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Abstract One of the most common, and long-standing, methods for solving an in-
verse problem is to express the solution as the minimizer of a penalized likelihood
function. This approach requires the use of an optimization method, and the develop-
ment of new, and increasingly efficient, algorithms for such problems continues to be
an active area of research. In this paper, we provide a framework within which a com-
putationally efficient optimization algorithm can be used to build an efficient Markov
chain Monte Carlo (MCMC) sampling scheme. The resulting samples can then be
used for uncertainty quantification, currently an area of intense interest within the in-
verse problems community. We review recent results in this direction by the authors
for independent and identically distribution Gaussian noise, and then extend these
techniques to the Poisson noise case. In all instances, regularization parameter choice
is built into the sampling scheme and hence, is not required. The effectiveness of
the approach is demonstrated on synthetic examples from image deblurring, positron
emission tomography, and single photon emission computed tomography.
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1 Introduction

A standard approach for solving an inverse problem is to express the desired solution
as the minimizer of a penalized likelihood function. The penalty, or regularization,
term is included in order to enforce stability, as well as to incorporate prior knowledge
about the solution. For the large-scale problems of interest to us, the computation of
the minimizer typically requires the use of an optimization scheme.

In recent years, Bayes’ Law has been used to provide statistical motivation for this
approach, equating the minimizer with the Bayesian maximum a posteriori (MAP) es-
timator (see, e.g., [15]). However, a full statistical analysis requires that variability in
the estimator also be measured, or in other words that uncertainty in the estimator be
quantified. A standard approach for uncertainty quantification in Bayesian statistics
is to use MCMC to compute samples from the posterior distribution, and then to use
these samples to compute an estimator, as well as to quantify uncertainty.

Similar approaches have been studied by researches in the field of inverse prob-
lems; see, e.g. [7,16,15,19,24]. In those cases, Gibbs sampling of the unknown image
is used, which updates one component of the unknown at a time by sampling from
the distribution of that component conditioned on the rest. This approach is akin to
coordinate-wise descent methods in optimization, or Gauss-Seidel iteration for linear
problems, and is similarly slow to converge.

In this paper, we show how optimization algorithms can be used to build fast
samplers for large-scale inverse problems in imaging. We emphasize that though we
make specific choices regarding optimization algorithms, the approach is general so
that other methods can be used. We begin in Section 2 by reviewing recent work of
the authors [1,2]. Then in Section 3, we extend the framework in [2] to the Poisson
noise case using a Gaussian noise approximation, or equivalently, a quadratic approx-
imation of the negative-log Poisson likelihood, as is done in [5]. Finally, we perform
numerical experiments in Section 4 and end with conclusions.

2 An MCMC method for inverse problems with Gaussian noise

Throughout the paper, we consider discrete linear models of the form

b = Ax, (1)

where the matrix A ∈ Rn×n and data b ∈ Rn are given, and x ∈ Rn is the unknown
that we wish to estimate. For us, the vectors b and x are lexicographically ordered
(column-stacked) two-dimensional image arrays of size

√
n×

√
n. We are interested

in cases in which the matrix A is a discretization of a compact operator, and hence is
large-scale and has extremely small singular values corresponding to high frequency
singular vectors.

In practical applications, b is the realization of a random vector B. The noise
model considered in [1,2] is Gaussian and has the form

B = Ax+ e, (2)
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where x is the unknown (discrete) true image and e is an n×1 independent and iden-
tically distributed (iid) Gaussian random vector with variance σ2 across all pixels,
i.e. e ∼ N(0,σ2I).

The likelihood function given statistical model (2) has the form

p(b|x,λ ) ∝ λ n/2 exp
(
−λ

2
∥Ax−b∥2

)
,

where λ = 1/σ2 is the noise precision, which is assumed to be a random variable,
encoding our uncertainty about its value.

Additionally, we assume, as in [1,13], a Gaussian prior of the form

p(x|δ ) ∝ δ n/2 exp
(
−δ

2
xT Cx

)
, (3)

where δ is a scaling parameter for the prior precision matrix δC. The matrix C is
derived, as in [1], using a standard Gaussian Markov random field [21], yielding the
discrete negative Laplacian matrix; see [1] for more details.

Finally, hyper-prior probability densities for λ and δ are taken to be Gamma
distributions:

p(λ ) ∝ λ αλ−1 exp(−βλ λ ), (4)
p(δ ) ∝ δ αδ−1 exp(−βδ δ ), (5)

with αλ =αδ = 1 and βλ = βδ = 10−4. Note that then the hyper-priors can be deemed
to be relatively ‘uninformative’, since the mean and variance of the corresponding
Gamma distributions is α/β = 104 and α/β 2 = 108, respectively. These values are
chosen so that the hyper-priors’ effect on the sampled values for λ and δ are negligi-
ble. No tuning of these parameters is needed and they work on a variety of examples.
Moreover, no additional tuning parameters remain to be defined.

Given (2), (3), (4), and (5), we can use Bayes’ law to write down a posterior
density function:

p(x,λ ,δ |b) ∝ p(b|x,λ )p(λ ) p(x|δ )p(δ ) (6)

∝ λ n/2+αλ−1δ n/2+αδ−1 exp
(
−λ

2
∥Ax−b∥2 − δ

2
xT Cx−βλ λ −βδ δ

)
.

The above choices of prior and hyper-priors were made so that efficient sampling
from (6) is possible. In particular, each has the property of conjugacy, which guaran-
tees that the conditional densities have the same form as the prior/hyper-prior chosen:

p(x|λ ,δ ,b) ∝ exp
(
−λ

2
∥Ax−b∥2 − δ

2
xT Cx

)
,

p(λ |x,δ ,b) ∝ λ n/2+αλ−1 exp
([

−1
2
∥Ax−b∥2 −βλ

]
λ
)
,

p(δ |x,λ ,b) ∝ δ n/2+αδ−1 exp
([

−1
2

xT Cx−βδ

]
δ
)
,
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and hence,

x|λ ,δ ,b ∼ N
(
(λAT A+δC)−1λAT b,(λAT A+δC)−1) , (7)

λ |x,δ ,b ∼ Γ
(

n/2+αλ ,
1
2
∥Ax−b∥2 +βλ

)
, (8)

δ |x,λ ,b ∼ Γ
(

n/2+αδ ,
1
2

xT Cx+βδ

)
, (9)

where Γ (α,β ) denotes the Gamma distribution with probability density function
g(t|α ,β ) ∝ tα−1 exp(−β t). Equations (7)-(9) yield the following Gibbs sampler.

An Unconstrained MCMC Method for Sampling from p(x,δ ,λ |b).

0. Initialize δ0 and λ0, and set k = 0;
1. Compute xk ∼ N

(
(λkAT A+δkC)−1λkAT b,(λkAT A+δkC)−1

)
;

2. Compute λk+1 ∼ Γ
(
n/2+αλ ,

1
2∥Axk −b∥2 +βλ

)
;

3. Compute δk+1 ∼ Γ
(
n/2+αδ ,

1
2 (x

k)T Cxk +βδ
)
;

4. Set k = k+1 and return to Step 1.

Since output from this MCMC method includes sample (empirical) densities for
both λ and δ , an empirical density for the regularization parameter α = δ/λ can also
be computed. Thus regularization parameter selection is built in to the method.

For large-scale inverse problems, which are our interest, Step 1 is the computa-
tional bottleneck. This sampling step can be rewritten as follows:

(λkAT A+δkC)xk = λkAT b+w, where w ∼ N(0,λkAT A+δkC), (10)

where w can be efficiently computed via w = λ 1/2
k AT v + δ 1/2

k C−1/2v, with v ∼
N(0,I).

For large-scale image deconvolution problems with periodic boundary conditions,
(10) can be solved directly, and the resulting MCMC works well; see [1] for numeri-
cal experiments. However, in many other examples (10) cannot be directly solved, in
which case, we advocate using an optimization-based approach.

2.1 Optimization-based samplers

For inverse problems in which the linear system (10) cannot be directly solved, an
iterative method must be used if a computationally efficient MCMC method is to
result. In [1], this is accomplished by replacing (10) by the equivalent optimization
problem

xk = argmin
x

{
1
2

xT (λkAT A+δkC)x−xT (λkAT b+w)

}
, (11)

where w ∼ N(0,λkAT A+δkC).
In two test cases considered in [1] – image deconvolution with zero boundary con-

ditions and computed tomography – the preconditioned conjugate gradient method
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was used for solving (11), yielding an optimization-based sampler. The resulting
MCMC works well, especially in the image deblurring case, where a very effective
and efficient preconditioner for CG exists [1].

We emphasize, however, that the approach is general enough that an effective
iterative method other than CG can be used. The user must keep in mind, however,
that a full optimization run is required for each k and that (11) should be accurately
solved.

2.1.1 Incorporating nonnegativity constraints

In many imaging examples, there is a positive probability associated with zero values
for the components of x. We incorporate this into our statistical model following [2],
but expand our justification for the approach here.

Suppose I = I (x) def
= {i |xi = 0} is the zero set and p(I ) a probability model

for I . Then we can write Bayes’ Law as

p(x,λ ,δ ,I |b) ∝ p(b|x,λ ,I )p(λ ) p(x|δ ,I )p(δ )p(I ). (12)

The likelihood and prior will depend upon the zero set. If we define D to be the
diagonal matrix with diagonal entries dii = 1 for i /∈ I , and dii = 0 otherwise, then
the prior in the unconstrained case is modified as follows:

p(x|δ ,I ) ∝ δ np/2 exp
(
−δ

2
xT DCDx

)
, (13)

where np = n−|I |, i.e. the number of positive elements in x. Note that this prior is
well-defined for the indices i /∈ I , which is all we need.

The conditional density for x can then be defined, for i /∈ I , by

p(x|λ ,δ ,I ,b) ∝ exp
(
−λ

2
∥ADx−b∥2 − δ

2
xT DCDx

)
.

which can be equivalently written

x|λ ,δ ,I ,b ∼ N
(
(λAT A+δC)†

I λAT b,(λAT A+δC)†
I

)
, (14)

where BI
def
= DBD, and ‘†’ denotes psuedo-inverse. Note, again, that this distribution

is well-defined for indices i /∈ I , and that for i ∈ I , xi = 0, as desired.
Assuming Gamma hyper-priors as in the unconstrained example, the conditional

densities for λ and δ take the form

λ |x,δ ,I ,b ∼ Γ
(

n/2+αλ ,
1
2
∥ADx−b∥2 +βλ

)
, (15)

δ |x,λ ,I ,b ∼ Γ
(

np/2+αδ ,
1
2

xT CI x+βδ

)
. (16)

Note that equivalent distributions result if D is removed in (15), and CI is replaced
by C in (16). We do this below.
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It remains to define p(I ) and the conditional density p(I |x,λ ,δ ,b). In the ex-
amples of interest to us, the forward model and prior for x are highly informative, and
hence the p(I ) should be influenced by A and C. This can be accomplish by defin-
ing p(I |x,λ ,δ ,b) as follows: compute an unconstrained sample xUC defined by (7)
and project it onto the nonnegative orthant via the following model-based projection

xCON = argmin
x≥0

∥x−xUC∥2
E , (17)

where ∥w∥2
E = wT (λAT A+ δC−1)w. Then take I = I (xCON), i.e. take I to be

the zero set of the nonnegative vector nearest to xUC in the norm ∥ · ∥E .
To motivate (17), we note that if {(di,vi)}n

i=1 are eigenvalue/vector pairs for
inverse-covariance matrix λAT A+δC, then

∥x−xUC∥2
E =

n

∑
i=1

di(vT
i (x−xUC))

2.

Thus the projection is stronger in directions corresponding to the model dependent
eigenvectors vi with larger eigenvalues di, or equivalently, directions of small vari-
ance d−1

i , while in directions of large variance (small di) the projection is less pro-
nounced, which is as it should be.

An additional benefit in using (17) is that it is equivalent (see [2]) to

xCON = argmin
x≥0

{
1
2

xT (λAT A+δC)x−xT (λAT b+w)

}
, (18)

where w ∼ N(0,λAT A+δC), which is nothing more than (11) with a nonnegativity
constraint. Moreover, it can be shown that the solution of (18) is a sample from (14)
with I = I (xCON) computed as described above. Thus solving (18) yields simulta-
neous samples of both x and, implicitly, of I from p(I |x,λ ,δ ,b).

Because samples from both p(I |x,λ ,δ ,b) and (14) are simultaneously com-
puted by solving (18), the Gibbs sampler that results from sequential use of the condi-
tional densities p(I |x,λ ,δ ,b), (14), (15), and (16) can be written without an explicit
sampling step for I .

A Nonnegativity Constrained MCMC Method.

0. Initialize δ0 and λ0, and set k = 0;
1. Compute xk = argminx≥0

{ 1
2 xT (λkAT A+δkC)x−xT (λkAT b+w)

}
,

where w ∼ N(0,λkAT A+δkC);
2. Compute λk+1 ∼ Γ

(
n/2+αλ ,

1
2∥Axk −b∥2 +βλ

)
;

3. Compute δk+1 ∼ Γ
(
nk

p/2+αδ ,
1
2 (x

k)T Cxk +βδ
)
, where nk

p is the number of
nonzero entries in xk;

4. Set k = k+1 and return to Step 1.

Numerical experiments in [2] show that this MCMC method is effective for both
image deconvolution and computed tomography examples. Also, as in the uncon-
strained case, since sample (empirical) densities are computed for both λ and δ , an
empirical density for the regularization parameter α = δ/λ can also be computed.
Thus regularization parameter selection is built into the methods.
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In order to implement this MCMC, an iterative method for solving (18) must be
chosen. We have found the gradient projection-conjugate gradient (GPCG) method
[17] to be very effective for such problems, and it is what we will use. However,
a number of other methods exist that would also be effective here. We give a brief
description of GPCG below.

Finally, we note that we have not provided an explicit definition of p(I ) in (12).
We believe this is possible using a spike-and-slab-type prior [14], where the mass
values at the boundary are computed via integrals. However, this seems a non-trivial
problem and so we do not pursue it here.

3 Optimization-based sampling for inverse problems with Poisson noise

We now consider the case where b is a vector of photon counts, which can be accu-
rately modeled by a Poisson random vector

B = Poiss(Ax+g), (19)

where g is the N × 1 vector of background counts and is assumed to be known. The
probability density (or likelihood) function corresponding to (19) is given by

p(b|x) =
N

∏
i=1

([Ax]i +gi)
bi exp[−([Ax]i +gi)]

bi!
. (20)

To build our sampler, we will use a Gaussian approximation, which is regularly
used when performing inference from Poisson data. For example, this is done for
inverse problems in microscopy [8], nuclear radiation measurement [22], image de-
blurring [5], and the medical imaging modalities of positron emission tomography
(PET) and single photon emission tomography (SPECT) [3,10]. The approximation
Poiss(λ )≈ N(λ ,λ ) [9, pp. 190 and 245] is what is used. From (19), this yields

B− (Ax+g)
Ax+g

≈ N(0,I), (21)

where here ‘≈’ means ‘is approximately distributed as’ and division is component-
wise. The corresponding approximate likelihood function then has the form

p(b|x) ∝ exp

{
−1

2

∥∥∥∥b− (Ax+g)
Ax+g

∥∥∥∥2
}
, x ≥ 0, (22)

where the nonnegativity constraint appears because it is implicit in the Poisson case,
and we assume Ax ≥ 0 if x ≥ 0.

Quadratic approximations of the negative-log Poisson likelihood follow from re-
placing the unknown Ax+g in the denominator by, for example, the measured data b
or Ax̄+g, where x̄ ≈ x. In either case, the resulting approximate likelihood is Gaus-
sian with a nonnegativity constraint, just as above and in [2]:

p(x|b) ∝ exp
{
−1

2
(b−Ax)T W−1(b−Ax)

}
, x ≥ 0, (23)
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where W= diag(b) or W= diag(Ax̄+g). Note that these approximations can also be
derived analytically, via a Taylor series expansion of the negative-log of the Poisson
likelihood (20) [4].

Using the (23), we can extend the nonnegativity constrained MCMC present in
Section 2 to the Poisson case. However, in this case, the unknown precision parameter
λ is replaced by the approximated W matrix.

An MCMC Method for Sampling from p(x,δ |b).

0. Initialize δ0, W0 = diag(b), and set k = 0;
1. Compute xk = argminx≥0

{ 1
2 xT (AT W−1

k A+δkC)x−xT (AT W−1
k b+w)

}
,

where w ∼ N(0,AT W−1
k A+δkC);

2. Compute δk+1 ∼ Γ
(
nk

p/2+αδ ,
1
2 (x

k)T Cxk +βδ
)
;

3. Define Wk+1 via either:
(i) Wk+1 = diag(b) for all k, or

(ii) Wk+1 = diag(mean{x0, . . . ,xk}) for all k.
4. Set k = k+1 and return to Step 1.

In this case, δ is exactly the regularization parameter, and it is directly sampled
within this MCMC scheme, yielding a sample distribution. Thus once again, regular-
ization parameter selection is built in to the method.

In our experiments below, the covariance approximation in Step 3 is always taken
to be choice (ii). However, other tests show that satisfactory results are obtained if
approximation (i) is used instead.

3.1 A nonnegatively constrained iterative method for computing xk in Step 1

For the sake of completeness, we now provide a brief description of the GPCG algo-
rithm of [17,23] for solving (7). We note that other efficient nonnegativity constrained
optimization algorithm exist and could be use; for example the bound constrained
limited memory BFGS method of [6].

Consider the general nonnegatively constrained quadratic programming problem

x∗ = argmin
x≥0

{
q(x) =

1
2

xT Bx−xT c
}
, (24)

where B ∈ Rn×n is symmetric positive definite, and c ∈ Rn.

GPCG Algorithm for solving (24):
Step 0. Set j = 0 and choose initial guess x0 = 1.
Step 1. Apply gradient projection iterations (see below for more detail) to (24)
with initial guess x j until stopping criteria are satisfied. Output the updated x j ≥ 0.
Step 2. Compute a quadratic Taylor series approximation q j of q centered at x j

and restricted to the indices r such that x j
r > 0 (see below for more detail). Use

the conjugate gradient (CG) iteration to minimize q j until stopping criteria are
satisfied. Use the most recent CG iterate p j as a search direction in a projected
backtracking line search. Output x j+1.
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Step 3. If the outer iteration stopping criteria have been met, end the GPCG iter-
ations. Otherwise, set j = j+1 and return to Step 1.

Step 1, gradient projection iteration: The gradient projection (GP) iteration used
in Step 1 of GPCG is defined as follows: given xi ≥ 0 compute xi+1 via

pi = c−Bxi,

α i = argminα>0 q(P(xi +αpi)), (25)
xi+1 = P(xi +α ipi).

Here P(x) =max{x,0}, where the maximum is computed component-wise. In prac-
tice, the subproblem (25) is solved inexactly using a projected backtracking line
search algorithm.

GP is stopped once a sufficient decrease condition, given in [17,23], is satisfied.
For more detail on the GP implementation within GPCG, see [17,23].

Step 2, conjugate gradient iteration: The quadratic Taylor series approximation of
q used in Step 2 of iteration k of the GPCG algorithm is of the form

q j(p) = q(x j)+ ⟨∇redq(x j),p⟩+ 1
2
⟨∇2

redq(x j)p,p⟩, (26)

where

[∇redq(x j)]r =

{
[Bx j − c]i, xr > 0
0, xr = 0,

and

[∇2
redq(x j)]rs =

{
[B]rs, if xr > 0 and xs > 0
δrs, otherwise.

where δrs = 1 if r = s and is 0 otherwise.
After an approximate minimizer p j of q j has been computed by the CG iterative

method, equipped with the stopping rules of [17,23], a backtracking line search is
performed, with p j as the search direction, to guarantee that q(x j+1)< q(x j).

3.2 Assessing MCMC chain convergence

For determining convergence of the MCMC chain, we use the approach described in
[11], which we briefly reproduce here.

Suppose we compute nr parallel chains, each of length ns (after discarding the
first half of the simulations), and that {ψi j}, for i = 1, . . . ,ns and j = 1, . . . ,nr, is the
collection of samples of a single parameter. Then we define

B =
ns

nr −1

nr

∑
j=1

(ψ · j −ψ ··)
2, where ψ · j =

1
ns

ns

∑
i=1

ψi j, and ψ ·· =
1
nr

nr

∑
j=1

ψ · j ;

and

W =
1
nr

nr

∑
j=1

s2
j , where s2

j =
1

ns −1

ns

∑
i=1

(ψi j −ψ · j)
2.
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Note that ψ · j and ψ ·· are the individual chain mean and overall sample mean, respec-
tively. Thus B provides a measure of the variance between the nr chains, while W
provides a measure of the total variance within individual chains.

The marginal posterior variance var(ψ|b) can then be estimated by v̂ar+(ψ|b) =
(ns − 1)W/ns + B/ns, which is an unbiased estimate under stationarity [11]. The
statistic of interest to us, however, is

R̂ =

√
v̂ar+(ψ |b)/W , (27)

which declines to 1 as ns → ∞.
Once R̂ is ‘near’ 1 for all sampled parameters, the nsnr samples from the last half

of all of the sequences together can be treated as samples from the target distribution
[11]. We will see that in our examples, R̂ will be much nearer to 1 than 1.1, which is
deemed acceptable in [11].

Remark 1 An important question for the usefulness of this sampling approach is:
What is the minimal number of samples needed in order to reasonably characterize
the posterior distribution? In our numerical experiments below, we take the safe route
and compute more samples than we need to in order to drive R̂ very near 1. However,
it is likely possible to get similar results with far fewer samples. If the number of
samples could be reduced to such a degree that implementation of a regularization
parameter selection method was not much less expensive, in terms of computational
cost, then the sampling approach is clearly preferable, since from the samples, esti-
mation, uncertainty quantification, and regularization parameter selection are all ac-
complished.

4 Numerical Experiments

We consider three different examples in which data is accurately modeled using a
Poisson distribution: image deblurring, positron emission tomography, and single
photon emission tomography.

4.1 Image deblurring

We begin with the application of two-dimensional image deconvolution (or deblur-
ring). In this case, the model has the form

b(s, t) =
∫ 1

0

∫ 1

0
A(s− s′, t − t ′)x(s′, t ′)ds′dt ′.

For our tests, we choose a Gaussian convolution kernel A, and discretize using mid-
point quadrature on an 128× 128 uniform computational grid over [0,1]×[0,1]. Pe-
riodic boundary conditions for the image are assumed, so that A is an 1282 × 1282

block circulant with circulant blocks matrix, and hence is diagonalizable by the two-
dimensional discrete Fourier transform (DFT) [23]. Finally, the data b is generated
using (19) with background g = 0. The scale of the true image was chosen so that the
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Fig. 1 On the left is the true image, and on the right is the blurred noisy data.
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Fig. 2 On the upper-left if a histogram of the δ (regularization parameter) samples. On the upper-right is
the mean of the image samples. On the lower-left is the lower 95% credibility image. On the upper-left is
the upper 95% credibility image.
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signal-to-noise ratio (SNR) is approximately 30. The true image and data are plotted
in Figure 1.

We sample from the posterior density, approximately, by computing 5 MCMC
chains each of length 500. The initial values for α0 in Step 0 were chosen randomly
from the uniform distributions U(0,0.5). Our implementation of GPCG allowed for
a maximum of 5 gradient projection iterations and 20 CG iterations per outer GPCG
iteration, with a maximum of 50 outer GPCG iterations, as well as an additional
GPCG stopping tolerance of 10−6 for the relative decrease in the norm of the project
gradient. The maximum R̂ was 1.012 after 500 samples, indicating that the chain had
converged.

The reconstructed satellite is obtained by computing the mean of the image sam-
ples and is given on the upper-right in Figure 2. We can also compute 95% credibility
intervals for each pixel. The resulting upper and lower confidence images are given
on the lower-left and lower-right respectively. Notice that the lower 95% confidence
image is the zero image, while the upper 95% confidence image is non-zero only in
the support of the object. From this information, we could easily perform a segmen-
tation of the object.

One of the major benefits of the sampling approach is that regularization parame-
ter choice is not needed. A histogram for the regularization parameter δ samples can
be found in the upper-left in Figure 2; the 95% credibility for the regularization pa-
rameter δ , computed from these samples, is approximately [2.4×10−7,5.1×10−7].

4.2 Medical imaging examples

In both positron emission tomography (PET) and single photon emission tomogra-
phy (SPECT), a radioactive tracer element is injected into the body, which exhibits
radioactive decay, resulting in photon emission. The emitted photons that leave the
body are recorded by a photon detector, which also determines the line of response
(LOR) L(ω ,y), along which the photon(s) have propagated; given a fixed coordinate
system, L(ω,y) is the unique line making an angle ω with an axis (e.g. the verti-
cal) that is a perpendicular distance of y from the origin. We parameterize L(ω,y) by
L(ω ,y) = {z(s) | 0 ≤ s ≤ S}.

In both PET and SPECT, the data b(ω,y) corresponds to the number of detected
incidents along L(ω,y). The model relating the tracer density x to the data is given
by

b(ω,y) =
∫

L(ω,y)
Aω,y(z(s))x(z(s))ds,

where the impulse response function Aω,y(z(r)) can be viewed as the probability that
an emission event located at z(r) along L(ω,y) is recorded by the detector system.

For SPECT, single photons are detected by single detectors. Given an emission
event at location z(r) emitted along L(ω,y) with the detector located at z(S), the
impulse response function has the form Aω,y(z(r)) = e−

∫ S
r µ(z(t))dt , where the function

µ(z) is the mass absorption of the body being imaged and is assumed to be known.
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Fig. 3 On the left is the true image, and on the right is the PET data.

The full model then becomes

b(ω,y) =
∫

L(ω,y)
e−

∫ S
s µ(z(t))dtx(z(s))ds, (28)

where the interior integral is along the line L(ω,y) [18].
For PET, a pair of photons are emitted at a location z(r) along L(ω,y) with de-

tectors located at z(0) and z(S). In this case, the impulse response is the product of
probabilities:

Aω,y(z(r)) = e−
∫ r

0 µ(z(t))dte−
∫ S

r µ(z(t))dt = e−
∫

L(ω ,y) µ(z(t))dt ,

which doesn’t depend on r and µ(z) is as in the SPECT model (28). Hence we have
the somewhat simpler mathematical model

b(ω,y) = e−
∫

L(ω ,y) µ(z(t))dt
∫

L(ω,y)
x(z(s))ds. (29)

In fact, dividing both sides of (29) by e−
∫

L(ω,y) µ(z(t))dt yields the Radon transform
model, which is what is solved in the computed tomography inverse problem [18].

After discretization, (28) and (29) can be written as a system of linear equations
of the form (1). The discretization occurs both in the spatial domain, where µ and x
are defined, as well as in the Radon transform ((ω,y)) domain, where the data b is
defined. We use a uniform n× n spatial grid, and a uniform grid for the transform
domain with n angles and n sensors. In our experiments, n = 100 so that (1) has size
10000×10000.

In both cases, since the data b consists of photon counts, a Poisson noise model
of the form (19) is used [12,20]. We use the Shepp-Logan phantom generated using
MATLAB’s phantom function for our true tracer density.

In the PET case, we take µ = 0, which is standard for PET numerical experiments
[20]. The true tracer density x is then scaled so that SNR=10 (recall that SNR=30 in
the astronomical imagine example). Both the data and the true tracer density in the
PET case are shown in Figure 3.
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Fig. 4 On the left is the true image, and on the right is the SPECT data.

In the SPECT example, we use µ = 1 for x > 0 and µ = 0 for x = 0, as is done
in the example considered in [12]. The true tracer density x is then scaled so that
SNR=20. Both the data and the true tracer density in the SPECT case are shown in
Figure 4.

For both the PET and SPECT cases, we sample from the posterior density, ap-
proximately, by computing 5 MCMC chains each of length 500, with α0 chosen ran-
domly from the uniform distributions U(0,0.5). Our implementation of GPCG was as
in the image deblurring example. In both cases, the maximum R̂ was approximately
1.01 after 500 samples, indicating that the chain had converged.

The reconstructed tracer densities were obtained by computing the mean of the
image samples; see the upper-right images in Figure 5 in the PET case and in Figure
6 in the SPECT case. We can also compute 95% credibility intervals for each pixel.
The resulting upper and lower confidence images are given on the lower-left and
lower-right, respectively, in Figures 5 and 6.

Also as in the image deblurring example, a histogram for the regularization pa-
rameter δ is computed from the samples and is given in the upper-left in Figure 5
for PET and in the upper-left in Figure 6 for SPECT. The 95% credibility for the
regularization parameter δ , computed from these samples, is approximately [1.3×
10−5,1.5×10−5] in the PET case, and [7.6×10−7,8.6×10−7] in the SPECT case.

5 Conclusions

The development of computationally efficient optimization algorithms for the solu-
tion of inverse problems has been, and continues to be, an active area of research.

Of recent, and seemingly separate, interest within the field of inverse problems is
‘uncertainty quantification’. In this paper, we present an optimization-based Markov
chain Monte Carlo (MCMC) sampling scheme that makes use of the efficient op-
timization algorithms and whose output (the samples) can be used for uncertainty
quantification.

In the examples considered here, specific choices are made regarding algorithms,
however the framework is general so that other efficient methods can just as eas-
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Fig. 5 PET example. On the upper-left if a histogram of the δ (regularization parameter) samples. On the
upper-right is the mean of the image samples. On the lower-left is the lower 95% credibility image. On the
upper-left is the upper 95% credibility image.

ily be used, suggesting additional research opportunities at the interface of inverse
problems, numerical optimization, and uncertainty quantification.

In order to focus attention on the optimization-based MCMC approach, we review
the formulations developed for the Gaussian noise case, both with and without a
nonnegativity constraints, made in recent papers of the authors. We then extend the
nonnegativity constrained MCMC method to the Poisson noise case using a Gaussian
approximation of the Poisson negative-log likelihood function.

The reconstructed image is taken to be the mean of the MCMC samples for x,
and uncertainty in these mean values is quantified via plots of the upper and lower
95% credibility images. More informative approaches to quantifying uncertainty in
the reconstruction are very likely possible, though we do not pursue that here.

Also of note is that regularization parameter choice is built into the sampling
scheme. In particular, output from the MCMC method is used to obtain an empirical
(sample) probability density for the regularization parameter, from which a mean and
95% credibility interval can be computed.

Finally, numerical experiments are performed on three synthetic examples with
Poisson noise: image deblurring, positron emission tomography, and single photon
emission tomography. The examples are two-dimensional and large-scale, and the
methods are shown to work well.
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Fig. 6 SPECT example. On the upper-left if a histogram of the δ (regularization parameter) samples. On
the upper-right is the mean of the image samples. On the lower-left is the lower 95% credibility image. On
the upper-left is the upper 95% credibility image.
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