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Abstract. The inverse problem of interest is the reconstruction of an astronomical
object and wavefront aberrations due to atmospheric turbulence from a sequence of
short time exposure (speckle) phase diversity images obtained from a ground-based
telescope. A regularized least squares approach is taken, and two numerical techniques
are applied to the resulting unconstrained optimization problem. The first technique
is the limited memory BFGS method with line search globalization. The second is a
Newton/trust region iteration in which the trust region subproblem is solved using a
truncated conjugate gradient method. A numerical comparison based on real data is
presented, and the roles of preconditioning and cost functional reduction (elimination
of the object) are examined.

1. Introduction

As light propagates through the atmosphere, light rays are bent due to random variations
in the index of diffraction caused by atmospheric turbulence. This causes blurring of
images of an astronomical object captured with a ground-based telescope [7]. The inverse
problem of interest is to reconstruct the object from these blurred images. Unfortunately,
the point spread function, or PSF, which characterizes the blur, is also unknown.
The PSF can be accurately modeled in terms of the phase, or wavefront aberration,
which quantifies the deviation from planarity of the wavefront. Phase diversity [3, 6, 9]
provides additional observable information in the form of auxiliary images produced by
introducing known additional wavefront aberrations. The inverse problem then becomes
the estimation of both the object and the unknown wavefront aberrations from phase
diversity image data. Mathematical modeling of phase-diverse image formation is the
topic of Section 2.

Several features make the inverse problem very difficult to solve. The problem is
ill-posed, so regularization is required. In Section 3 we apply a penalized least squares
approach, which yields an unconstrained optimization problem whose unknowns are
the discretized object and wavefront aberrations. One can eliminate the object [6, 11],
thereby obtaining another minimization problem whose unknowns are the discretized
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wavefront aberrations. While technically well-posed, these optimization problems can
still be quite ill-conditioned. Moreover, the dependence of the image on the wavefront
aberrations is nonlinear, so the cost functionals are not quadratic. Finally, due to the
large number of pixels needed to obtain high resolution images, the problems have a
large number of unknowns, and efficient numerical techniques are required. In Section
4 we discuss the implementation of a pair of methods for large scale unconstrained
optimization to solve our inverse problem. The first is the limited memory BFGS (L-
BFGS) method [5] with line search globalization. The second is a Newton iteration
with trust region globalization in which the trust region subproblem is solved using
a truncated conjugate gradient (CG) algorithm due to Steihaug and Toint [10, 1].
Preconditioning can improve the performance of both methods. In Section 4.3 we
introduce preconditioners which make use of the special structure of the regularized
least squares cost functionals.

In Section 5 we present results obtained from observed (not simulated) astronomical
image data. The L-BFGS method and the Newton/truncated CG trust region
method are both applied to minimize the (full) cost functional and its reduced
variant. The storage requirements and the numerical performance are compared
for the various combinations of method and cost functional. We also present the
results of a numerical experiment which clearly demonstrates the effectiveness of our
preconditioners. Conclusions are presented in Section 6

2. The Mathematical Model

We model short time exposure phase diversity atmospheric image data by
dk:,t:S[¢t+0k]*ftrue+nk,ta k:1,...,K, t:17---7T' (21)

Here fi,. denotes the true object, or light source; s[-] represents the point spread function
(PSF); i+ represents noise; and the operator x denotes two dimensional convolution,

(sx f)(z,y) = /_oo /_oo stz =2,y —v) f(a,y) da’ dy'.
For details see [7, 3, 6, 9, 11]. The PSF takes the form
slg] = C |F~Hpe?} P, (2.2)

where F denotes the 2-D Fourier transform, ¢ represents the phase, or wavefront
aberration, and p is the pupil, or aperture, function. We assume

e={ 1 DA

0, otherwise,
where the region A represents the aperture and is an annulus in the case of imaging
with large astronomical telescopes. The 6;’s in (2.1) represent known phase distortions
used with phase diversity. In the typical implementation, defocused diversity images
are formed, and the 6,’s are quadratic,

Op =cr x (2> +97), k=1,...,K. (2.3)
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Phase diversity introduces independent information which eliminates some of the
ambiguity, or nonuniqueness, in the determination of f from data d = s x f when s
is also unknown. The number of diversity channels is usually K = 2.

The index ¢ in (2.1) represents discrete time, and the ¢;’s represent time-
varying phase aberrations due to temporal variations in the index of refraction of the
atmospheric, caused by turbulence. Since f,.,. is assumed to be fixed for each ¢, taking
T > 2 time frames may further reduce ambiguity and helps to reduce the effects of
noise.

3. Regularized Cost Functionals

To estimate the phases ¢y, t = 1,...,T, and the object fi,. from data (2.1), we consider
the least squares fit-to-data functional

Jiatal$, f] = |Is[¢¢ + Ok] (3.1)
TR Z ,CZ
Here ¢ = (¢1,...,¢r) and || - || denotes the standard L2 norm. By the convolution

theorem and the fact that Fourier transforms preserve L? norm, one can express this in
terms of Fourier transforms, F' = f{f} Dy = F{di+}, and Sk|di] = F{s[o: + 0k]},

Juatal 8, F] = 2TKZZ||Sk[¢t]F Dy * (32)

t=1 k=1
Since deconvolution and phase retrieval are both ill-posed problems, any minimizer of

Jaate is unstable with respect to noise in the data. Hence we add regularization terms
to obtain the full cost functional,

qull[qga f] = Jdata,[qga f] + 7Jobject[f] + &Jphase[q;]' (33)

Here the regularization parameters v and o are positive real numbers, and the
regularization functionals Jopjee and Jppese provide stability and incorporate prior
information.

Because of atmospheric turbulence, variations in the refractive index, and hence
the phase itself, can be modeled as a random process [7]. We apply the von Karman
turbulence model, which assumes this process is second order, wide sense stationary,
and isotropic with zero mean. It can be characterized by its power spectral density,

Cy
(Cs + |w]2)11/67
where w = (w,, wy) represents spatial frequency. Corresponding to this stochastic model

B(w) = (3.4)

for phase, we take the phase regularization functional

T
phase [¢]

2T < _lf{(bt}’f-{qst})’ (35)

where (f,g) = |25, 5o f(w) g ( ) dw, and the superscript * denotes complex conjugate.
For regularization of the object, we take the “minimal information prior”

1 1
Jovject[f] = §||fH2 = §HF||2- (3.6)
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Note that the object regularization functional (3.6) is quadratic and the dependence
of the fit-to-data functional (3.1) on the object f is quadratic. Moreover, the Hessian
with respect to the object of the full cost functional (3.3) is symmetric and positive with
eigenvalues bounded below by 7. By setting the gradient with respect to the object equal
to zero, one obtains a linear equation whose solution yields the object at a minimizer
for Jpuy [6]. From (3.2)-(3.3) and (3.6) one obtains the Fourier representation for the
minimizing object,

P Iy *
p= Pl (3.7)
Ql¢]
where
Plg] =" Di,Skldi),  Qlél = v+ |Skledl (3-8)
k.t k,t
Substituting (3.7) back in (3.2)-(3.3), one obtains the reduced cost functional,
Jreduced[é‘] = Jreduced data [dﬁ] + aJphase[gg]a (39)
where
. Pl -
Jreduced duta[¢] = Z HDk,t 2 < [Q-S‘] ) P[¢]> . (310)
W Q[4]
See Appendix B of [11] for a detailed derivation.
4. Computational Methods
In the following discussion, x denotes a discretization of the phases 5 = (¢1,...,¢71)

in the reduced case (3.9), together with a discretization of the object f in the full case
(3.3). We assume the resulting cost functional J is a twice continuously differentiable
mapping from IR" into IR! with gradient at = denoted by grad J(x) and Hessian (matrix
of second partial derivatives) denoted by Hess J(z). Given an initial guess z, for a
minimizer z, of J, the Newton iteration,

T,41 = 2, — Hess J(z,) *grad J(z,), v=0,1,..., (4.1)

yields a sequence of approximations z, to z.. If Hess J(x,) is symmetric positive definite
(SPD), J is sufficiently smooth, and x4 is sufficiently close to z,, then z, will converge
to z, at a quadratic rate [2]. If x is not sufficiently close, modifications to the basic
Newton iteration called globalization techniques can be incorporated to ensure that
J(z,) decreases in a manner which guarantees convergence to a local minimizer of J.
For large scale (large n) problems, an additional shortcoming of Newton’s method is the
need to assemble and invert the Hessian.
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4.1. The Limited Memory BFGS /Line Search Method

The cost of storing and inverting large Hessian matrices motivates quasi-Newton, or
secant, methods [2, 5]. These use gradient information to construct an approximation
B, to Hess J(z,). If B, is SPD, then the quasi-Newton step d, = —B;! grad J(z,) is
guaranteed to be a descent direction for J at z,, i.e., J(z, 4+ 7d,) < J(z,) whenever 7 is
sufficiently small. Displayed below is a generic quasi-Newton algorithm with line search
globalization.

Quasi-Newton / Line Search Algorithm

v:=0;
xo := initial guess for x,;
begin quasi-Newton iterations

g, := grad J(z,); % compute gradient

B, := SPD approximation to Hess J(z,);

d, = —B,jlg,,; % compute quasi-Newton step

T, := argmin, o J (z, + 7d,); % line search

Tyy1 = Ty + T,dy; % wupdate approximate solution
v:i=v+1;

end quasi-Newton iterations

In the practice, the line search subproblem is solved inexactly [5].

One of the most popular quasi-Newton techniques is the BFGS method [2, 5],
discovered independently by Broyden, Fletcher, Goldfarb, and Shanno. Given B,, this
method generates a new Hessian approximation B,.; in terms of the differences in the
successive approximates to the solution and its gradient,

Sy def Tyr1 — Ty, (4.2)

v, ¥ grad J(xy41) — grad J(z,). (4.3)

A variant of BFGS known as limited memory BFGS (L-BFGS) [5] is based on a recursion
for the inverse of the B,’s,

T T T
Bl = <I _ Z”Ty; ) B! <1 _ z;ss”> + Z”Tss“, v=0,1,.... (4.4)

Given v € IR", computation of B,L}lv requires a sequence of inner products involving
v and the s,’s and y,’s, together with the application of By'. If By is SPD and
the “curvature condition” ys, > 0 holds for each v, then each of the B,’s is also
SPD, thereby guaranteeing that —B; 'grad J(x,) is a descent direction. The curvature
condition can be maintained by implementing the line search correctly [5].

“Limited memory” means that at most N vector pairs {(s,, %), -, (Sv_N+1,Y»_N+1)}
are stored and at most N steps of the recursion are taken, i.e., if v > N, apply the re-
cursion (4.4) for v,v—1,...,v—N, and set B, equal to an SPD matrix M, !. We will
refer to M, as the preconditioning matriz. In standard implementations, M,, is taken to
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be a multiple of the identity [5]. Choices of M, based on structure of the cost functions
in Section 3 will be presented in Section 4.3.

Under mild assumptions, the local convergence rate for the BFGS method is
superlinear [2, 5]. In the limited memory case, this rate becomes linear.

4.2. The Newton/CG/Trust Region Method

An alternative to a quasi-Newton iteration with line search globalization is the Newton
/ trust region approach [1, 2, 5]. The key idea is to form at each iteration v a quadratic
approximation to J(z, + s),

1
m,(s) = J(z,) +gls+ ESTH,,S, (4.5)

where g, = grad J(z,) and H, = Hess J(z,). Then solve the constrained minimization
problem

min my,(s) subject to ||s||, < A,, (4.6)

where || - ||, is a matrix norm which may depend on the Newton iteration v, and A,
is a positive parameter called the trust region radius. This parameter is adjusted at
each iteration v in a manner which guarantees that (i) m,(s) accurately approximates
J(z, + s) within the trust region {s | ||s||, < A,}; and (ii) the constrained minimizer
s, for (4.5)-(4.6) yields a new approximate z,.1 = x, + s, which sufficiently decreases
J in order to guarantee convergence to a minimizer. See [1, 5] for details.

Problem (4.5)-(4.6) has no closed-form solution, and obtaining a highly accurate
approximation can be very expensive. For large-scale problems, a very effective
approximate solution technique is the Steihaug-Toint algorithm. The key idea is to
apply conjugate gradient (CG) iterations to minimize m,, (s), or equivalently, to solve the
linear system H,s = —g,. If the initial guess s, is zero and H, is SPD, the CG iterates
s,; monotonically increase in norm and monotonically decrease m,(s). Eventually,
either the boundary of the trust region is crossed or the minimizer is attained. If H, is
indefinite, a check for negative curvature is added. If dur jH,,d,,,j < 0, where d,, ; denotes
the j» CG search direction, then one moves in this direction from the current CG
iterate until the trust region boundary is crossed, and the CG iteration is terminated.
Preconditioning can also be incorporated to accelerate CG converge. In this case the
trust region is determined by the vector norm induced by the SPD preconditioning

5|12, % /5T M, s. (4.7)

The selection of M, is discussed in Section 4.3.

matrix M,

The Steihaug-Toint Truncated CG Algorithm

Given gradient g = grad J(z,), Hessian H = Hess K (x,), preconditioning matrix
M = M, and trust region radius A = A,, to approximately solve the trust region
subproblem (4.5)-(4.6):
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So :=0;
ro := g%; % Initial CG residual
Yo 1= M try; % Apply preconditioner
dy := —yo; % Initial CG search direction
J = 0;
Begin CG iterations

Kj = d;‘-FH d;;

If k; <0, % Check for indefinite H
7; := positive root of ||s; + 7d;||; = A;

Sj41 1= 8 + Tjdj; % Move to boundary
Stop.
End if
o =17 Y5/ Kj;
If [|s; + ajd,|| s > A, % Boundary crossed
7; := positive root of ||s; + 7d;||m = A;
Sj41 = 8; + Tjdj; % Backtrack to boundary
Stop.
End if
Sj41 = 8 + oydy; % Update solution
riv1 =1+ o;Hdj; % Update CG residual
Yir1 = M7lrjy; % Apply preconditioner
Bj+1 = TjT+1yj+1/7“jTyj§
djy1 = —rjy1 + Bi1dj; % Update CG search direction
J=7+1

end CG iterations

4.3. Choice of the Preconditioner

Consider the linear system Hs = —g, where H is SPD. If M is also SPD, then one can
solve the transformed system (M~Y2HM~'/?)5 = —M~'/2g and then backtransform
s = M~1/25 to solve the original linear system. In principle one can apply CG iteration
to the transformed system to obtain a sequence of approximate solutions to the original
system. In practice, this transformed CG iteration can be reformulated to require M1
rather than M~2. M is called the preconditioner and the resulting iteration is called
the preconditioned conjugate gradient (PCG) algorithm [8]. For this method to be
effective, the spectrum of the preconditioned operator M~*/2HM~/? (or equivalently,
the spectrum of M 'H) should be more clustered than the spectrum of H itself. In
addition, M should be easy to invert.

Now let H,;; denote the Hessian of the full cost function, cf., (3.3). This Hessian
takes the form

Hfull[q_;a f] - Hdata[ga f] + Hreg, (48)

where, with the regularization functionals (3.6) and (3.5), the Hessian of the
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regularization terms is a (7' + 1) x (T + 1) block diagonal matrix,

8L 0 -~ 0 0
0 2L 0 . 0
H’reg = y (49)
0 . 0 2L 0
00 - 0 AT

and the operator L in (4.9) has a Fourier representation,

Ly =F '{o ' F{y}}. (4.10)
The Hessian of the full fit-to-data functional in (4.8) has a (T'+1) x (T4 1) block arrow
representation,

Hy 0 - 0 Hy]
0 Hy 0 . Hy
Hyld, /1= + .. - -+ | (4.11)
0 -+ 0 Hpp Hpy
| Hpy Hyp -+ Hypr Hpy |

The nonzero off-diagonal terms in (4.11) depend on both ¢ and f. The diagonal terms
fort =1,...,T depend only on ¢,. From (3.2), the remaining diagonal term H; has a
Fourier representation

Higtd = 7 {3 X 007 ) . (@12

To minimize the full cost functional, we select the preconditioner M, = M [(5,,] with the
block diagonal representation

(2L 0 - 0 0
0 2L 0 - 0
M= + oo : . (4.13)
0 . 0 &L 0
L 0 0 - 0 Hylg]+7I

This incorporates the Hessian of the full cost regularization functional, cf., (4.9). It
also includes the term H;; from the Hessian of the full fit-to-data functional, cf.,
(4.11)-(4.12). From (4.10) and (4.12), one can easily apply M, and M, ' using Fourier
transforms. Numerical experiments indicate that the eigenvalues of H,,, cluster at zero.
Hence, the preconditioned operator should have eigenvalues which cluster at one. For
this reason, this preconditioner should improve the performance of the Steihaug-Toint
algorithm.
Now consider the reduced cost function in (3.9). Its Hessian has a representation

H’reduced[&] - Hreduced data[&] + athase reg- (414)
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Here Hppqse reg denotes the Hessian of the phase regularization functional, cf., (3.5). This
has a T" x T block diagonal representation, with diagonal components each consisting
of £L. The Hessian of the reduced fit-to-data functional (3.10) also has a T' x T block
representation, but because of the coupling introduced by the reduction (3.7)-(3.8), none
of the blocks of H,cquced data are zero, and none have a simple representation. For the
preconditioner in the reduced case, we take

M = aHppase. (4.15)

This is the leading 7" x T subblock in (4.9) and is independent of both 5 and f. Asin
the full case, this preconditioner can be easily inverted using its Fourier representation,
cf., (4.10), and the eigenvalues of the preconditioned operator appear to cluster at one.

BFGS iteration is closely related to CG iteration. In particular, when BFGS is
applied to a quadratic cost function with an SPD Hessian, exact line searches, and
initial Hessian By = M, one obtains exactly the same iterates as if one had applied
PCG iteration with preconditioner M. Consequently, the above preconditioners should
also improve the performance of L-BFGS iteration.

5. Numerical Results

In this section we present results obtained when the algorithms of Section 4 were
applied to actual data. The data were obtained from a 2-channel phase diversity system
incorporated into a 1.6 meter telescope at the US Air Force’s Maui Space Surveillance
Complex on Mount Haleakala on the island of Maui, Hawaii. These data consists of
4 10-millisecond exposure images of a binary star. Thus K = 2 in equation (2.1) and
T = 4. The in-focus data for diversity channel 1 (corresponding to ¢; = 0 in (2.3)) is
shown in Fig. 1. Fig. 2 shows the out-of-focus data from phase diversity channel 2.
Centroids of the image data were computed and the images were shifted to move these
centroids to the centers of the frames. The reconstructed object is shown in Fig. 3.
The binary star can clearly be seen in the reconstruction. The corresponding wavefront
aberrations are shown in Fig. 4. The annular shape of the telescope’s aperture accounts
for the presentation of the phase reconstructions in an annular region.

We next discuss numerical performance. Here L-BFGS denotes our implementation
of the limited memory BFGS algorithm with line search globalization. N = 20 vector
pairs s, 4, were saved. NCGTR denotes our implementation of Newton iteration with
trust region globalization obtained from the Steihaug-Toint truncated CG algorithm.
Both methods were applied to minimize the full cost functional (3.3) and the reduced
cost functional (3.9). It should be noted that numerical performance, as well as
the actual object and phase reconstructions, varies with the choice of regularization
parameters. In all the cases the regularization parameters were taken to be o = 5x 107!
and v = 5x1073. These values were selected by trial and error to provide a reconstructed
object that clearly looked like a binary star.

Unfortunately, due to the nonlinearity of the phase-to-observation map, the cost
functions need not be convex and may have spurious local minima. Hence, the initial
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Figure 1. In-focus (Channel 1) phase diversity image data.
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Figure 2. Out-of-focus (Channel 2) phase diversity image data.
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guess may also influence the reconstructions. The initial guess may also influence the

numerical performance. For both methods, the phases were initialized to zero (¢ = 0
for t = 1,2,3,4) in the minimization of the reduced cost functional. For both methods
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Figure 3. Reconstruction of the object, a binary star. This reconstruction was
generated using L-BFGS with Hessian initialization (4.13) applied to the full
cost functional.
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Figure 4. Reconstructed phases, or wavefront aberrations.

in the case of the full cost functional, the same phase initialization was used, and the
initial object was generated by deconvolving the data using the corresponding PSF’s,
cf., (3.7)-(3.8).

Fig. 5 shows performance indicators for NCGTR applied to the full cost functional
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(3.3). From the step norm (lower left) and gradient norm (upper right) subplots in this
figure we see rapid local linear convergence to a minimizer, beginning at about (outer)
Newton iteration 35. A quadratic rate of convergence was never attained because at
most 50 (inner) PCG iterations were allowed in the inexact solution of the trust region

subproblem.
Cost Function Gradient Norm
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10°
10°
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Outer NCGTR lteration Outer NCGTR lteration

Figure 5. NCGTR performance for full cost functional minimization. In each
subplot, the horizontal azis represents outer iteration.

In Fig. 6 we display performance indicators for L-BFGS applied to the full
cost functional (3.3). The step norm and gradient norm subplots again show linear
convergence, now due to the fact that at most N = 20 s and y vectors were saved for
the recursion (4.4).

A comparison of Fig. 5 and Fig. 6 shows that many more iterations of L-BFGS than
outer iterations of NCGTR were required to reach a particular gradient or step tolerance.
However, this does not account for the fact that each outer NCGTR iteration may
require a number of inner PCG iterations. In Fig. 7 we compare the total computational
expense of the two methods, measured in terms of the number of forward and inverse
fast Fourier transforms (FFT’s). For this particular test problem, the computational
expense of attaining a particular gradient norm with NCGTR is typically at least twice
the expense of L-BFGS.

We next illustrate the effects on numerical performance of reduction in the cost
functional by elimination of the object, cf., (3.9)-(3.10). Fig. 8 shows the gradient norm
vs NCGTR outer iteration for the full cost functional (solid line) and for the reduced cost
functional (dashed line). Corresponding results for L-BFGS are shown in Fig. 9. From
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Figure 6. L-BFGS performance for full cost functional minimization.

both figures we see that reducing the cost functional substantially increases convergence
rates and decreases computational cost. One might conjecture that this performance
improvement is associated with the decrease in the number of unknowns that occurs
with elimination of the discretized object. However, this decrease becomes relatively
small as the number of time frames T increases. A more likely explanation is that the
reduced problem is less ill-conditioned than the full minimization problem.

Finally, we consider the effects of the preconditioners / Hessian initializations
introduced in Section 4.3. In Fig. 10 we present results for L-BFGS applied to the
minimization of the full cost functional. These results are consistent with all the
other combinations of methods and full/reduced cost functionals. The top (dashed)
line in this figure, representing the gradient norm obtained with standard identity
Hessian initialization, initially increases by an order of magnitude. After decreasing
slightly in the next 200 iterations, it remains essentially flat. The corresponding
reconstructed object, which is presented in Fig. 11, is significantly worse than that
in Fig. 3, obtained using L-BFGS with the initial Hessian (4.13). In this test case,
preconditioning dramatically improves both the numerical performance and the quality
of the reconstructions.

6. Conclusions

Two numerical optimization techniques, limited memory BFGS (L-BFGS) and a
Newton/conjugate gradient/trust region method (NCGTR) were applied to large scale
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Figure 7. Comparison of computational expense for full cost functional
minimization. The horizontal azis denotes cumulative number of forward
and inverse FFT’s. The vertical axis denotes gradient norm. The solid line
represents L-BFGS; the dashed line represents NCGTR; and circles (o) denote
outer NCGTR iterations.

minimization problems arising in the reconstruction of phases and object from phase
diversity image data. Two separate cost functionals were considered: (i) the full cost
functional, which has both phases and the object as unknowns; and (ii) the reduced
cost functional, which has only the phases as unknowns. Preconditioners based on the
special structure of these cost functionals were introduced. From a numerical study
based on observed image data, we draw the following conclusions:

e Preconditioning dramatically improves the numerical performance of both methods,
and it dramatically improves the quality of the reconstructed images.

e For our particular test problem, the computational expense of L-BFGS is typically
half that of NCGTR.

e With either method, the computational expense of obtaining highly accurate
minimizers for the reduced cost functional was less than the corresponding expense
for the full cost functional. This difference was more dramatic with L-BFGS than
with NCGTR.

e For this particular test problem, in terms of reducing computational expense, the
best combination of method and cost functional was L-BFGS applied to the reduced
cost functional.
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Figure 8. NCGTR gradient norm vs outer iteration count for minimization of
the full cost functional (solid line) and for the reduced cost functional (dashed
line).
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Figure 9. L-BFGS gradient norm vs iteration count for minimization of the
full cost functional (solid line) and for the reduced cost functional (dashed line).
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Figure 10. Gradient norm vs iteration count for L-BFGS minimization of the
full cost functional using standard identity Hessian initialization (dashed line)
and using the initial Hessian presented in Section 4.3 (solid line).
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Figure 11. Reconstructed object generated using L-BFGS with standard identity
Hessian initialization to minimize the full cost functional.
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