Chapter 1: THE CORRELATION COEFFICIENTS
INTRODUCTION

In this chapter there are seven correlation coefficients defined; three for continuous
data and four on the ranks of the data. Two of the continuous correlation coefficients are
new and based on absolute values and medians and no extensive study has yet been made
on them. The median one appears as an exercise. The other continuous one is the well-
known Pearson correlation coefficient but it is expressed in anew form to allow a new
interpretation. Three of the rank correlation coefficients have appeared in print but only
the Spearman and Kendall ones are well-known; the unknown one is based on the principle
of maximum or greatest deviation and has been well studied. Becauseit isnot alinear
function, it has forced a more general way to look at the many possible uses of correlation
coefficients. Thelast rank correlation coefficient is defined with absolute values and is
called the Spearman Footrule correlation coefficient; it has been studied somewhat and is
the nonparametric counterpart of the new continuous correlation coefficient based on
absolute values.

Section 1: BASIC DEFINITIONS

Before defining the correlation coefficients, Pearson'sr will be expressed in aform that
will make the definitions more natural. This re-expression of r will also make possible a
natural definition of parametric and nonparametric correlation coefficients based on
absolute values. For now let CC and NP be abbreviations for correlation coefficient and
nonparametric. Some NPCC'swill be defined based on counting techniques and a 0-1
matrix will be used to easily establish certain relationships. Finally, some datawill be
analyzed to examine the relative robustness of the NPCC's .

Let (%YM =120 pe g hivariate data set. The usual mean notation will be
usedand % =X - XY =Y - Vi1 =120 g6 the centered data. The sample
covariance is proportional to a xy, . To prepare for later definitions, this covarianceis
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rewritten as A X% =@ (X T¥)7- A (X - %) )/4. In the uncentered notation, this
Q - - 2 [0} - -2
can be written as @ (- X+y-y)°-alx-X-y+y) )/4. Thisform of the
covariance function appears as an interpretation of Pearson'sr in Rodgers and Nicewater
(1988), when their rescaled variance interpretations are added together. Some heuristic

motivation for this form as a measure of the relationship between the x-y datais now given
and it will hold for all CC'sthat are to be defined. When there is a positive correlation the

* *\2 _ — -2
terms (% +Y1)" =06 - X+Y - ¥)51=120 i)l tend to be large as the two deviations
will tend to be in the same direction. One could say that the "distance" from a negative
relationship is large so that the correlation would be positive. On the other hand, the terms

£ ok
(X - ¥i)"F =120 il have some cancelling effect so that they will tend to be small
and the net effect is that the covariance will belarge.  One could say that the "distance”
from a positive relationship is small so that the correlation would be positive. When x and
y are independent variables, a similar amount of cancelling occurs in both terms and the
covariance will fluctuate around zero. When there is a negative correlation the "distance”



.
from positive correlation will belargeasthe (% = %)™ =12, tarms will tend to be

« w2
large but cancellation will be occuringinthe % ¥ %) 1= 12N yorme oo that the
"distance" from negative correlation is small.

We now elaborate these concepts in Euclidean n space. For this paragraph let x
andy bethen dimensiona vectors of the centered data. Assume that each has Euclidean

length one, Il =Iyl = 1 Consider the vector x + y inn space; the further this vector is
from the origin ( which for this vector the origin represents perfect negative correlation)
the more positive is the correlation. For perfect positive correlation, cos( x,y ) =1 and

Ix+ vl = 2; that is, distance from the origin is maximum. Now consider the vector X - y ;
the closer this vector isto the origin, the more positive the correlation. For x-y , the

origin represents perfect positive correlation and hence, Ix- il small means distance
from perfect positive correlation issmall. To state this another way, for x-y the surface
of the centered n-dimensional ball of radius 2, represents perfect negative correlation, so

that Ix- M large means distance from perfect positive correlation islarge. For perfect

negative correlation, cos(x,y) =-1, and Ix- ol - 0, so that the distance from the ball of
radius 2 is a maximum.

Summary
condition effect cos( X,y ) distance from perfect correlation
negative (-1) positive (+1)
XNy Ix+yll =Ix- M 0 they are the same
X=y |X+)4|=2,|X' y||=0 1 max min
X:_y|X+}4|:0,|X- =2 -1 min max

Another way to say thisin terms of parameters, is that there is positive correlation
when Var( X+Y) > Var(X-Y) and negative correlation when the inequality goesin the
other direction. The connection between distance away from negative correlation and
V(X+Y) and aso for distance away from positive correlation and V(X-Y) is now
illustrated for abivariate normal distribution. Let Z1 and Z2 be standarized normal
random variableswith CC ' . Notethat for Z1 and Z2 E(Z1Z2) =" =[V(Z1+Z2) -
V(Z1-22)] I 4. Then V(Z1+Z2) equals distance from perfect negative correlation and it is
alinear functionof ", 2+2" . For I =-1 thisdistanceis zero but for I =+1, this distance
is4. Now V(Z1-Z2) is distance from perfect positive correlation and it is2-2" . For
' =1 thisdistanceis 4 but for ' =+1, this distance is 0. Note that these distances are
monotonic functionsof T and in this case, for Pearson's CC, the overall correlation
V(Z1+Z2) - V(Z1-Z2) combinesto equal 4" . However, for the other CC this combining
of the distance measures does not simplify. Also note that in the case of Pearson's CC
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2 V(4-2) 2 1-r W4~ 2) which isthe Fisher normalizing

transformation.

A correlation coefficient could be based on theratio V(X+Y) / V(X-Y) which would be
less than one for negative correlation, one for independent random variables, and greater
than one for positive correlation. See exercise 5 for an example which derives a
confidence interval for population CC " based on this ratio definition.

We are now ready to define Pearson's r and a second CC based on absolute values.
Let SSx stand for a corrected sum of squaresand SAx stand for the sum of absolute values

about the mean; i.e, A =alx- 7"

Definition 1; Pearson'sr

B X LY e g X YO
r(x,y) = ——+ - —— - =)"./4
= { (standarized distance from perfect negative correlation) -
(standarized distance from perfect positive correlation) } divided by a constant.

Definition 2: An absolute value CC, ray

A YR y* 0
rav X a- a
(x,y) = 8 SA\/
a}i &ld -2
where the denominator is 2 because So\/

Note that the same heuristic motivation for Pearson's r holds for this absolute value CC.
We are now in aposition to define the first NPCC which is based on absolute values. In
the same way that Spearman's CC is motivated from Pearson'sr by using direct substitution
of ranks, soisthisnew CC obtained from Definition 2 by substitution of ranks. It should
be noted, however, that this author obtained the CC in Definition 3 first and determined ray

from it.

Firg notethat (5 = X) +(¥i - ¥) =% +Y, - (X+y), Replacing the data by their
ranks and ordering the bivariate data by the x data, the ranksare (" P) 1 =120 7p,q
pi equalstherank of theyj for the xj with rank i. The means of the ranked data are
(N+D/2 gy that X+ Y becomes N+1. Therankspj are distinct astied values will be
handled later. In Definition 2 with ranks substituted the terms SAx and SAy are equal and
can be factored and put into the denominator. We have
n+1 n+l o In+1- 2i|

2 2 2 . Fornodda|n+1' 2il can be

o]

=af
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n®-1 n? en”u
. Py ) .. ey
showntobe 2 andfor neven itbecomes 2 :foreither evenor oddn,itis €20

L én?l
23A =@ In+1- 2il = 5,
Thus the denominator becomes €2 u,

Definition 3: Spearman’'s modified footrule correlation coefficient.
Mot (X,Y) = (a|n+1' b - il' a |pi B i|)/[n2/2]

The sgquare bracket [*] signifies the greatest integer function. The attempt by Spearman
(1906) to make an absolute value rank CC is also documented in Kendall and
Gibbong(1993). He was trying to make a computationally smple CC and based it onone
summation. Theideain thisbook isthat al correlations should be a difference of two
functions that measure "distance" from positive and negative correlation which contrasts to
Kendall's method in Chapter 2 in Kendall and Gibbons (1993). There, Kendall advances
the idea that some type of inner product should be used to define all CC's. The above two
absolute value CC's cannot be defined using Kendall's inner product concept. This
difference of two functions gives the necessary symmetry to a CC. In Definition 3, the

2
denominator [n / 2] comes from the absolute value of the numerator which occurs when

P =1 corrdlation +1, and when P =N*1- 1 correlation-1. Note again that the same
heuristic motivation applies. We now give the definition of Spearman's CC but based on
Definition 1.

Definition 4. Spearman's correlation coefficient.
r6y) = (& (n+1- p - )2- & (p - D?Y(n(n? - 1/3)
=1- (64 (p, - ?) (n(r? - D).

The algebra or linear restriction that holds for rs to simplify the formula does not hold for
rmf . Two more CC's are to be defined, Kendall's, for which alinear restriction simplifies
the defining formula and one based on maximum or greatest deviations for which no
simplification occurs. Again the natural definitions are based on the difference of two
functions that measure distance from perfect positive and negative correlation and makes
the distribution of the CC's symmetric about zero for the case when x andy are
independent, the null case. It will also be shown that rpf can be computed from the
quantities defined for numerator of the greatest deviation CC.

Both Kendall's CC (rk), usually called tau, and the one based on greatest
deviations (rgd) use a counting technique that can be defined with an indicator function.
Let

i1 if the argument statement is true

T10 iffase



Recall that the data are assumed ordered by the x data and for the ith ranked element of x,

d
alp>p)_
the rank of the corresponding y dataispj. For Kendall'sCC, let =1 =i count
é. I(p; <p) _ n
the number of concordances and 1=*1 ~ di count the number of discordances at

positioni. The larger the number of concordances the smaller the number of
discordances. Let ngc and ng bethe sumover i, i=1,2,..., n-1 of the concordances and

discordances, respectively. The concordance function, ng, is a counting function that

measures distance of the ranked data from a perfect negative monotone relationship,
whereas, ng, isasimilar discrete measure of the ranked data from a perfect positive

monotone relationship.

Definition 5: Kendall's rk correlation coefficient.

- 1 n-1 .. ..
rk(xiy) :g%. nc,i - a nd,ig ago
i=1 i=1

o/ €2g
a6

= (nc - nd) &2g

= (@n/(n(n- 1))- 1=1- @n,/ (n(n- 1))
286

sincenc + nd €20

where the n choose 2 is one of the standard combination symbols. This summation of ng

and nd will be shown in the next section to be n choose 2 using a 0-1 matrix formulation of

the calculation of rk.

d =a I(p >i)
For the Greatest Deviation CC let 1= , afunction that is large when
there is negative correlation and small if not; that is, the measure islarge if distance from

d =aln+1- p >i)
positive correlation is great. Let 1= be ameasure that islarge if
distance from negative correlation is great.

Definition 6: The Greatest Deviation correl ation coefficient, rgd.

_ - +Y), énu
ra(Xy) = ngg)s d :Ir.TE,]IaE;( d" ) &h

enu

where €28 is the maximun value of the difference in the numerator.
The reader should now do exercises 7 and 8. Now that all of the correlation coefficients
have been defined, the next section will give some examples by using a computational aid
that augments a plot of the data with a 0-1 matrix.

Section 22 COMPUTATIONS USING THE GRAPH



The datain rank form are (' P) 1 =120 gng now et e = (1,2.....,n) and p=

(PysP2r+Pn) be the datain vector form. The graph of the ranked datawill have e plotted
on the horizontal axisand p plotted on the vertical axis. The datathat we shall useisthe
YMCA basketball data that was used in illustrating the Greatest Deviation CC (Gideon and
Hollister, 1987). Thisdata occurred asranksand it will now be used to calculate all four
of the NPCC that have been defined. The e will contain the ranks of the won-lost records
of the 16 teams that were in the fifth grade league in Missoula, Montanain 1980. Rank one
is the team with the best record. Throughout the season, after each game, each coach was
asked to rate the sportsmanship of the opposing team and at the end of the season the
cumulative ratings were presented in rank form with rank one being the team with the
highest rated sportsmanship. These ranks were p

=(14,11,16,2,12,13,7,9,10,38,1,156,4 9  Note that in genera the teams with the best
won-lost records had the lower sportsmanship ratings. The CC'swill put a measure on the
relationship between winning and sportsmanship.

The graph of the data appearsin Figure 1 in which the *'s indicate the plot points of

(,R)I=12-N However, the cartesian product of e x e on the graph is filled in with
0's being above each of the plotted points and 1's being below. The combination of these
*'s, 0's, and 1'swill be used to calculate all four NPCC's. The counting technique will be
easily seen to be related to the formulas of the NPCC's given in their definitions. To

facilitate the method, the two diagonal linesare drawn in; the slope oneline, s+l

(,i)1=232,n gng the slope minus one line, s-1, (,n+1-10)i=12--n
Immediately below the graph are two rows which give the values necessary to
calculate the Spearman and Absolute Value CC's. The upper row counts from the * to the

line -1 with aminus sign if the * isbelow s-1. The lower row counts from the * to the

linest1 again with aminus sign if the* isbelow theline. It isreadily apparent that this
counting technique directly corresponds to the summands in the formulas of Defintions 3
and 4. The sum of the absolute values of these two rows are given just to the right of them,
followed by the sum of squares of them.

To theright of the graph are two columns that give the individua concordances and
discordances in Kendall's tau as given in Definition 5. A O will appear in a column to the
right of the * if and only if the rank of that column ( the *) isin discordance (less than) and
a1 will appear in acolumn to the right of the* if and only if the rank of that columnisin
concordance (greater than). So to obtain the discordances count all the O's to the right of
the * in each column and to obtain the concordances count all the 1'sto the right of each *
in each column. These results appear in the two columns to the right of the graph. The sum
of the two columns, the total numbers of con- and discordances, are given below the line.
Note that the ordering within the two columnsis not the standard order that is defined as
the way to calculate rk.

To the left of the graph are two columns headed by 4" and 4. They label the
values for which the maximums need to be taken in the definition of the Greatest Deviation

CC in Definition 6. For each eement in the d; column count all the 0's on and to the left of

d

thed-1line. To obtain each elementin the % column count al the 1's on and to the left of

thed*1line.



Figure 1

d* d vertical axis: sportsmanship rankings n. ng
horizontal axis. won and lost standings
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YMCA basketball data: correlation computations

left: Greatest Deviation bottom: Spearman and Absolute Vaue right: Kendall

o 7
For example, leti = 7inthe & column, 97 = a e > =5,since PP PsiPsi

are greater than 7. Now i = 7 correspondsto 7 on the vertical axis and counting from the 7

on the vertical axisacrossto the S di agonal there are 5 one's corresponding to the five
d; -

Pi*s that put one'sin row 7 in columns 1,2,3,5,6. Fori = 7inthe d col umn,

o 7
a .,(p <17- 7=10)

termn +1 - Pi > i intheindicator function means

p,<n+l-i

=2sinceonly Psand P7 arelessthan 10. Now for d , the
;that is, count al the

zeroes at n+1-i on the vertical axis on and to the left of thes-1 line. So for i=7, count all
the zeroes at 17-7=10 on the vertical axis on and to the left of si-1; the 0's appear only in

columns 4 and 7 corresponding to P4 and P7 being less than 10. Just below the 4 and

d

i columns are the maximums for rod and the below them are the sums of these two

columns. These sums will be shown that they can be used to compute rf. For now note

that twice 53 is 106 and twice 28 is 56, the numbers needed for rpf.



From the above statistics which were calculated from Figure 1, the differencesin
the numerators of the four CC's can be obtained and the denominators are
én? U &

=128, n(n’ - 1)/3=1360, ;:120, Nu_g

g2 &2 e2f
56- 106 - 25 348- 1012 - 83
(o= =222=_ 3006 r, = =% 4882
128 64 1360 170
38-82 -11 3-6 -3
[ = == 3667, 1, =>— == =- 3750,
120 30 s 8

Note that the two numbersin the numerator for rs and rk add to the denominator ( rs: 348 +
1012 = 1360, and rk: 38 + 82 = 120), alinear restriction, but that this does not occur for
rgd and rf (rgd: 6+ 3=9 > 8, and rpf: 56 + 106 = 162 > 128).

SPECIAL FORM FOR CALULATION OF rgd

If only rgd is desired, there is a convenient algorithm to compute the d and d’ columns.

Write down for i = 1,2, ..., n the three column vectors (0 PsN*+1- P) - compute & by

placing a marker at the ith position and count up in the P column and note al the ranks

greater thani. Compute d by counting up at the marker in then+1-Pi column noting all

the ranks greater thani. Thisisdonein Table 1. Note that d in Figure 1 and Table 1

d

appear in the same order whereas, the *i column isreversed.

Table 1: Calculation of the Greatest Deviation CC

+

i pi n+1-pi d d
1 14 3 1 1
2 11 6 2 2
3 16 1 3 1
4 2 15 3 2
5 12 5 4 2
6 13 4 5 1
7 7 10 5 2
8 9 8 6 2
9 10 7 6 2
10 3 14 5 2
11 8 9 4 2
12 1 16 3 3
13 15 2 3 3



14 6 11 2 2
15 4 13 1 1
16 5 12 0 0
max = 6 max =3
THREE LEMMAS

We now show the relationship between the statistics used in rgd and rf.
Lemmay 2@ d =alp-i ad 2ad =ap+1- p-il

g am-n=o0_
Proof: Firstthe ™ relationship isestablished. Clearly i=1 ; that is, the sum of
B -a(p-D=ap- a -
the deviations about the Sl iszero. Thus, Pi< R . Now P>l
d =a 1(p >i)
just counts al the 1'son or above the s line. But, 1= countsal the 1'sin
. ad=a(-H=ad-np)
row i that are on or abovethe S line so that P> pi<i or
2ad =28 (p-H=aln- il
pii =1 . These equalities are demonstrated in Figure 1. The
bottom two rows carry signsto allow these equalities to be easily seen. The proof of the
d relationship followsin asimilar manner.

Lemma2: Inthislemmathei inrow i refersto the vertical axis which are ranks; e.g. row 1
corresponds to the bottom row of the 0-1 graph matrix. The number of 1'son or to the right

of the sl ™" linein row i-1 equals the number of O's on or to the left of s inrow i,
i=2,3,...,n. The number of 0's on or to the right of the S "linein row i equals the number

of I'son or to theleft of the S| linein row i-1,1=2,3,...,n.
Proof: Left to the reader, it can be checked in Figure 1.
The symmetry displayed in this Lemma shows that the rgd CC could have been equivalently

defined in aright-handed fashion.

256
Lemma 3: For Kendall's CC, nctng = €20
Proof: The plotted values (*'s) divide the O-1 matrix into left and right parts with atotal
of N°- n Osand1's By the symmetry of the graph the number of O's and 1's to the left of
’-n_a%
n.+n, = =
the*'s must equd the number to theright. Thus, 2 €20 . Even further, the

number of O'sto theleft (38 in Figure 1) equals the number of 1'sto the right and the
number of 1'sto theleft (82 in Figure 1) equals the number of O'sto the right.

Section 3: WHICH CCSARE OUTLIER RESISTANT?



In this section two examples are given to illustrate that the four NPCC's can have
quite different values on the same data. The maximum differences between rk and rs appear

on page 34 of Kendall and Gibbons (1990). These examples suggest that rgd and rnf are
the most robust, rk next, but that Spearman's rsis not very robust. Let €= (12,1) gng

p=(py, pz""’pn). The calculation of the CC's are left as exercise 4. The values of the
NPCC'sforn=100oneand P = (54,32110,9,87,6) 4¢

(o = 290 =.5200, 1, = 1/0 = 5152, 1, = J=1111, ry, = 3{ =.6000
The values of the CC's on e again but with P = (10,2,3,45,6,7,8,9.1) 4

o = 1Y/60 =-2800, 1, = 9434 =.0182, 1, =1)) - =.2444, r,, = 3¢ = 6000

It is known that for the bivariate normal distribution, the NPCC estimate a function of the
correlation parameter " that islessthan " . Thus, when the NPCC are lot greater than rs,

itisclear that there are "strange” observationsin the data. In the "strange" data of these
two examples, clearly rgd and rpf give the largest indication of a positive relationship

and hence, may be the most resistant to outliers.
Section 4: PROBABILITESAND ASYMPTOTICS FOR THE RANK CORRELATIONS

Some aspects of the rank CC will be compared by using an example from Spearman
(1906) concerning the relationship between the ability of people to add numbers quickly
and accurately and their ability to distinquish between two sound tones. Spearman used this
exampleto illustrate his footrule CC. The datawas for eleven students of psychology and
their ability in addition and pitch discrimination was ranked independently by Spearman
(sound) and a second person for addition. The data are ordered by the addition variable.

Person addition sound
1 3
2 2
3 1
4 45
5 45
6 11
7 6
8 9
9 8
10 10
11 7

(i) (pi)

OOTMXI>MEWI O

6a (p- i)
ro=1- 2=>——=1- 883 _ 457
Spearmans's Footrule CC was n“-1 120 . He compared this
number to "probable error” (that is derived in his paper) of 0.13 and concluded that since
0.57/0.13 = 4.38, "the faculty of adding numbers and that of discrimination pitch isjust
about large enough to be beyond all reasonable suspicion of mere chance coincidence.”
Spearman used the notation "g" for this CC, and "g" back then, and till today (see



Herrnstein and Murray ,1994) was used to denote a measure of general intelligence or now
called "cognitive ability" in Herrnstein and Murray (1994). Thefour nonparametric CC
and their corresponding probability values will now be computed for thisdata. With
regard to the " Spearman” CC ( the rank equivalent of Pearson's CC; i.e. rs) Spearman said
"the effect of squaring isto give more weight to the extreme differences as compared with
the median ones. Thisis probably a considerable advantage in most physica
measurements. But in other fields of research, and perhaps above all in Psychology, these
extreme cases are just the ones of most suspicious validity, so that the squaring is here
more likely to do harm than good". Thus, Spearman wanted arobust CC for his data.

This example will also illustrate the definition of arank CC when tied values are
present. In Table----, the calculations of the four rank CC are done when Person B is
assigned rank 4 for sound and Person Jis assigned rank 5 for sound. Theseranks are
circled stars in the rank-graph. When ties are broken in the reverse direction, the effect on
the calulations of the four CC are shown by blocking. Note that rgd is the only CC without

achange. Each CC can be defined uniquely by averaging the values of its two possible
values.

The effect of interchanging the sound ranks for Persons B and J was to produce sets
of ranks that in one case were broken to most favor positive correlation, Person B gets
sound rank 4 since its addition rank is 4, and in the other case to most favor negative
correlation, Person Jwith addition rank 5 gets the lower sound rank 4. In Table ---, rgd

remains at 0.6000 but ryf is defined to be (0.7333 + 0.7000)/2 = 0.7167. A genera
definition is now given.

DEFINITION: Vaues of rank CC when ties are present
Let (%Y) peaset of data, and let (I +P") be the corresponding ranks which are

assigned in such away that most favor positive correlation, and let (1" P7) the
corresponding ranks assigned in away to most favor negative correlation. The assignment

of ranks must be done within the blocks of tied values. 1" will become (121 and P
will be apermutation of thisl. Thenarank CC '+ is defined uniquely on P* and P~ and its
valueis

r.(x,y)=(r.(P ) +r.(P))/2.

We abbreviate r(P*) and r(P") to r* and 1, respectively. Asan example, let (%Y) =
(1.2.2,4,9,(11.213)) Then Pt =(1,2,4,35) and P~ = (3.4,2,1,5). Thus, for rg,
_r+r _ya+(-34) —0

r., =
gd
2 2 .
We now return to the level of significance for the Spearman example. These are
obtained from Neave (1978) for rk and rs, from Gideon and Hollister (1987) for rgd, and
from an unpublished table for rmf. For rmf the table given in this text only goes up to

sample size 10 and it will be shown that the limiting distibution is quite good for this
exampleat n=11. The table values are compared to the asymptotic values computed from
the asymptotic distributions which are given in Kendall and Gibbons (1990) for rs and rk,

in Gideon, Pyke, and Prentice (1989) for rgd, and from this text for rpsf. The asymptotic
null distributions (" = 0) of the four CC are given firs; YN~ 1s:N(0,D).




Jn-1Ir, N(O4/9) ‘/_rgd N(Ol) AN oy N(02/3) For completeness the exact
variances of each CC isgiven; V(rS) Y(n- 1). V(r) = 2@2n+5)/(9n(n- 1)). V(r) i

— 2 2
unknown; V(Fm) = 200"+ 213" (- D) tor n even and 2° +3/ @0 - DO - 1) fory
odd. Theonetieis neglected and the data are treated for the most correlation case. First,
from tables, 0.001 £ P(r 3 0.7636) £ 0.005. 0.01£ P(r, 3 0.5636) £ 0.025.

0.01£ P(r, * 0.6000) £0.05, P(r,, * 1%/15 =0.7333) = 0.0013 __

P(r * 7110 = 0.7000) =O0. 0024. Thus, all of the CC are significant with rg and F o

being the most significant. These results are now compared to the asymptotic
approximations (let Z be N(0,1)).

P(r, 3 0.7636) @P(Z  J10(0.7636) = 2.4147) = 0.0079

P(r, ® 0.5636) @P(Z 3 w = 2.6734) = 0.0038
P(r,, ® 0.6000) @P(Z 3 /11(0.6000) = 1.9900) = 0.0233
J10(0.7333)

P(r. .3 0.7333 73 ——=———=2.8401) =0.0023
(mf )@P( J2/_3 ) l

All of these approximate results are reasonably good. All four correlations support
Spearman's conclusion that his "footrule” CC gave; i.e., "that our correlation between the
faculty of adding numbers and that of discriminating pitch isjust about large enough to be
beyond all reasonable suspicion of mere chance coincidence”. Spearman drew his
conclusion by comparing his footrule value of 0.57 to the probable error which he gave as
0.13. Thus, 0.57/0.13 =4.38. Thisexampleis concluded by comparing the value of rnf,

JU o) ‘/ 211"+ 3) =J0.0689 = 02625
the modified footrule CC, 0.7333 to 3(10)(11 1

0.7333/0.2625 = 2.7937. By Spearman'srules of ' sat|sfactory demonstration” that thls
ratio be at least 5, rmf, the completion of hisfootrule CC is not nearly as significant as his

footrule CC. Again for this example it should be pointed out that rs and rk have alinear
restriction but rmf and rgd do not. Hence, the terms in the numerator, when added, give the
denominator for rs and rk but not for rpf and rgd.  For rs: 388+52 = 440 and for rk: 43+12
= 55 whereas for rpf: 60+16 = 66 > 60 and for rgd: 5+2=7>5.



