INVERSE PROBLEMS AND IMAGING WEB SITE: http://www.aimSciences.org
VoLuME X, No. 0X, 200X, X-XX

GAUSSIAN MARKOV RANDOM FIELD PRIORS
FOR INVERSE PROBLEMS

JOHNATHAN M. BARDSLEY

Department of Mathematics Sciences
University of Montana
Missoula, MT, 59812-0864 USA

ABSTRACT. In this paper, our focus is on the connections between the methods
of (quadratic) regularization for inverse problems and Gaussian Markov ran-
dom field (GMRF) priors for problems in spatial statistics. We begin with the
most standard GMRFs defined on a uniform computational grid, which corre-
spond to the oft-used discrete negative-Laplacian regularization matrix. Next,
we present a class of GMRFs that allow for the formation of edges in recon-
structed images, and then draw concrete connections between these GMRFs
and numerical discretizations of more general diffusion operators. The bene-
fit of the GMRF interpretation of quadratic regularization is that a GMRF is
built-up from concrete statistical assumptions about the values of the unknown
at each pixel given the values of its neighbors. Thus the regularization term
corresponds to a concrete spatial statistical model for the unknown, encap-
sulated in the prior. Throughout our discussion, strong ties between specific
GMRFs, numerical discretizations of diffusion operators, and corresponding
regularization matrices, are established. We then show how such GMRF pri-
ors can be used for edge-preserving reconstruction of images, in both image
deblurring and medical imaging test cases. Moreover, we demonstrate the ef-
fectiveness of GMRF priors for data arising from both Gaussian and Poisson
noise models.

1. INTRODUCTION

In this paper, we focus on linear inverse problems that can be modeled, after
numerical discretization, as

b = Ax.

Here b € R™ is the response vector (or observed data); x is the n x 1 vector of
unknowns; and A is the m x n design (or forward model) matrix, obtained in our
case via a numerical discretization of the forward model.

In practice, b contains random noise, and in this paper we are interested in two
noise models. The first is the standard independent and identically distributed (iid)
Gaussian case:

(1) b= Ax+mn,

where 1 is a Gaussian random vector random vector with components satisfying
n; ~ N (0, A\71) for all pixels 4; here the inverse-variance parameter ) is known as the
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precision. The other noise model, which is used in both astronomical and medical
imaging, is the Poisson case:

(2) b = Poiss(Ax + 7),

where ~ is the m x 1 vector of background counts and is assumed known.
For these two probability models, the probability density functions p(b|x) have
the form

®) (i) x oxp (5 Ax bl )

for noise model (1), and

n2

(4) p(blx) ocexp | =Y {([Ax]; + ;) + b In([Ax]; + )} | ,

j=1

for noise model (2).

In both of these instances, the maximum likelihood estimators (i.e. the maximiz-
ers of p(b|x), defined in (3) and (4), with respect to x) are unstable with respect
to the noise in the data b. Such instability is a characteristic of inverse problems,
and it has to do with the fact that the matrix A is the numerical discretization of a
compact operator defined on a function space. The standard technique for overcom-
ing this instability is regularization. For general discussions of inverse problems and
techniques for regularization, from both numerical and functional analytic points-
of-view, see one of the many excellent tests on the subject, e.g., [8, 10, 12, 18].

In the context of Bayesian statistics, regularization corresponds to the choice of
the prior probability density function. Bayes’ Theorem states that given p(b|x), and
an assumed prior probability density function p(x), then for a particular realization
of the data b, the posterior probability density function p(x|b) can be written

(5) p(x[b) o p(b[x)p(x).

In this paper, our focus is on the use of Gaussian Markov random fields (GMRFS)
for defining the prior p(x). As we will see, this corresponds to assuming that the
prior is Gaussian and of the form

(6) plx) o exp (—ngLx) |

where the precision (inverse-covariance) matrix JL is sparse and encodes statistical
assumptions regarding the values of the x;’s based on the values of its neighbors.
Once a suitable prior is chosen, it is standard to then compute the maximum a
posteriori (MAP) estimator, which is the minimizer of — In p(x|b), i.e.

)
(7) XMAP = arg min {— In p(b|x) + 2XTLX} ,

where p(b|x) is given by (3) or (4), depending on the noise model that is assumed.
The MAP approach has seen a significant amount of recent interest in the field of
inverse problems; see, e.g., the text books [6, 12, 17].

Typically in inverse problems, the regularization matrix L is chosen in an ad hoc
fashion — two common choices are the identity matrix and the discretized negative-
Laplacain matrix — and the value of § is estimated from the data using a regulariza-
tion parameter selection method, such as the discrepancy principle or generalized
cross validation [10, 18]. Here, we instead take a Gaussian Markov random field
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(GMRF) approach, in which the joint density function (6) for x is obtained from an
individual Gaussian probability model for each unknown pixel intensity z;. As we
will see, this approach leads both to standard choices for L, such as the negative-
Laplacian, as well as to some non-standard choices.

GMRFs have been studied extensively within the field of spatial statistics; for
example, see the excellent text [16] and the references therein. Within the field of
inverse problems, a class of GMRF priors is presented in [7] that are similar to what
we present here. However in that paper, the corresponding (implicit) probability
models for the individual pixel intensities (the z;’s), which can be found in [16],
are not presented. Given the importance of these pixel-wise probability models,
not only for a full understanding of the prior, but for the development of new prior
models, we include them here. Moreover, we make an explicit connection between
several GMRFs and finite difference discretizations of elliptic partial differential
equations (PDEs) on a uniform grid, and suggest further connections, also based
on results found in [16], between GMRFs and discretizations of elliptic PDEs using
other discretization methods and/or non-uniform computational grids.

The paper is organized as follows. In the next section, we discuss Gaussian
Markov random fields in some detail. Then in Section 3, we present some iterative
methods for edge-preserving reconstruction which make use of GMRF priors and
then test their effectiveness on synthetic examples in image deblurring and positron
emission tomography, using the Gaussian and Poisson noise models, respectively.
Finally, we end with conclusions in Section 4.

2. GAUSSIAN MARKOV RANDOM FIELDS

In the pioneering work of Besag [5], an approach known as conditional autore-
gression was introduced for defining statistical models of a spatially distributed
parameter vector x = (x1,...,x,). In this approach, probability distributions are
assigned for the full conditionals x;|x_;, where x_; = (1,...,Zi—1,Tit1s---,Tn),
and from these assumptions a joint density for the random vector x results, in which
case x is known as a Markov random field (MRF).

In this paper, we consider the special case in which the full conditionals are
assumed to be Gaussian and of the form

(8) Ii‘X_i NN Zﬂijxjaﬁi_l 3
i
where 3;; and k; are parameters satisfying 3;;x; = B;;+; for all ¢ and j.
It can be shown (see [16, Theorem 2.6]) that (8) holds if and only if the joint
density function for x is Gaussian and of the form

0 plox) = (2) QP e (- 537 Qx).
where

J— Hi’ 7’ = j)
(10) Qs = { —kifij, 1 F# ]

In this case, x is known as a Gaussian MRF (GMRF). Moreover, we must make the
additional assumption that the precision matrix Q is positive definite so that x is
a proper probability distribution.
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In this paper, we are interested in GMRF's in which the matrix Q is the numer-
ical discretization of a diffusion operator in either one- or two-dimensions. In our
discussion, we will focus on finite difference discretizations and there connections
to some standard GMRFSs, however we emphasize that other methods of numerical
discretization, such as finite elements, could also be used. Provided the resulting
discretization matrix Q is symmetric positive definite and has the form (10), using
the prior (9) corresponds to the pixel-wise Gaussian probability assumption (8).

The computational grid that is used for performing the numerical discretization
defines a set of nodes i and a neighborhood system (or stencil) 9; for i = 1,...,n.
It turns out that the elements of 0; are the nodes j # ¢ for which [Q];; # 0, and
hence

0; ={j #1i|Bi; #0}.

Thus the sparsity structure of Q determines the neighborhood system, and vice
versa.

Moreover, if xg, = {z; | 7 € 0;}, we have p(x;|x_;) = p(x;|xs,) for all ¢, and
hence it suffices to define the neighborhood conditionals (see [16, Theorem 2.4])

(11) (Ei|X3i NN Zﬁﬁl’j,/ﬁ?l

J€9;

to obtain (9), (10).
As an example, suppose k; = 0n;, where n; = |0;| and § > 0, and 3;; = 1/n; for
j € 0; and 0 otherwise. Then (11) takes the form

(12) zilxo, ~ N (To,, (6ny)7 1),

where Ty, = n% > jea; Tjls the mean of the neighboring values, and the joint density
function is given by (9) with

(13) Qlij =04 -1 j€O,
0 otherwise.

As we will see in a moment, (13) is the finite difference discretization of the
negative-Laplacian operator (scaled by a parameter ¢) defined on a uniform grid.
The resulting prior (9) is commonly used in inverse problems, in which case the
discrete negative-Laplacian is the regularization matrix and § is the regularization
parameter. Thus we see that (12) is the underlying pixel-wise probability model
assumption that leads to this commonly used method of regularization.

2.1. GMRFS AND THE DISCRETE NEGATIVE-LAPLACIAN WITH DIRICHLET BCs.
We now implement the GMRF defined by (12) in both one-dimensional (1D) and
two-dimensional (2D) cases.

In 1D, we assume a uniform grid on [0, 1] with n vertices {1,...,n} at locations
{si},, where s; = i/(n + 1). Moreover, we define z; to be the intensity value at
s; and assume Dirichlet (zero) boundary conditions (BCs), so that z¢g = 41 = 0.
The neighborhood system is then given by 9; = {i = 1,i+ 1} for i = 1,...,n. Thus
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n; = 2 for all ¢ and from (13), Q = dLip with

2 -1 0 - 0
-1 2 -1
(14) Lip=1| o 0
: -1 2 -1
0 0 -1 2
L - nXn.

Note that Q = 0Lip is symmetric, positive definite (SPD), as required, and that

Lip is the 1D negative-Laplacian matrix on the computational grid with Dirichlet
BCs; that is, Lipx is the finite different discretization of the diffusion operator

d’*x

A2

For details on this basic numerical discretization, see [13, 20] or any of a number of

z(0) =xz(1) =0.

standard texts on numerical analysis.

In 2D, we assume a uniform grid on [0, 1] x [0, 1] with n? vertices {(,j)}7 =, at
locations {(si,t;)}7;_1, where s =t = k/(n + 1). Moreover, we define z;; to be
the intensity value at (s;,t;) for 4,5 = 1,...,n, and assume Dirichlet BCs so that
20,j = Tpt1,j = Ti,0 = Tin+1 = 0. The neighborhood system is then given by

Hence, n;; = |0;;| = 4, and (12) takes the form

(15)

zij|xaz,j ~ N (jai] ) (571,”)71) )

— 1
where Ty, = o Z(r,s)eaij g
After reordering the array {xij}ﬁjzl by stacking its columns, we obtain the
precision matrix Q = dLop, with

9y ={(i—1,7), (i +1,5), (4,5 — 1), (4,5 + 1)},

for i,j=1,...,n.

L -I O 0
-1 L -I
(16) Lop = 0 0
: -1 L -I
L O 0 -I L | 232,
where I the n x n identity matrix, 0 the n X n zero matrix, and
4 -1 0 0]
-1 4 -1
L= 0 0
: -1 4 -1
L O 0 —1 4

- nXn.

Note that Q is SPD and that Lop is the 2D discrete negative-Laplacian matrix
on the chosen computational grid with Dirichlet BCs; that is, Lopx is the finite
difference discretization of the diffusion operator
d’x Pz
ds?  dt?’

INVERSE PROBLEMS AND IMAGING

x(0,t) = x(s,0) = z(1,t) = x(s,1) = 0.
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FIGURE 1.

For details on this standard finite different discretization, see [13].
It is well-known that Lop defined in (16) can be alternatively expressed using
the Kronecker product ‘®’; specifically,

(17) Lop =Lip®I+1® Lip,

where Lip is defined in (14). The Kronecker product formula (17) will be used
again in what follows.
Note that in both the 1D and 2D cases, the prior (9) takes the form

(18) p(x) o< exp (—ngLx) .

Thus GMRF's provide a convenient way to relate pixel-wise distributional assump-
tions of the form (12) and (15) with quadratic regularization functions of the form
ngLx.

On the left in Figure 1, we’ve plotted five realizations from (18) in 1D case, while
on the right we’ve plotted one realization from (18) in the 2D case.

2.2. INTRINSIC GMRF'S. The assumption that Q is positive definite is often too
restrictive. So-called intrinsic GMRFs (IGMRFs) allow for a symmetric positive
semi-definite matrix Q, so that Q is allowed to have zero eigenvalues [16]. We will
focus on first-order IGMRF's, which have only one zero eigenvalue with eigenvector
1, i.e. Q1 = 0. Moreover, as above, the precision matrix Q = JL will be tied
directly to pixel-wise conditional densities of the form (12) in 1D and (15) in 2D.
In both cases, the prior takes the form (18). In this case, dL is not technically a
precision matrix, since it has a zero eigenvalue, and hence, p(x) not technically a
probability density function, however we will continue to call these the precision
and prior, respectively, following the convention of [16].

2.2.1. IGMRFs and the discrete negative-Laplacian with periodic BCs. A standard
example of a 1D IGMRF prior results if we assume conditional distributions (12)
(and hence precision (13)), but with a periodic BC, which for the same compu-
tational grid as above assumes z,4+1 = 1 and x¢9 = x,. In this case, the preci-
sion matrix then has the form Q = dLip with Lip defined as in (14), but with
[Lip]in = [Lip]Jn1 = —1. Note then that Q1 = 0, and Ljp is the 1D negative-
Laplacian matrix on the computational grid with periodic BCs; that is, Lipx is the
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finite different discretization of the diffusion operator
d’*x
dt?’
In 2D, if we assume conditional distributions (15) and the same computational
grid as above, the periodic BC results in the following assumption: zo; = zn,;,
Tn+l,5 = T1,5, T3,0 = Tin, and Tin+1 = T4,1 for 1 S Z,j S n. Then Q = 6L2D7
where Lop can be expressed in terms of the Kronecker product formula (17) with
Lip defined in the previous paragraph. The corresponding prior is given, again,
by (18). Note that Q1 = 0 and that Lop is the 2D discrete negative-Laplacian
matrix on the chosen computational grid with periodic BCs; that is, Lopx is the
finite difference discretization of the diffusion operator
d’x  d*x
ds?  dt?’
Note also that in this case, Lop has block circulant structure, and hence, can be
diagonalized by the 2D-DFT [16].
The realizations from these GMRFs are very similar to those appearing in Figure
1, except that they satisfy periodic (rather than zero) boundary conditions.

z(0) = z(1).

x(0,t) = z(1,¢), x(s,0) =x(s,1).

2.2.2. IGMRFs and the discrete negative-Laplacian with Neumann BCs. Another
standard example of an IGMRF results when a Neumann BC is assumed. In 1D
this BC is defined #/(0) = 2/(1) = 0, while in 2D it has the form 2/(0,¢) = 2/(1,t) =
2'(s,0) = 2'(s,1) = 0.

In 1D, the Neumann negative-Laplacian also arises from a statistical model of
the increments Azx; = x;41 — x;. In particular, if we assume

(19) Az; W N(0,67Y), i=1,...,n—1,

then the density function for x can be written

B 5 n—1
p(x) o 8D Zexp <_2 Z(mi-&-l _ xi)2>

i=1
1)
(20) = 6D/ 2exp <2XT(DTD)X> ,
where
-1 1 0 0

(21) D— 0 -1 1

: . . .0

0 - 0 -1 1 (n—1)xn.

Note that (20) has the form (18) with L = D™ D.

It is easy to verify that D7D has the same form as Lip in (14), but with [Lip]i; =
[Lip]nn = 1, which is the discrete negative-Laplacian matrix on the computational
grid with Neumann (zero flux) BCs; that is, Lipx is the finite different discretization
of the diffusion operator

d?z

dt?’
Note that the BCs z'(0) = 2/(1) = 0 are approximated on the computational grid
via (21 — x9) /At = (Tp41 — x,) /At = 0, implying o = 21 and x, 1 = Tp.

2'(0) = 2'(1) = 0.

INVERSE PROBLEMS AND IMAGING VoLuME X, No. X (200X), X-XX
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Alternatively, we can derive this IGMRF prior via the autoregressive model (12)
with neighborhood system 0y = {2}, 0; = {{ — 1,i + 1} for i = 2,...,n — 1, and
O, = {n — 1}. Then the matrix Q defined by (13) has the form §D?D.

In 2D, we define the horizontal and vertical increments, respectively, as Apx;; =
Tit1; — Tij and Ayxyj; = x4 j41 — 45, and assume
(22) Anzij, Ayzy; S N(0,67Y), dj=1,....n—1
Then the density function for x has the form (see [16, Chapter 3])

n n—1 n n—1

2 0
p(x) o 5D 2exp 5 DD @iy —w) )Y (@i —wiy)?
j=1i=1 =1 j=1
. 5
502 exp (-4 (T8 D)x| + (D & 1x?) )
(23) = §(n*=1/2 exp (—ng (I®(D'D)+ (D'D)®I) X)

where D is defined in (21) and ‘®’ denotes Kronecker product. Note that (23) has
the form (18) with L = I (D?7D)+ (DTD)®I. Moreover, the precision matrix can
once again be written in Kronecker product form (17), this time with L;p = DTD.

Also as in the 1D case, the matrix Lop = I® (DTD) + (DTD) ®1 is the discrete
negative-Laplacian matrix on the computational grid with Neumann BCs; that is
Lopx is the finite difference discretization of the diffusion operator

Pz d’z
ds?  dt?’
where the BCs are approximated as in the 1D case.

Alternatively, as in 1D, we can derive this IGMRF prior via the autoregressive
model (15). In this case, the neighborhood system has the form

0 ={(i—1,7),(t+1,5),(,7—-1),(4,j+ 1)}, for 4,j=2,...,n—1,

whereas if ¢ or j is 1 or n, the vertices containing a 0 or n + 1 are removed from
aij; for example, 81j = {(25.])5 (Lj - 1)a (la.j + 1)} and 011 = {(172)5 (27 1)} Note
then that n;; = |0;;| is one of 2,3, or 4. Then the matrix Q defined by (13) has the
form §(I® (DTD) + (DTD) ®I).

The realizations from these GMRF's are also very similar in appearance to those
in Figure 1, except that they satisfy the Neumann boundary boundary condition.

2'(0,t) = 2'(1,t) = 2/(s,0) = 2/(s,1) = 0,

2.2.3. IGMRFs for more general diffusion operators. In certain situations, it is ad-
vantageous to allow for the increment variance to be larger in some areas than others.
For example, if you know that your image x has a sharp intensity change at pixel i,
you should allow for a large increment variance (small precision) at that location,
whereas in other areas of the image you might want to enforce a smaller increment
variance (larger precision). As we will see, allowing for a spatially varying increment
variance is equivalent to discretizing a diffusion equation with a spatially-varying
diffusion coefficient.

As in the previous sub-section, we will begin by modeling the increments, and
then make connections to numerical PDEs. In the 1D case, the assumption of
independent increments corresponds to replacing (19) with

(24) Azi~N(0, (w;6) ™), i=1,...,n—1,

INVERSE PROBLEMS AND IMAGING VoLuME X, No. X (200X), X-XX
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where Ax; = 2,41 — x;. Then the probability density function for x has the form

B 5 n—1
p(x) o 6D/ Zexp (2 Zwi(:riﬂ - xl)2>

i=1

o 6D/ Zexp (g ||W1/2DX||>

5
(25) 6=/ exp <—2XT(DTWD)X> ,
where W = diag(wy, ..., w,—1) and D is as in (21).
The prior (25) corresponds to the auto-regressive model (see [16, Chapter 3])

(26) $i|X8i ~ N(fai, (5niwi)_1),

where Ty, = ni > jea, ©;j and the neighborhood system is as in the 1D iid increment
case. Comparing with (12), we see that it is very similar except that (26) allows for
a spatially varying precision.

Finally, it can be shown that D" WDx is the finite different discretization of the
operator

_% (w(s)ﬁ) , 2/(0)=2/(1) =0,

where w; = w(s;) fori=1,...,n—1.

Note that one can implement periodic or Dirichlet boundary conditions by mod-
ifying the first derivative matrix D accordingly. We do this in the following 2D
example. Assuming periodic, rather than Neumann, boundary conditions the for-
ward difference matrix becomes

-1 1 0
0 -1
(27) D = 0
0 -1 1
10 0 -1

- nXn

Now we model the horizontal and vertical increments:

(28) Apzi; ~ N(0, (w?jé)_l) and  A,z;;~N(0, (wfjé)_l)
for i,j =1,...,n. Then the density function for x has the form
) 5 n n—1 n n—1
p(x) o 0D 2exp ~3 Z Z w?jAharfj + Z Z wfjAl,x?j
j=1i=1 i=1 j=1
0
50V exp (-5 (IWHA T DIx? + WD 0 Dx) )
1)
(29) 5 =1/2 exp (—2xT(D£WhDh + DZWUDU)X> ,

where D, =I® D and D, = D ® I are the discrete horizontal and vertical deriva-
tives, respectively. Moreover,

W, :diag(vec({wlhj r-1)) and W, = diag(vec({w;}ii=1)),

ij=1
where the ‘vec’ function creates vectors from 2D arrays by stacking columns.
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FIGURE 2. On the left, are five realizations from the 1D IGMRF
(25) with wy, /s = 0.05 and w; = 1 for all i # n/2. On the right,
is a plot of a single realization from the 2D IGMRF (29) with
wfj = w;; = 0.001 along the boundary of a circle contained within

[0,1] x [0,1] and w;; = 1 otherwise.

The prior (29) corresponds to the rather complicated auto-regressive model (see
[16, Chapter 3]),

h v
Wi Z(r,s)eah, Trs + Wj; Z(T,s)eav, Lrs 1
zij|xa,; ~ N 0 R ;
I nGwil + nfwy d(n! il +ngwy )

] j ij ij

where 8ihj and 0;; denote the vertical and horizontal neighbors of pixel (i,7), respec-
tively, and nf] = |8Z| and ny; = |0;;]. This expression simplifies significantly in the

case that w;; = wl = w?;, in which case

J ij?
(30) Lij |xaij ~ N(faij7 (5nijwij)_l)v

where Tp,, = - Z(r,s)eaij zrs and n;; = |0;;]. Comparing with (15), we see that

Nij
as in 1D, (30) is the same, except that it allows for a spatially varying precision.
Finally, it can be shown that (D,{WhDh + DTW,D,)x is the finite different

discretization of the diffusion operator
0 h Ox 0 v ox B B
s <w (s,t)$> + g <w (s,t)a) . x(0,t) = x(1,t), x(s,0)=x(s,1),

with wf] = wh(si,t;), and wy; = w(s;,t), for i, j =1,...,n.

In Figure 2, we plot realizations from examples of such IGMRF priors. On the
left, we plot five realizations from the 1D-IGMRF (25) with w,,/» = 0.05 and w; = 1
for all ¢ # n/2. Note that decreasing the precision (increasing the variance) of the
increment at pixel n/2 allows for a large jump at pixel n/2. On the right, we plot
a single realization from the 2D-IGMRF (29) with w}; = w}; = 0.001 along the
boundary of a circle contained within [0, 1] x [0, 1], and otherwise let w;; = 1. This
realization shows that the prior allows for large jumps along the boundary of the
circle, where the increment variance is larger, while within and without the circle

boundary the behavior is the same as in the realization in Figure 1.
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Conditional Autoregressive
Model

Partial Differential
Equation

Regularization or
Precision Matrix

zi|xa, ~ N (To,, (nw;) ")

DTWD

11

Q
—~

w(s, 1)2)
-9 (w(s?t )g—f)

ot
TABLE 1. Conditional autoregressive models and diffusion equa-
tions yielding the same regularization/precision matrix. The table
does not contain mention of the boundary conditions, the param-
eter §, or the case when w” # wv. Note that w = 1 yields the
negative-Laplacian.

zij|xa,, ~ N(Ta,,, (nijwi;) ") | —5= D’WD,, + DITWD,

~—

Assuming that w, = wp = w in the 2D case, the connection between the above
Gaussian conditional autoregressive models, finite difference discretizations of dif-
fusion equations, and regularization matrices is summarized in Table 1.

Remark 1. A similar discussion of Gaussian prior models for inverse problems
derived from the assumption of independent Gaussian increments can be found in
[7]. However, neither the conditional autoregressive models, nor the connection to
discretized partial differential equations, outlined in Table 1, appear in that paper.

3. EDGE-PRESERVING MAP EsSTIMATION USING GMRF PRIORS

In this section, we begin with the Gaussian noise model (1) and the application
of image deblurring. We then move on to the Poisson noise model (2) and the
application of positron emission tomography (PET).

3.1. GAUSSIAN NOISE MODEL. In this section, we implement the GMRF priors
from the previous section for edge-preserving image reconstruction. Edge-preserving
priors require the IGMRF's discussed in Section 2.2.3, i.e. those that correspond to
a finite difference discretization of the PDE

~ o (ws050) = 1 (w0 ).

After discretization, (31) takes the form
(32) Lx = (D} WD,, + DIWD,)x.

The difficulty in using (32) is that a matrix L that will preserve edges in the
unknown image x will depend upon x through W. This can be overcome by defining
W using a previously computed estimate x* of x. For example, given x*, we can

make the total variation choice for W = W* [18], which has diagonal values

(31)

(33) (Wi = 1/4/[Dixt)? + [DoxH2 + 8, i=1,....m,

where 8 > 0. This suggests the following edge-preserving reconstruction algorithm
for the Gaussian noise case (1).

Algorithm 1. Set k =0, W° =1, and iterate the following.
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1. Define L = DZWth +DIW*D,.

2. Compute o every jth iteration using generalized cross validation.

3. Compute the solution x5! = argmingeq {5[|Ax — b||? + ¢ x"Lx}.
4. Set Wl = W (xF*+1) using (33) and k = k + 1. Return to Step 1.

Generalized cross validation (GCV) — the method for estimating o mentioned
in Step 2 — is a well-known regularization parameter selection method for inverse
problems [10, 18]. The GCV choice for o minimizes the function

n||Ax, — b||?
[tr(I — AAL)]2’

where ‘tr’ denotes matrix trace, A, = (ATA + aL)"'AT, and x, = A,b. When
parameters in the prior are estimated from the data, such as is the case here, the
approach is called empirical Bayes [9].

Note that Algorithm 1 is precisely the lagged-diffusivity fixed point iteration of
[19], except that the regularization parameter « is updated at every jth iteration,
whereas in [19] « is fixed at the outset.

(34) G(a) =

Remark 2. Looking at autoregressive model (30), in light of (33), we see that
the use of the regularization matrix L defined by (32) results in a large increment
variance at pixels where the norm of the gradient is large; specifically, note that if
x* is the previously computed estimate of x, the prior stems from the autoregressive
model (30) with w;; = ([thk]fj + [DxF]2 + B)~1/2.

3.1.1. Image Deblurring Test Case. Now we test the above iteration on a two-
dimensional image deblurring problem. The forward model, mapping the unknown
x to the observation b, both defined on [0, 1] x [0, 1], has convolutions form:

1 1
b(s,t) = /0 /0 A(s — &'t —ta(s', t')ds'dt’.

For our experiments, we choose a Gaussian convolution kernel A, and discretize
the integral using mid-point quadrature on a 128 x 128 uniform computational grid
over [0,1]x[0,1]. We assume that x extends periodically outside of [0,1]x[0,1], which
after discretization yields a linear system of equations b = Ax in which A has block
circulant structure. Thus A can be diagonalized by the discrete Fourier transform
(DFT) [18].

The data b is generated using (1) with the noise variance A~! chosen so that the
noise strength is 2% that of the signal strength. The image used to generate the
data and the data itself are shown in Figure 3.

Next, we perform our reconstruction technique using Algorithm 1. It remains
to define the discrete horizontal and vertical derivative matrices: Dy, = I® D and
D, = D ® I, where assuming periodic boundary conditions, we have D defined
by (27). Nonetheless, the precision matrix D} WD + DI'WD,, does not generally
have block circulant structure, and hence cannot be diagonalized by the DFT.
Thus we must use the preconditioned conjugate gradient method [18, 20] (PCG)
to compute x*t1 in Step 3 of Algorithm 1. For the preconditioner we use M =

(63

ATA + o(DI'D), + DID,), which is diagonalizable by the DFT; indeed,

1
Mflr = vec (IDFT <|"21 @ DFT(R))) 5
ag|” + alg
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FIGURE 3. On the left is the two-dimensional image used to gen-
erate the data, and on the right is the blurred noisy data.

where R is an n x n array, r = vec(R), 1, is the n x n eigenvalue array of DY Dy, +
DID,, &, is the n x n eigenvalue array of A, and IDFT is the inverse discrete
Fourier transform. See [18] for more detail on the diagonalization of the block
circulant matrices by the DFT.

Finally, implementing the GCV method in Step 2 of Algorithm 1 requires re-
peated evaluation of the GCV function G defined in (34), which in turn requires a
matrix trace computation that is infeasible for our large-scale example. However,
the trace can be estimated using randomized trace estimation [18], which is moti-
vated from the fact that if v is a white noise random vector and C is a symmetric
matrix, then E(vICv) = tr(C), where E denotes the expected value function.
Thus if we choose v to be a realization of a n? x 1 white noise vector,

tr(I— AA,) ~n? —vIAA,v,

where I is the n? x n? identity matrix. The choice of v that minimizes the variance
in this estimator is the one for which the components of v are independent and take
on the values of 1 and -1 with equal probability (see [18] and the references therein).
Note that to compute A,v we must solve the linear system (ATA +aL)w = ATv
for w using PCG. Thus the computation of the trace approximation, and hence
each evaluation of the GCV function, requires an additional PCG run. Finally, we
note that to minimize the GCV function (34), we use MATLAB’s fminbnd function.

We are now ready to test Algorithm 1 on the above image deblurring test prob-
lem. We choose f = 0.001 in (33) and show reconstructions for two different
implementations. First, we compute a only in the first iteration, which can be
done very efficiently because in that case L has block circulant structure [18], and
otherwise iterate the method 10 times. The corresponding reconstruction is given
on the upper-left in Figure 4, while the edge map, which is a plot of the diagonal
values of W defined by (33), is plotted on the upper-right. Finally, the relative
error for the final reconstruction was ||Xo — Xtruel|/||Xtrue|| = 0.2056. Next, compute
10 iterations of Algorithm 1 with o computed in the first, and then every third,
iteration, i.e. 1, 3, 6, 9. The corresponding reconstruction is given on the lower-left
in Figure 4, while the edge map is plotted on the lower-right. Finally, the relative
error for the final reconstruction was 0.1959.
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FIGURE 4. Results obtained using Algorithm 1 on an image de-
blurring test case. The upper plots correspond to using GCV once
in iteration 1 and taking 10 iterations, while the lower plots corre-
spond to using GCV in the first, third, sixth, and ninth iterations.
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3.2. PoissoN Noise MoODEL. For the Poisson noise case, we use the same precision
matrix L defined by (32), but model W differently; this time using the Bayesian
hierarchical modelling approach of [7, 1]. The idea is to modify the increment model

(28) as follows:
(35) Ahxij ~ N(O, 9”) and Avl'ijNN(O, 91])

Note that the parameter 6 does not appear in (35) and hence the full precision

matrix has the form (32) with
W = Wy = diag(6;%,...,0,).

yUp2

Then the prior probability density has the form

1
p(x]0) o det(Wy)exp (—ZXT(DUTW(;DU + D?:W(;Dh)x)

N
1
(36) = exp (—QXT(DfWgD,, + D WyDp)x — > In 9i> .
i=1

Next, following [1, 7], we assume a hierarchical model for the 6;;’s:

(37) 0;; ~ Gamma(ao, 0o),
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which implies

’I'L2

p(0) Hef‘“*lexp(ei/ﬂo)

i=1
= exp [ (ap—1) Zln@i + Zﬁi/ﬁo
i=1 i=1

We choose ap and 6y so that the mean of the Gamma distribution (37), i.e.
apbp, is equal to o' where « is the value of the regularization parameter obtained
from the GCV method for Poisson inverse problems described in [3]. This method
chooses « for the regularized solution given by

n2

Xo = arg min Z {[AX]; +vi — biIn([AX]; +vi)} + %XT(Dth +DTD,)x
=7 =t

using a technique based on the GCV method presented above. Note that this
regularization function corresponds to the prior p(x|@) given in (36) with 8 = al.
Below we will suggest a specific value for 6y that yields an edge-preserving GMRF
prior; then oy = 1/(afy) and both parameters of the distribution (37) have been
defined.

Given all of the above choices, we can now define the posterior density function
p(x,0|b) using Bayes’ Law:

(38) —lInp(x,0lb) = —In(p(b|x)p(x|0)p(8))
= YA +7) — by (K], + 7)) + 537 Lx

2 2
Jr;%f(aon);lnﬂj,

where ~ means “is equal up to an additive unimportant constant”, and L =
DIW,D, + DI'WyD,, with W, = diag(6; ',...,0.,).
We obtain our reconstructed image x and edge map 6 by minimizing (38). We

do this, as in [1], using the following method.

Algorithm 2. Set k=1 and 6° = a1, with o chosen using GCV from [3].

1. Compute x* = argmin, -, — Inp(x|b, ok 1).

2. Compute 8 = argming — Inp(8|b, x*).
3. Set k =k +1 and return to Step 1.

In Step 1, we use the nonnegativity constrained convex programming method of
[2, 4] for computing x. Whereas in Step 2, the 6 update has the form

ok _ g ag — 2 n [D1Xk]? =+ [D2Xk]? n (g — 2)2
3= 2 20, 4

We choose oy = 2, which yields the total variation update, as in the lagged-
diffusivity fixed point iteration [19]. Thus 6y = 1/(2«). Substituting these values

INVERSE PROBLEMS AND IMAGING VoLuME X, No. X (200X), X-XX



16 JOHNATHAN M. BARDSLEY

into the above equation and adding a parameter 3 > 0 to avoid 0; = 0, yields the
Step 2 update

(39) j 2\F\/ Dlxk +[D xk] + 8.

3.2.1. PET and SPECT Test Cases. In both positron emission tomography (PET)
and single photon emission tomography (SPECT), a radioactive tracer element
is injected into the body, which exhibits radioactive decay, resulting in photon
emission. The emitted photons that leave the body are recorded by a photon
detector, which also determines the line of response (LOR) L(w, y), along which the
photon(s) have propagated; given a fixed coordinate system, L(w,y) is the unique
line making an angle w with an axis (e.g. the vertical) that is a perpendicular
distance of y from the origin. We parameterize L(w,y) by L(w,y) = {2(s) |0 < s <
St.

In both PET and SPECT, the data b(w, y) corresponds to the number of detected
incidents along L(w,y). The model relating the tracer density z to the data is given
by

blw,y) = /L( )A%y(z(s))aj(z(s))ds,

where the impulse response function A, ,(z(r)) can be viewed as the probability
that an emission event located at z(r) along L(w,y) is recorded by the detector
system.

For SPECT, single photons are detected by single detectors. Given an emission
event at location z(r) emitted along L(w,y) with the detector located at z(S),
the impulse response function has the form A, ,(z(r)) = e~ J7uGE®) At where the
function p(z) is the mass absorption of the body being imaged and is assumed to
be known. The full model then becomes

(40) b(w.y) = / IO s,

where the interior integral is along the line L(w,y) [14].

For PET, a pair of photons are emitted at a location z(r) along L(w,y) with
detectors located at z(0) and z(S). In this case, the impulse response is the product
of probabilities:

Auy(2(r)) = e Jo nE®) o= [Zn1) dt — o= oy pEE

which doesn’t depend on 7 and u(z) is as in the SPECT model (40). Hence we have
the somewhat simpler mathematical model

(41) bw,y) = e Jreww “(Z(t))dt/ x(2(s))ds.

L(w,y)

In fact, dividing both sides of (41) by e~ S o,y =) yields the Radon transform
model, which is what is solved in the computed tomography inverse problem [14].

After discretization, (40) and (41) can be written as a system of linear equations
of the form (1). The discretization occurs both in the spatial domain, where p and
x are defined, as well as in the Radon transform ((w, y)) domain, where the data b is
defined. We use a uniform n x n spatial grid, and a uniform grid for the transform
domain with n angles and n sensors. In our experiments, n = 128 so that (1) has
size 1282 x 1282
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FIGURE 5. On the left is the true image, and on the right is the
PET data.

We generate data and perform experiments only for the PET data, as the results
in the SPECT case are very similar and the algorithm works equally well. To
generate the data b, we use the Poisson noise model (2) with v = 1 and MATLAB’s
poissrnd function. The true tracer density, given on the left in Figure 5, is the
Shepp-Logan phantom generated using MATLAB’s phantom function. We take
p# = 0 in (41) to construct our matrix A, which is standard for PET numerical
experiments [15], and scale the true tracer density x so that the percent-noise is
approximately 11. The data is shown on the right in Figure 5.

Finally, we test Algorithm 2 on this synthetic PET example. We choose § = 0.001
in (39). In Figure 6, we plot the reconstruction x* for k = 1 (which is the solution
of (38) with « chosen using the GCV method of [3]) in the upper-left, and for
k = 10 in the lower-left. The edge-maps, which here we define as In 0", are in the
upper-right for £ = 1 and lower-right for £ = 10, in Figure 6. The relative errors
for these reconstructions was 0.3023 for £ = 1 and 0.2073 for k& = 10.

4. CONCLUSIONS

A significant portion of our focus in this paper is on the connections between
Gaussian Markov random field (GMRF) priors, finite difference discretizations of
diffusion equations (elliptic PDEs), and quadratic regularization functions.

The diffusion equations considered include the negative-Laplacian with Dirichlet,
Neumann, and periodic boundary conditions, as well as more general diffusion op-
erators with a spatially varying diffusion coefficient and one of the above boundary
conditions. We show that numerically discretizing these PDEs on a uniform com-
putational grid yields a GMRF prior or, equivalently, a quadratic regularization
function.

The power of drawing the connection between these discretized PDEs, regulariza-
tion functions, and GMRF priors is that a GMRF corresponds to a set of concrete
statistical assumptions regarding the conditional distributions for the unknown in-
tensity xz; given the intensities of its neighbors xs,. In particular, we assume that
x;|xs, is Gaussian with mean equal to the mean of the values in xp, and some
unknown, to-be-determined variance related to the regularization parameter. Thus
the regularization term corresponds to a concrete spatial statistical model for the
unknown, encapsulated in the prior. These connections are summarized in Table 1.
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FIGURE 6. Results obtained using Algorithm 2 on a PET synthetic
test case. The upper plots correspond to iteration 1 and the lower
plots to iteration 10 iteration.

Finally, with various GMRFs in hand, we presented two iterative methods for
edge-preserving image reconstruction, one applied to image deblurring in the Gauss-
ian noise case, and the other applied to the positron emission tomography image
reconstruction problem with Poisson noise. In the first algorithm, we draw close
connections to the well-known lagged-diffusivity fixed point iteration of [18], while
in the other we extend the Bayesian paradigm and assume a probability model
for the increment variances 6;. We then optimize with respect to both x and 6,
to obtain both a reconstructed image as well as an edge-map. In both cases, the
techniques and algorithms work well.
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