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ABSTRACT
There are many interpretations of Pearson's correlation coefficient ( see Rodgers and
Nicewater (1988)) but maybe the most important one has been missed. The interpretation
presented here makes use of the trigonometric identity: cosa =cos”a/2- sn’a/2 where
a isthe angle between two vectorsin n space. Further, the difference on the right-hand side of
the equation can be interpreted as distance from perfect negetive correlation minus distance
from perfect positive correation. The so-caled generdized form of corrdation involving an
inner product does not include all correation coefficients, whereas the difference concept does.
This new difference concept permits new correlation coefficients to be defined and
encompasses the genera framework of nonparametric correlation coefficients.

Key Words. absolute vaue methods, correlation, eigenvaues, estimating functions, median
methods, smple linear regression.



1. INTRODUCTION

Gideon and Hollister (1987) introduced a nonparametric correlation coefficient that was
based on the concept of greatest deviations (r ;) and they gave an interpretation to the
difference of the two functions in the numerator of this corrdation. The numerator can be
interpreted as "distance from perfect negative correation minus the distance from perfect
positive corrdation”, dpnc—dppc. In this definition the correlation does not have alinear
restriction (dpnc+dppc=constant) in the numerator asthe Pearson, Spearman, and Kendall
correlation coefficients have. Spearman (1906) tried to develop arobust correlation coefficient
based on absolute values, but was only partialy successful and this correlation became known
as Spearman's footrule in Kendal (1990). However, using the generd framework of dpnc-
dppcitiseasy to define continuous and rank correaion coefficients based on medians and
absolute values. This dlows a continuous and rank correlation coefficients to be defined and be
related in the same way Pearson and Spearman are. It also makes possible an Median
Absolute Deviation (MAD) correlation coefficients to be defined so thet if x equalsy, then the
correlation becomes the usud MAD variaion estimator. At the end of the paper some genera
comments on correlation are made.

2. ANEW INTERPRETATION OF PEARSON'ST

Let then dimensond databethevectors xy. Let SS,SS, bethe sum of squares about the
means, X,y. Now define the standardized data as

z=(x- X1/(S3)"* .z, =(y- ¥/ (S])"*, where 1 isacolumnvector of al 1's. It follows
thet |z|° =2z =1, |z]|" =1, 21=21=0,ad (z- 2)'(z +2)=0. If a isteagle
in n dimensiona space between z and z,, cosa =Zz,=r, Pearson's product moment
correlation coefficient. IntheFigure, z and z, are vectors centered at zero and a istheangle
between them. Theangleal2 intheFgureisa / 2.

We now want to show that
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For this we need the following trigonometric identities:
,a . ,a a 1+ cosa 3p a .a 1- cosa
cosa =Cos“— - 9n“—, CoS— = , COS(—+—)=d9n— = .
2 2 2 2 2 2 2 2

Let b bethe angle between vectors z and z + z,, then

cosb = 22 +2) :‘/1+ 42, =1‘/1+cosa = cos>
2] |z +z] 2 2 2

othat b =—.



Because z + z, and z - z, areorthogona vectors, the angle in a counter-clockwise direction
from z to z - z is(3p)/2+a/2 = b, for amoment. Sowe have
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Thus, it follows that Pearson'sr can be written as
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The distances from perfect positive and negative correlaion are defined as
+ 77 ) 2
dpnc = M = cos?2 and dppc = M =gn22 .
4 2 4 2

For standardized data the covariance matrix is the correlation matrix and the
eigenvauesof this2x 2matrixare | ; =1+r,l ,=1- r. Thus snce
a _1+r | . pa _1-r 1,
coS"—=——=—anddn"— =——=—7,
2 2 2 2 2 2
another form or interpretation of this decomposition of risthat r = (1 , - | ,)/2 , and haf the
difference between the eigenvauesis the distance between dpnc and dppc.
Now for the interpretation of distance from perfect negative correlation (dpnc) minus
the distance from perfect positive correlaion (dppc), it is easily seen that dpnc is maximum
when

ora = Ocos —1sn—-0
4 =12 5 >

Inthiscase dpnc= 1 and dppc = 0. Thus, r=dpnc—dppc =1-0=1. For the perfect negative
correlation case, we have
z=-zad a=p, cos?% =0, s'n2%:1
sothat r=dpnc—dppc = 0-1=-1.
Wedo twomorecases. First, when z and z, are orthogona,

D J2
a=2, gnd =cos? =¥

2 2 2
s0 that dpnc=dnpc and r=0. Findly, let

a-= s—f,coszs—g = 0.1464 and s'nzf%p =08536.
In this case = dpnc — dppc = 0.1464 — 0.8536 = —0.7072.

Clearly, from the Figureit canbeseenthat dpnc =||z + z,|/4 ismaximum and

dppc =z - z,|/4 isminimumwhen z = z, and the reader can eesily visualize the geometry
of the examples above.



We now show that the nonparametric analogue of Pearson's correlaion which isknown
as Spearman's correlation has the same interpretation. Let thex,y data be ordered and
replaced by ranks (i, p) , i =1,2,---,n. Now use the ranks in the dpnc—dppc definition of r

and get asthe definition of Spearman'’s correlation coefficient
_am+l-p-iY-am-0’

5= (- D/3) SN ¢

The second term é (p - i)? certainly messures adistance from perfect positive correlation

and the firgt term is obtained from the second by replacing p, by n+1- p, and it measures

distance from perfect negetive correltion; replace p, by i and amaximum is obtained, replace
p, by n+1+ and aminimum is obtained.

r

An higtorica note and contrast will now be made. The above n-dimensiond
geometrica view of Pearson'sr gpparently alows a generd geometrica way of viewing any
correlaion coefficient aswill be seen in succeeding sections. Equation (1) can be viewed asthe

differences of scle measures, |z, + 2, - |l - 2|, and Gnanadesikan and Ketterring did

thisin their 1972 paper. They then went on to propose robust correlation coefficients by using
robust measures of sceon z +2z, and z; - z,. Huber (1981) gives atheoretical
development of thisin sections 8.2 and 8.3. The scale approach seemsto have led to mainly
the "subsets of data' approach in congructing robust correlation coefficients (see,
Gnanadesikan (1977)).

The dnpc-dppc interpretation was first used for the Greatest Deviation correlation
coefficient (GDCC,see eqution (5). The n-dimensiona geometricd view comes with this
paper and connects al correlation coefficients with a common interpretation. GDCC currently
has not been shown as the differences between two measures of scae. However, GDCC or
any of the seven correlation coefficientsin this paper (see equations 1 through 7) can be used to
estimate scae, location, and parameters from many dtatistical problems, see section 5 for abrief
introduction. GDCC isavery good robust estimator of scale and the method utilizes the
conceptsin Gnanadesikan (1977) to construct the estimates of parameters. For GDCC,
location is more effectively estimated after the scale estimator which it usesin its congruction.
Thus, the development in this paper goes from robust estimates of correlation to robust
estimates of scale, wheregs, the earlier approach of Gnanadeskan and Kettenring(1972) went
from robust estimates of scae to robust estimates of correlation.

To definearobust correation coefficient both Gnanadesikan and Kettenring(1972) in
equation (4) page 91 and Huber (1981) equation (2.6) page 203 utilized the sum of the robust
measures of scalein the denominator to make the correlation coefficients lie between -1 and +1.
Again this gpproach would be unsatisfactory for GDCC and many of the other corrdation
coefficients, because, for example, the maximum of GDCC isthe grestest integer in the sample
szedivided by 2, and not the sum of the numerator parts. Note that to correctly define a
correlation coefficient such as r,,q N equétion (6) the sandardization factors MAD,, and

MADy cannot be factored out asis done with Pearson'sr. In other words, other corrdation
coefficients need their own geometry, not the usua least squares type geometry.



3. ABSOLUTE VALUE AND OTHER CORRELATIONS

Rather than use squared distance in our correlation, Snce correlation is dpnc-dppc, we
can use absolute distance. SS, getsreplaced by SA, = 601 |>§ - ?|, and amilarly fory. Thenan
absolute vaue correlation coefficient can be defined as

|X X + A |)§'X Yi - y
_a i a i 3
Al s 8w et @

It isvery easy to show that this absolute vaue correlation coefficient is between -1 and +1. Let

= XiS-A:(’y'* = yI—SAyy and apply the triangle inequdity to |xI + y,| Thevaues-1 and +1
aeachieveda x =-y;,i=12,---n and % =y;,i =1,2,---n respectively. Becauser,, can
assume the same va ues as Pearson's corrdlation coefficient, it should be true that a correlation
metrix formed usng r ,, should aso be positive definite. A covariance matrix could be formed
by deleting the normalizing congtants SA,, SA, inthe definition of r ,, .

To obtain the nonparametric analogue of this, do the same as for the squared distance

measures, replace the data by their ranks.  Thiswill be the footrule corration of Spearman

meade into a legitimate correlation and we will cal it the modified footrule,
aln+1-p-il-alp-i

M= . 4
mf énzl] ( )
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This correlation coefficient was discovered by Gini (1914) and some of its properties are
discussed in Betro (1993) and its population verson is discussed in Scarsini (1984).

Because the median isthevaueof "d' that minimizes | - a , ray in equation (3)
could be modified asfollows to give yet another correlation coefficient.

1OX|meI r’q/| Xi'mx_yl-my
[o]

, aresample medians, and SA,, —a |x, - mx|, SAm = a |xi - my|.
Unlikerg, thiscorrdation, rgym, has not been shown to be bounded between -1 and +1.

) (3

r avm —

where m,,m

Because these ideas were motivated by the Greatest Deviation correlation coefficient,
weligt it to show it o looks like a dpnc-dppc correlation coefficient. Let 1(x)=1 if xisa
true statement, otherwise 0. Then the Greatest Deviation oorrelation coefficient is
maxa I((n+1- p, >i)- max a I(p, > 1)

1£iEn 7

rgd = e B . (5)




In Kendal' s book on Rank Corrdlation Methods, Chapter Two is entitled, Introduction to the
generd theory of correlation methods. He defines an inner product type correlation coefficient
that he cdls a"generdized correation coefficient” when it redlly should be called a generdized
correlation coefficient of the inner product type. Thelast four correlation coefficients defined
above do not fit into his definition. Also for the four, dpnc + dppc does not equal a constant.
For Kenddl's 1 , discordance relatesto dppc and concordance to dpnc. At the end of
Chapter Two Kendal notes that Spearman's footrule does not fit his generd type, but he does
not makeit into area correlation coefficient as was done here. See Gideon(1987, section 3) or
Schweizer and Wolfe(1981) for what propertiesared” nonparametric corelation coefficient
should have.This next section will develop some additional median methods for corrdation
coefficients usng the generd framework of dpnc and dppc.



4. MEDIAN ABSOLUTE DEVIATION CORRELATION COEFFICIENTS

In this section a correlation andog of the MAD, median absolute deviation estimate of
variation, isgiven and denoted by r .. Let X,Y have abivariate norma distribution with

parameters, m,m,s?,s’.r . Now define for arandom sample

MAD, = med|>g - med(>g)| and amilarly for the datafrom Y. A median-type correlaion
coefficient is defined as

& - - - i 0

- :E(;med X; med(xi)+ y, - med(y)| med med(x) Y, med(yi)+.

26 MAD, MAD MAD MAD, |g

y X y

(6)

Itisevidently not truethat |r oo £1, 16t % =)“'Tm‘§(x) and similarly for y . Now
X

med|xi*| = me4yf| =1. Theproof that |r 4| £1 bresks down because the median of the

sum of two sets of nonegetive numbersis not aways less than the sum of the medians. It would
betrueif thefollowing equation hddr 4

rned|xI + y|| £ med(Ix” +|y:|)£ med|x:| + med|y,| =2,

however, the last inequality does not hold. The computer language S or Splus has been used
to examine r,,q and vaues greater dightly greater than one were occasiondly obtained.
Smulation sudies of 1,4 Show it to behave very much like other correlation coefficients even

with the anomaly of being greater than one. The spread of the digtribution is very closeto other
correlations, and only when the population correlation is near one, does r,,,q lecome only

dightly greater than one on rare occasions.

4.1 Population Value of |l'ag

In order to find the population vaue of r_,,the following results are needed for random
vaiidbles. Let Z, =(X- m,)/s,,Z, =(Y- m,)/s,. Since P(|Z] £ 0.6745) = 0.5000, the
median ebsolute deviation for random variable Z, is MAD, = med|Z|=0.6745.  Also,
V(Z,+Z)=21+r) and V(Z,- Z)=2(1-r),and

MAD, =med|Z|=med(X - m)/s,|=06745 sothat

MAD, = med|X - m|=06745s, .
Inasmilar fashion

med|z, + Z,| =0.6745s , ,, = 0.6745(2(1 +1))'* and

med|Z, - Z,|=0.6745s,_, =0.67452(1- r))**.
We are now in a posgtion to obtain the population value of r .. The median of the X(Y)
sampleis converging in probabiliy to m, (i, ) and MAD, isconverging to 0.6745s, . So for
the population value we make changes from the sample to the population and obtain
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4.2 A Direct Estimate of the Covariance Function of theBivariate Normal Distribution
Using the Median

Findly,

Lett” ={x - med(x) +y - med(y,),i =12,---,n} and similary
t ={x - med(x) - (v, - med(y,)),i =1,2,---,n} ,the sets of sample vaues. The random
variable equivaents of these sample quantities are defined to be
T =X- med(X)- (Y- med(Y)) and T = X- med(X)+ (Y- med(Y)). Itisclear that
med|t+|¢3 medT*| and med|t |@F3 med|T"|. Itisnow easy to show that
(med?lt']- med?t |)/(4(0.6745)® (med?[T"|- med?[T"[)/(4(0.67492) = cov(X,Y).
Thus, (med’|t’|- med’|t |)/(4(0.6745)%) isarobust estimate of the covariance function. It
followsthat adirect robust estimateof r would be
(medqt*] - med?t))

4AMADMAD, ?
If x =1y, =12,---,n theedimate of the covariance function becomes the estimate of the
variance; i.e,

$2 = (med’t’]- med}t'[)/(4(0.6745)7) = med®|2(x - med(x )/(4(0.6745)%)
= MAD?/(0.6745)?)..
Very little developmenta work has been done on the ideasin this section. The language

Swas used to show that for the estimate of the covariance function the result
cov(ax,by) = abcov(x,y) doesnot hold, but it is goproximately true. In the limit this result

does hold. For thisresult, let T*(a,b) = T" applied to aX and bY instead of X and Y.

Now med|T*|=med|X- m, +Y- m|%i® 0.6745s2 +s 2+2cov(X,Y). A smilar

result hold for med|T'| but with aminus ssgn by the covariance. Then

med?[T*(a,b) - med?[T" (a,b)
4(0.6745)°

f =

YI® cov(aX,bY) = abcov(X,Y).

References to MAD can be found in the Rousseeuw and Croux (1993) article, dthough
there are no generdizations to correlations.



5. GENERALIZATIONSAND ESTIMATING FUNCTIONS

Most people who use gtatistics seem to think of correlation coefficients as descriptive
datigtics. The only point of this section isto refute that belief. First, consder smple linear
regresson; y=al+bx+el, wherelisavector of 1's. Let r be any corrdation coefficient,
and definethefallowing functionof b: f(b)=r(x,y- X0). Undertheusud smplelinear
regresson assumptionsthevauesof f(b) for random sampleswill produce arandom
variable with anull distribution, symmetric about zero. For a particular random sample the
solution b to f(b)=0 will give an estimate of b . The monotonicity (Sometimes as a step function)
of f(b) asafunction of b will give a Hodges-Lehmann type confidence interva for b .

Thereview article by Liang and Zeger (1995) in Section 2.1 gives areview of
"egtimating functions'. They referred to Durbin's (1960) study of the Single parameter time
seriesmodd y, = qy,, +€, asoneof the sarting points for "estimating functions'. Here the e,

are taken asi.i.d. with zero means and variance s # ,and the unbiased linear estimating equation

A~ k ~ k -~
is g(y,q)= é VeV - qé yf_l = 0with g beingtheedimateof q . Now if we center the
t=1

t=1

K
data, say é Y., =0 andlet x=y, ,,y=Y, (appropriately lagged
Jt=l

vectors of time series data) then the estimating equetionis r(y,_ ., Y, - c]yt_ ) =0,whereris
Pearson's correlation coefficient.  Thus, in Durbin's estimating equation, the function gisredly
Pearson's correlation coefficient.

Thus, any correlation coefficient can be considered an estimating function, with some
being nonlinear (e.g. r,). The objective function for any correlation coefficient could be

consdered the equdization of the distance from perfect positive and negative corrdation; i.e,
dpnc = dppc. Let usater Durbin's definition 1 of an esimating equation for the smpletime
Seriesmodd.

Altered Definition 1. Suppose that an estimator (i of aparameter q isgiven by

ry. .Y - dyt_l) =0 wherer isany legitimate correlation coefficient such that

r(Ye 1Y - QY1) = (Y. ,,€) hasadidribution that is symmetric and centered at zero. Then
r(y. % - QY.,) =0 iscaled acorrdation esimating eguation.

If Pearson'sr is subgtituted in the above equation one gets an unbiased estimating
equation, but if either r , or r,, are substituted one does not get a linear equation.

The correlation coefficient r , has been examined in anumber of situations as an

estimating function for location, scale, linear, nonlinear, and generdized linear models. It works
very well. The modified footrule correlation coefficient r . has been studied only asa

correlation coefficient, but it has the potentid to be a vauable objective function or estimating
equation. The median correlaions should prove useful in anumber of Stuations where robust
methods are necessary. These methods give rise to a number of interesting questions. For
example, in smple linear regression minimizing the absolute vaue of the errors does not give the



same resulty the estimate of dope and intercept) as does equalizing the distances from perfect
postive and negative correlation, whereas in least squares procedures these two methods can
give the same estimates.

It should be pointed out that the idea of using a correlation coefficient to do smple linear
regression is not new. Sen (1968) examined smple linear regression using Kendall's Tau.
However, he did not use the generd notation of this section which alows the posing of the
equationswith any correlaion coefficient for usein multiple and generdized regresson
gtuations. One aso needs atied vaue procedure that works in these complex estimation
problems. Theideaof usng the average of the maximum and minimum for tied vauesto
determine the value of a correlaion coefficient based on ranksisillustrated in Gideon (1987),
and has proven effective in using the Greatest Deviation correlation coefficient as an esimating
tool, and hence, should work with other correlation coefficients.

For the many users of statistics who do not have degp and broad training, this notation
and the use of correlation coefficients other than the nonrobust Pearson'sr (which is equivaent
to least squares) should be appealing, because it does not rely on a educated selective choice of
the data.
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figuretitle

Pearson'sr = cos’(a/2)- sn’(a/2)






