following two rows are for 5000 simulations

Normal | 1.0010 1 -0.0037 -0.0002 0.9284 0.0001 O
Cauchy | 0.9899 1 0.0024 -0.0006 0.9132 0.0000 O

Table 1 reflects changes made to the confidence coefficient, the correlation, and
dope; the number of simulationsis kept at 1000. The first two rows are for 90%, the
next two are 80%, and the final two are for 50% confidence levels. It isbecoming
clear that for sample size 68, the confidence coefficient is abit conservative. Note
that the mean values for the rati os and those for the slope estimates are very close to

their respective parameters. As expected, the direct estimate of the correlation viathe
GD sine transformation underestimatesfor r > 0.
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Tablell | Ratio Sample prop.
Sies/Sc \1-17 Intercept  Slope  90%, 80% Corr. r

50% levels

Normal | 0.6654 0.6614 -0.0017 -0.7571 0.974 -0.7120 -0.75

Cauchy | 0.6578 0.6614 0.0073 -0.7552 0.959 -0.7390 -0.75

Normal | 0.4309 0.4358 -0.0005 0.9045 0.828 0.8687 0.90

Cauchy | 0.4364 0.4358 0.0048 0.8984 0.830 0.8666 0.90

Normal | 0.8014 0.8000 -0.0005 0.5957 0.554 0.5564 0.60

Cauchy | 0.8102 0.8000 0.0001 0.6031 0.553 0.5676 0.60

In Table 111 sample sizes of 50, 75, 100, and 150 are used while the correlation
remains at 0.80 and the confidence coefficient at 90%. The first two rows are from
samples of size 50, the next two of 75, then 100, and finally 150. The number of
simulations for each remains at 1000. It seems remarkable that the Cauchy

confidence interval for the slope is more accurate than the normal.

Tablelll Ratio Sample
Sie/Sc +1-r? Intercept Slope proportion  Corr. T
90% level

Normal-50 0.6014 0.6000 0.0076 0.7938 0.928 0.7475 0.80
Cauchy-50 05987 0.6000 -0.0016 0.8015 0.889 0.7705 0.80
Normal-75 0.6046 0.6000 -0.0014 0.8058 0.943 0.7712 0.80
Cauchy-75 05922 0.6000 -0.0056 0.7992 0.916 0.7780 0.80
Normal-100 | 0.6030 0.6000 -0.0002 0.8042 0.937 0.7699 0.80
Cauchy-100 | 0.5997  0.6000 0.0033 0.8030 0.909 0.7705 0.80
Normal-150 | 0.5976  0.6000 0.0016 0.8008 0.921 0.7796 0.80
Cauchy-150 | 0.6009  0.6000 0.0016 0.7969 0.917 0.7763 0.80

In Table I, the Cauchy simulations usually gave values closer to the stated 90%
confidence level. The means of the smulated scale ratio estimates for both the

Normal and Cauchy were very close to the population parameter, 4/1- r 2 . All

intercept and slope means were close to the population parameters. From Tablell, it

appears that the proportion of confidence intervals containing the true slope is higher
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than the stated confidence level. Tables| - 111 indicate that the Cauchy generated data
gives results closer to the stated confidence level than the normal. The results do not
seem to vary much between the moderate sample sizes of 50 to 150.

6. An Example of the Confidence Interval for the Cauchy Case

One more run of 1000 Cauchy simulations was made. The confidence coefficient

was 90%, the sample size 168, r =b =0.8,and a =0. The simulation results for
the last sample remain in S-Plus and are used for an illustrative example. The
analysis of thislast sample demonstrates that no special selection process was used to
make this system perform well. The summary statistics from the run for the 1000
simulations follow. The mean intercept was—0.0013 and the mean slope was 0.7983.
The mean of the sine transformation of GD was 0.7789. The proportion of the 90%

confidence intervals containing the true slopewas 0.918. Theterm /1- r > =0.6,

and the mean value of the 1000 ssimulations for this term was 0.6001. The median of
these was a so aways calculated and for thisrun it was 0.5955. Because the median
and mean were always close, the median was not included in the above tables.

For thislast simulation of sample size 168, confidence intervals and scatterplots with
regression lines are given for GD and least squares. The axes are labeled

(t,.t,) because bivariate Cauchy datais used. For GD estimation system, the slope of

the regression used to estimate relative variation was 0.5940, i.e. Sre = 0.5940.
S

X

Thisisthe slope as explained on page 3 for aregression on sorted data. The upper

pl1l645

> /168 0.1993
This number times the 0.5940 gives the distance of the confidence interval around the
dope estimate. Table 1V lists the intercepts, slopes and the confidence intervals for
the GD general method and for least squares.

95" percentile of the standard normal 1.645 is used in the term

TablelV | Comparison of LS and GD on one sample where n = 168, Cauchy data
I ntercept Slope Cl lower Cl upper

GD -0.0643 0.8187 0.7003 0.9371

LS 0.3487 0.6376 0.5534 0.7198

Itisreadily seen that GD is, as expected, much better than least squares (LS). TheLS
method does not include the true dope in the confidence interval. The standard error

of LS dlope estimate, 4.114, and é_ (t, - ©)*, 6858.56, are given so that the
confidenceinterval for LS can be checked. Although this paper is not a comparison
of GD to other robust procedures, the L-one and rreg (robust regression in S-Plus)

resultsare given. Theresultsarein Table V, but this author does not know the
distributional properties of these estimators to obtain a confidence interval.
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TableV L-one and robust regression resultsfrom S-Plus
Intercept Slope

L-one -0.0748 0.7920

rreg -0.0782 0.8421

Two scatterplots are presented. Figure 1 has al the dataand in Figure 2 the datais
restricted to those values between —5 and +5 in order to give a better view of the
central area of the data. The graph of the restricted data demonstrates that, asis
always the case, the GD regression line goes through the heart of the data. There are
139 of the 168 outcomes between -5 and +5.

Figure 3 shows the geometry of the GD estimate of Ssﬁ . Thelinefitted to the sorted
b

data { sort(t, ), sort(residuals)} by the GD system has slope 0.5940. The robustness of

the GD fit to the line can be observed because the line appears uninfluenced by the

large residuals.

7. Summary

Computer simulations have demonstrated the robustness and distribution-free
properties of the rank based Greatest Deviation correlation coefficient in simple
linear regression. Thiswas accomplished by comparing the computer results for the
bivariate normal and Cauchy distributions. The asymptotic propertiesof GD asa
correlation coefficient and its extension to simple linear regression were used. One
example was provided that demonstrated the GD geometrical method of obtaining an
estimate of the variation in the slope estimator. This paper is based on the resultsin
two published papers. Unfortunately, much of the background material is
unpublished, but it is available on the web site. The generality of thiswork may not
be apparent without viewing the papers on the web, but any correlation coefficient
can be used in the manner demonstrated in this paper. The unpublished L-one
correlation coefficient that should accompany all statistical L-one methodsis aprime
candidate. This paper is part of a system of estimation based on the use of correlation
coefficients. The web site shows some of the work, but some further examplesin
times series, nonlinear estimation, and generalized linear models have not yet been
posted.
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Simple Linear Regression, Cauchy Data
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Scale Ratio Estimate by GD Regression
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