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Editorial - “Glocal”, “Glocavores”: Good Gadgetry?

Bharath Sriraman
The University of Montana

In the movie “Up in the Air”, Glocal is a neologism, a clever witticism conjured
up by a naive business school graduate at an agency hired by corporations to let
go of employees that become redundant in corporate mergers/cuts. Her solution
to the unpleasant nature of telling real human beings that they no longer had a
job was to try and automate this inhumane process, i.e., have a scripted
flowchart be read out at a safe distance via computers. In theory, a local call
center could take care of firings done globally, at very little cost to the agency.
Thus the neologism “glocal” suggests the gadgetry of global connectivity
afforded through computer networks at our disposal for destructive and
constructive purposes. The reader is wondering what the editorial alliteration
has to do with the present issue of the journal. An explanation is in order.

First, the journal would not exist but for the support of the global community of
scholars regularly contributing to it. Second, the title of the journal no longer has
the local label “Montana” attached to it. This Spanish word meaning “land of
mountains” has already been appropriated by a Danish furniture company that
makes high end wooden furniture for homes, as well as characters from the film
and cine media. It was high time for the journal to shed old skin and embrace the
generic title “The Mathematics Enthusiast”, which more accurately reflects the
nature of the journal, and the directions in which it has grown.

In the last 6 years, approximately 5% of the submissions have come from
Montana, and usually from my prodding locals to contribute to the journal. A
perusal of the table of contents of the journal will reveal that a very large
proportion of the articles come from the global community of scholars, and a
smaller portion from those in the U.S. To this end the journal has begun to
support The Psychology of Mathematics Education- North America (PME-NA). In
October 2010, I was approached by several colleagues at the annual meeting in
Columbus, Ohio with the suggestion that the journal be open to submissions
from the community of scholars that form this professional organization. Given
the sheer abundance of unread Conference proceedings conveniently available in
pdf format, which can be mined via search engines, it seemed worthwhile to re-
publish a selection of interesting papers in a special issue each year provided
they passed an additional burden of peer review. This relationship with PME-
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NA is meant to be anti-symbiotic, i.e., The Mathematics Enthusiast does not
depend on PME-NA in any way- We do quite well on our own and do not need
any professional organization to support or sustain us. In a similar vein PME-NA
does not depend on The Mathematics Enthusiast either, since it publishes its own
conference proceedings each year, and has been a tremendous professional
organization for many mathematics education scholars in the U.S, myself
included. The only reason the journal is supportive of PME-NA, is to give a
possible journal outlet for colleagues at Institutions that do not recognize or
value online conference proceedings. It is more or less a bibliometric fact that
many Institutions do not give the same point value to a proceedings paper as
opposed to a journal article unless the proceedings is listed in a recognized
academic index (Sriraman, 2011). Vol8no.3 of The Mathematics Enthusiast
contains 6 extended contributions from the 2010 meeting of PME-NA. The theme
of these papers is “optimizing student understanding in mathematics”.

The Mathematics Enthusiast is not a periodical like The Mathematics Teacher or
The College Mathematics Journal. However, there are some elements of these
two journals in articles addressing the teaching of mathematics content or simply
mathematical content at the school and university levels respectively. The journal
is also not a pure mathematics education research journal either, although it
regularly features articles from the mathematics education research community.
Our goal is to remain eclectic and open to the wider community of scholars
besides mathematicians and mathematics educators. It is often the case that those
looking into mathematics through a different disciplinary lens can offer
perspectives that are surprisingly refreshing, and of interest to the community of
readers.

Vol9, nos 1&2 [January 2012] of the journal will also be available in early August,
in the online medium 6 months in advance. The print version of this issue will
become available from Information Age Publishing in January 2012. Vol.9, no.3
[June 2012] will contain extended papers from the North Calotte Conference in
Mathematics Education that took place in Tromso, Norway in 2010. The delay is
due to being unable to locate appropriate reviewers for the submissions. The
journal strives to find researchers who are capable of giving constructive reviews
and familiar with the content of the article. Sometimes this becomes difficult, and
the “objectivity” or the “black box” of blind review often results in reviews that
are not helpful to the author in question, nor the journal. There is an analogy to
the “firing” process at corporations mentioned in the first paragraph, and the
“rejection” process of manuscripts in many journals. We are trying very hard to
devise a completely open peer review system, where Latourian black boxes do
not govern decisions that can affect authors (Sriraman, 2011).
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The monograph series affiliated with the journal retains the “Montana” moniker
and has 5 monographs in development for release in the next two years. One of
these monographs is particularly ambitious because it attempts to cover the state
of the art of mathematics education in China, Korea, Singapore, Japan, Malaysia,
and India. This is slated for release late next year with a preliminary book of
extended abstracts available free on the website for those interested.

On a parting note and in keeping with the neologism “glocal”, the community of
21st century readers of the journal can be thought of as glocavores (as opposed to
locavores), since we readily consume ideas that spawn all around the world. In a
more global sense, the Arab Spring is a testament to the fact the connectivity can
be construed as a useful/constructive tool for instigating change- of the self, of
ideas, and of the notion of “glocal” as a good thing, as opposed to the way it was
conceived of by the female protagonist in “Up in the Air”.
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Research on Practical Rationality:
Studying the Justification of Actions in Mathematics Teaching

Patricio Herbst!
University of Michigan
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Daniel Chazan
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Abstract: Building on our earlier work conceptualizing teaching as the management of
instructional exchanges, we lay out a theory of the practical rationality of mathematics
teaching — that is, a theory of the grounds upon which instructional actions specific to
mathematics can be justified or rebuffed. We do that from a perspective informed by what
experienced practitioners consider viable but also in ways that suggest operational
avenues for the study of instructional improvement, in particular for improvements that
enable students to do more authentic mathematical work. We show how different kinds of
experiments can be used to engage in theory building and provide examples of initial
work in building this theory.

Keywords: Mathematics instruction; Practical Rationality; Theory of teaching;
Teacher education

Introduction

In this paper we address the work of the mathematics teacher in instruction and
the rationality behind this work. We first sketch out how the teacher’s work
could conceivably contribute to the creation of opportunities for students to do

authentic mathematical work. In that sense we expect that the paper will add to
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our collective sense of what is conceivable and perhaps desirable to happen in
classrooms. Most of the paper, however, is concentrated on elaborating on the
grounds for possibility and justification of teachers” actions. In particular, what is
the rationality that might (or might not) support teachers’ management of
authentic mathematical work by students?

In accounting for the rationality beneath teachers” actions and in regard to the
possibility of enabling authentic mathematical work by students, we take some
distance from two relatively commonplace ways of responding to a vision
sketch. In one of these approaches, a vision of conceivable mathematical work in
classrooms might be followed by an acknowledgment and analysis of the forces
and structures that make the vision not viable. Such an approach would summon
us to be like social critics of the current educational system, and to endorse a new
educational system that would bring all our hopes to fruition. In the other
approach, the vision sketch is followed by a busy shaping of persuasive rhetoric,
design of efforts, and organization of resources, all of them aimed at making the
vision happen against all odds. Such an approach would summon us to be like
social engineers, relentlessly working to realize the vision, as if the only thing
that separated the conceivable from the viable was the existence of the will to
make the vision happen.

Without meaning to disrespect proponents of either of those approaches, we
take a third approach, which combines the orientation to improvement of the

second with the analytic disposition of the first but poses questions that call
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neither for critique nor for engineering but rather for theory and research. We
elaborate on the notion that the actions of teachers in classrooms are not mere
expressions of their free will and personal resources; rather their actions also
attest to adaptations to conditions and constraints in which they work. And yet
that realization does not necessarily condemn us to accept the status quo; rather,
it can suggest ways of working toward improvement in viable, incremental, and
sustainable ways.

How can we think about the distinction, and the gap, between what is
conceivable and what is viable in mathematics teaching? How can we find out
how much of the vision can be realized within existing conditions and
constraints? We argue below that what is required is first to understand and then
to co-opt what we have been calling the practical rationality of mathematics
teaching (Herbst & Chazan, 2003; Herbst, Nachlieli, & Chazan, 2011). We first

recount how the story of practical rationality began and the big picture it serves.

How We Started Our Efforts to Explain Teaching

We started to work together back in 2000, following our common interest in
understanding the teaching of mathematics at the secondary level and our
shared sense of the importance of learning the wisdom of the practice (Shulman,
2004). But while the focus of our interest was convergent, our theoretical
perspectives and our methods required some work. Chazan had been doing

what Ball (2000) calls first-person research: He had been using his own practice
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teaching Algebra I to investigate the dilemmas and dynamics that a teacher
needs to manage (see Chazan, 2000; Chazan & Ball, 1999; also Lampert, 1985).
Herbst had been using the more structuralist notions of didactical contract
(Brousseau, 1997) and didactical transposition (Chevallard, 1985) to provide
detached observer descriptions and explanations of the work of teaching and its
effects on the classroom representation of knowledge (see Herbst, 1998; 1999;
2002a; 2002b). Our conversations at the time had found a good anchor concept in
Bourdieu’s (1998) notion of disposition: an element of practical reason that could
be conceived as having two sides, like a coin. Dispositions could be seen by an
observer as ordinances to which the individual is subject given the position in
which they are, but dispositions could also be experienced as tendencies
emanating from the individual and compelling them to act in particular ways
(see Herbst & Chazan, 2003; cf. how Lampert, 1985, speaks of commitments). Early
on the conversation was mostly theoretical, as we searched for ways to
complement our perspectives; but then our conversation took a methodological
turn.

At about the same time that we started talking about dispositions, the
educational research community was dealing with a renewed interest in the use
of experimental methods in education, which culminated with reports like
Shavelson and Towne (2002) and the establishment of the What Works
Clearinghouse by the UsS Department of Education

(http:/ /ies.ed.gov/ncee/wwc/). The notion was in the air that educational
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research should aspire to the gold standard of using experimental design,
randomly assigning participants to conditions; and our conversations started to
include considerations of hypothesis testing in research on mathematics
teaching. As we considered what experimental research in mathematics
instruction could look like, it was odd to us that the image that first came to
mind was that of research on whether the implementation of an instructional
intervention might affect students” performance: Does curriculum X produce
better gains than curriculum A on the scale N? To be clear, nothing is odd about
thinking of curriculum or pedagogy implementation in terms of experimental
research. What seemed odd to us was that those types of questions would appear
as the prototypical examples of how our field might take on the challenge of
experimental research.

Experimental research that gauged the achievement gains that could be
caused by a particular treatment were clearly worthwhile questions, important
for policy and practice, but they were also applied questions, not necessarily
illuminating the fundamental phenomena of mathematics instruction. We
wondered whether embracing an experimental paradigm would necessarily
mean that research on mathematics instruction would be limited to asking
questions of an applied nature, questions that took for granted that we knew the
nature of mathematics instruction well and just had to design and test ways of
improving it. Given our experience as classroom researchers, we knew that, at

the time, mathematics education research (for a long time focused on learning
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and the learner, and later on the individual teacher) still had some ways to go as
far as understanding the nature of the activity of mathematics teaching. We
thought there was a great need for basic (as opposed to applied) research on
mathematics teaching, not just basic research on students or teachers. And so we
wondered whether basic research on mathematics instruction had some use for
an experimental paradigm.
Instructional Situations and their Norms:
A Focus for Basic Research on Mathematics Teaching

The fundamental idea, proposed by David K. Cohen among others (see
Cohen, Raudenbush, and Ball, 2003; also Chevallard, 1985; Hawkins, 1974;
Henderson, 1963), that instruction consists of the interactions among teacher,
students, and content in environments was compelling to us and essential for
defining an emerging field. We pondered what basic research on the nature of
mathematics instruction could look like if it embraced an experimental
paradigm: What kind of interventions could reveal aspects of the nature of
mathematics instruction? And what aspects of mathematics instruction could we
expect to find out about? These questions seemed important, on the one hand, in
order to respond to the challenge of using an experimental paradigm. Those
questions seemed important, on the other hand, in order to establish a
foundation for basic (rather than applied) research on instructional practice in
mathematics--research that asked questions distinct from the study of instruction

writ large (which might assume that the subject does not matter or that it matters
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the same regardless of the particular discipline from which it comes) as well as
questions distinct from the study of people (teachers or students) which might
perpetuate the reduction of mathematics education research to psychology.

One key idea presented itself as an aspect of mathematics instruction that we
wanted to find out more about: If the subject matters in instruction, that is, if
mathematics instruction in geometry is a practice distinct from instruction say in
Calculus, American History, or Organic Chemistry, we would expect to see
regularities of some sort across different cases of instruction in a specific domain.
This was anchored by our mutual interest in justification and proof and our
question of why, while those practices were current in geometry, they continued
to be absent in algebra, in spite of calls for it in reports over the decades: How
could it be that the same teacher with the same class, but perhaps at one year’s
remove, would talk and act so differently in regard to the source of mathematical
truth simply due to a shift from geometry to algebra instruction? Additionally, if
the regularities observed concerned mathematics instruction as an activity, we
would expect to observe regularities that went beyond the knowledge being
transacted to include similar ways in which teacher and students managed those
knowledge transactions. The word “norm” used in the sociological sense as the
normal or unmarked behavior that is tacitly expected in a setting, suggested itself
as the name of the object of study. We hypothesized that instruction in specific
courses of mathematical study (algebra, geometry, etc.) could be described as

abiding by consistent sets of norms, much as other human practices like eating in
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a formal dinner or getting a table in a restaurant abide by consistent sets of
norms (Garfinkel & Sacks, 1970). And we thought that experimental research
could be used to confirm that those norms exist.
Instructional Situations, their Norms, and the Notion of Breaching Experiment

While the observance of norms could be found at various layers of classroom
activity (as we indicate below, in particular at the layer of the didactical contract
and the layer of the mathematical task), we concentrated on studying norms at
the layer that we’ve called the instructional situation (Herbst, 2006). Conceptually,
an instructional situation is a type of encounter where an exchange can happen
between (1) specific mathematical work done by students and their teacher in
moment-to-moment interaction and (2) a claim on students’ knowing of a
specific item of knowledge at stake. Intuitively one could think of an
instructional situation as including a mathematical task and the element of the
curriculum that the completion of the task enables the teacher to lay claim on.
We model instructional situations by spelling out norms that describe the
knowledge and the work being exchanged, who is expected to do what, and
when those different actions are supposed to happen (see Herbst & Miyakawa,
2008; Herbst, Chen, Weiss, & Gonzélez, 2009).

Herbst's own research studying the work of the teacher managing the
instructional situation of ‘doing proofs” in high school geometry provided an
example of a norm: students are expected to justify a statement in a proof with a

reason before they move on to make the next statement. In proposing it as a
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norm, we did not mean to endorse the norm as appropriate, but to describe what
classroom participants —teacher and students —would consider appropriate. We
were not willing to posit that those norms would necessarily be explicit for
teachers or students: We expected that people might act as if they followed
norms but not necessarily bring them up if and when they were asked to
describe the activities they do. And we realized also that, unlike physical laws
those norms of human activity could not be thought of as inevitable; they could
in fact be broken —one could conceive of and actually find a teacher who had let
a student make a new statement without having justified the previous one. While
one would expect that a large number of observations of a similar instructional
situation would reveal compliance with norms more often than non compliance,
the notion that mathematics instruction is regulated by norms could not be
validated solely through the observation of regularities in action. We needed
empirical ways of attesting that even if a norm had actually been breached,
people familiar with the practice would have expected it to be fulfilled.

The notion that basic research on mathematics instruction could consist of
finding out about the norms of instruction in subject specific situations, along
with the particular notion of a norm as a tacit, shared expectation for action, led
us to an idea for how to pick up the challenge of doing experimental research.
We were inspired by the ethnomethodological notion of breaching experiments
(Garfinkel & Sacks, 1970; Mehan & Wood, 1975), which the first author was

already adapting for use in classroom research (Herbst, 2003, 2006). We thought
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this notion could be adapted to deliberately bring to the surface practitioners’
sense of the norms of instruction. If we could represent to practitioners (for
example, through a videotaped episode of instruction, but also possibly through
an animation or through a virtual reality experience) action that purported to be
of the same kind of what they would ordinarily do, but where a hypothesized
norm of that action had been breached, we might be able to hear from
practitioners whether they had expected the norm to hold. In that sense, a
representation of teaching that included the breach of a norm could be expected
to reproduce deliberately the phenomenon of interest, namely, that practitioners
expected that norm to hold. The extent to which those procedures could be called
experiments refers to Francis Bacon’s notion of experiment in scientific inquiry:
“there remains simple experience; which, if taken as it comes, is called accident,”
“if sought for, experiment” (cited in Durant, 1926, p. 146). That is, our earlier
conception of doing experimental research only abided by the notion of
experiment as the deliberate reproduction of a phenomenon. But one could also
see at least as a possibility that the modern conception of experiment, which
emphasizes reproduction of the phenomenon under controlled conditions by
way of random assignment of participants to conditions, could be used to
confirm that a norm holds: Imagine having two representations of teaching that
differed only in that in one of them (the control condition) a hypothesized norm
held while in the other (the treatment condition) the hypothesized norm has

been breached. Imagine a sample of practitioners who have a comparable degree
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of socialization in the practice where the norm is supposed to hold. Imagine
randomly assigning those participants to one or another representation. Imagine
having a way of gauging their satisfaction with the instruction experienced and
comparing both groups in regard to that assessment. That gave us a skeleton of
what basic experimental research on instruction could look like and some
impetus for initial work on a project that we would later call Thought
Experiments in Mathematics Teaching (ThEMaT).
Thought Experiments in Mathematics Teaching

The notions of instructional situation, norm, and breaching experiments led
us first to gather video records from a geometry lesson on proofs where the
teacher allowed a student at the board to omit the justification of a statement and
to move on with the proof. We started by gathering focus groups of geometry
teachers that looked at that video record and then examining the discourse of
those focus groups for comments that might provide evidence that teachers in
the focus groups had seen the actions of the videotaped teacher as breaching a
norm (Herbst & Chazan, 2003; Nachlieli & Herbst, 2009; Weiss, Herbst, & Chen,
2009). At the same time that this work was being done we started exploring the
use of animations to represent classroom scenarios and we wrote a grant
proposal for Thought Experiments in Mathematics Teaching to the National
Science Foundation, asking for support to create animations that helped us study

what by then we had started calling the practical rationality of mathematics teaching.
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Thought Experiments in Mathematics Teaching (ThEMaT) was funded in
2004 and, among other things, it enabled us to create seventeen families of
animated classroom stories (the stories can be seen in LessonSketch,
www.lessonsketch.org). The animations use simple cartoon characters and voice
over to represent scenarios of classroom instruction. The use of animations
allowed us to control the content of those scenarios, allowing us to design
scenarios that breach a norm but comply with others. Animations also allowed
us to produce breaches that had not been observed in actual classrooms (thus
showing one important advantage over video records). And this media also
allowed us to create stories that branched, thus depicting alternative scenarios
that proceeded from a common trunk (thus our reference to families of stories,
since many of them have several alternative stories; see Chazan & Herbst, 2012;
Herbst, Chazan, Chen, Chieu, & Weiss, 2011; Herbst, Nachlieli, & Chazan, 2011).
The generous support of the National Science Foundation has been crucial for us
to maintain a research program that, in our view, has contributed to the field not
only an important technique for data collection but also some useful theoretical
and methodological ideas.

The goals of the research program are quite ambitious: To develop and test a
theory of the rationality of instructional practices in mathematics. This theory of
the rationality of instruction explains what instructional actions are justifiable by
drawing on two elements (1) the norms that the practice of teaching a particular

mathematics course imposes on whoever plays the role of teacher, and (2) the
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obligations that the profession of mathematics teaching requires of anybody
taking the position of mathematics teacher. Combined with the personal assets
(including knowledge, skills, and beliefs) that an individual teacher brings with
them to that position and that role, those norms and obligations can help explain
teacher action and decision-making. The project is now on its second funding
cycle in which we are designing and using an online interface (LessonSketch,

www.lessonsketch.org) to deliver online multimedia experiences that include

animations and other cartoon-based representations of teaching. The project
designs multimedia experiences and questionnaires that confront individuals or
groups of teachers with representations of teaching; the project will investigate
how responses to those questionnaires correlate with measures of mathematical
knowledge for teaching (MKT; Ball, Thames, & Phelps, 2008). Over the years,
project ThEMaT has allowed us not only to probe and ground our ideas about
norms and develop instruments but also to deepen the theory and make
progress, though we have not yet used an experimental paradigm in quite the
sense described above. Our interventions thus far are experiments in the sense
that they reproduce predicted phenomena (evidence of the breach of a norm),
but they have not yet reached the gold standard of controlled conditions by
random assignment. These conditions may be fulfilled through our current
efforts with LessonSketch: An authoring tool in the LessonSketch environment
allows us to create online multimedia experiences that may be randomly

assigned to participants (see Inglis & Mejia Ramos, 2009, for an example of a
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similar use of the internet in experimental research in mathematics education).
While the foregoing describes the story of our work, we use the following
sections to expand on the ideas and some of the methods.
Explicating Practical Rationality
A Classroom Scenario

Consider what we would call a thought experiment in mathematics
teaching. The action happens in a high school geometry course in late November.
The class has spent some time learning to use triangle congruence to prove
statements and has begun the study of quadrilaterals. The teacher, Mr. Jones,
has drawn a figure on the board (see Figure 1) and wants the class to prove a
statement about the relationship between the sides of the rectangle ABCD. There
is some hesitation. Somebody asks whether they could prove that AB is longer
than BC while another student asks what they have to go on; the teacher lets
those comments pass. A student asks whether triangles ADE and BCE are
congruent. Mr. Jones writes this question on the board and draws two arrows
from it. One arrow points toward a question he writes, “how would it help to
know that those triangles are congruent?” The other arrow points toward
another question he also writes, “what would you need to assume to be able to
say that those triangles are congruent?” You can hear somebody say that it’s
obvious that they are congruent while another says that they could then say the
triangles are isosceles. Another student says, “you’d need to know that AEB is a

right angle;” Mr. Jones writes this on the board and asks the class what they have
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to say about that (see Figure 2). Some students claim to not really know what the
teacher means with that question but others raise their hands. One of these
students says that she thinks it would be useful if the angle were right because
then the angles at the top would be congruent with the small angles at E. Some
kids perk up and one kid says, “and you could then say that AB is twice BC.”
The teacher asks them to take a few minutes and see if they can prove that the
ratio between the sides is 2 assuming as little as possible. You see a kid write,

“Prove: The ratio is 2 ” while others have written “Given:” and are pensive.

A B
B ‘\ \ Are triangles ADE and CBE::Q‘M’J
ﬂ ‘:l})m‘t) T ADE True How Il.:
' . congru are
.o d
.
Figure 1. Mr. Jones diagram Figure 2. Discussing given and prove

For a few years now, in the context of the project Thought Experiments in
Mathematics Teaching, we have been creating cartoon-based representations of
teaching that illustrate conceivable scenarios of instruction. One of them is the
story “A Proof about Rectangles,” a version of which we’ve just described. Now

we want to use that episode to raise a few questions about mathematics
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instruction in school classrooms and to elaborate on the ideas that this kind of
material has helped us explore.

Some of these questions concern the substance of this conceivable episode:
What opportunities for students” mathematical work are made possible by how
the teacher has been managing the instruction? Other questions are about theory:
What kind of considerations about classroom instruction could help us describe
and explain how teacher and students ordinarily transact mathematical ideas, in
such a way that we could also account for possible avenues for improvement and
foresee their consequences? Finally, other questions are about research
methodology: What kind of data can help us ground those theoretical
considerations? How to obtain it? These questions, though large, serve to
explicate the program of research that we call the practical rationality of
mathematics teaching (Herbst & Chazan, 2003; Herbst, Nachlieli, & Chazan, 2011).
Desirable and Customary Mathematical Work

What mathematical work are students doing in the episode described above?
We could describe it as listing plausible statements about a figure and
considering whether these plausible statements could be connected through
logical necessity. The source of some of those statements seems to be
perceptual —for example, the observation that angle AEB is right. Other
statements seem to result from deduction—notably, the observation that if the
angle AEB was right then one could conclude that side AB would be twice as

long as side BC. But regardless of the origin of each of those statements, the
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teacher is helping students connect all statements through abduction and
deduction: Asking what assumptions would enable one to infer the plausible
statement made and asking what inferences could be made if one took that
plausible statement for granted. The assertion about the relative length of the
sides of the rectangle eventually derives from the plausible truth of those earlier
statements. The teacher is thus helping students reduce a question of truth (what
could be true about an object) to a question of deducibility from possible
statements about an object. They are using proof as a method to find things out.

Such use of proof as method in knowledge inquiry is essential to the
discipline of mathematics (Lakatos, 1976). It is also behind the drive to
mathematically model other fields of experience: The expectation that in those
fields it will also be possible to reduce the problem of truth to a quest for
deducibility, which can then warrant new, still unknown, possible truths is
important in pure and applied science. Hanna & Jahnke (1996) have argued that,
by using an empirical theory to predict empirical phenomena, scientists engage
in modeling the world and deductively producing inferences based on
assumptions, predictions that are eventually subject to confirmation by
experimentation.

Being able to master such a form of inquiry can make a child resourceful in
ways that can add to methodological resources they get from the study of other
disciplines. Mathematical work of the kind depicted in the scenario is not only

authentic mathematical work (Weiss, Herbst, & Chen, 2009) but also embodies



Herbst & Chazan

skills and processes that might empower students to contribute to knowledge
production writ large. In that sense we would argue that Mr. Jones’s questions to
students about what could be deduced from a given statement, or what
statement could entail what they think is true, are helpful ways of educating his
students in the use of mathematical reasoning for making predictions about the
world, in this case about the world of diagrams. A scenario where students could
work on connecting plausible statements deductively is therefore conceivable
and it could be represented using animations or comic strips with cartoon
characters.

However, it is likely the case that few students encounter such opportunities
to engage with proof in school mathematics in the way outlined by the foregoing
scenario. The work they do during their school years rarely includes chances to
acquire the skill or the appreciation of the methodological, model-making
function of proof or even experiences doing work that could have had that
exchange value.

It is more likely that the problem above would be presented to high school
geometry students as shown in Figure 3. In particular, while students are
ordinarily expected to prove propositions in high school geometry, it is
ordinarily the teacher (or the book) who will state the givens and the conclusion
of the propositions they prove. While efforts to change these norms have been
made (e.g., the work with the Geometric Supposers reported in Schwartz,

Yerushalmy, & Wilson, 1993), it rarely falls on the students to determine the
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givens for a plausible conclusion, to deduce the conclusion from a set of givens,
or to find both the givens and the conclusion for a theorem that relates to some

plausible naive conjecture.

*Given:

A B ABCD rectangle,

E midpoint of DC,

[JAEB right angle

Prove: ﬁ =2
BC

Figure 3. A more likely proof problem.

The Scenario as an Example of Norms and Instructional Situations

The expectation that, if students are to be held accountable for producing a
proof, the teacher will have to provide for them the givens and the “prove”
statement is an example of what we call a norm of the instructional situation
“doing proofs.” It is a norm in the sense that an observer can describe teachers
and students acting as if they expected that this would be the case. In
consequence, if students and teacher were involved in an interaction about a
problem for which the teacher did not provide the given and the “prove”, then it
is likely that neither teachers nor students would describe those activities as

doing proofs—they might describe them as something else (e.g., having a
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discussion). The norm is that anytime the students are expected to produce a
proof, teachers are expected to provide the givens and the conclusion to prove.
Of course by “norm” we don’t mean “the correct thing to do’; it is certainly not
“correct” from our perspective informed by our understanding of mathematical
practice, though it may be experienced as correct or appropriate by teachers and
students. We use “norm” and “normative” in two complementary senses: First,
the sense in which ‘normative’ means ‘frequent’ or ‘usual,” this could be
corroborated empirically by observing, over a large number of high school
geometry classrooms, the recurrence of this feature in proof activity. Second, the
sense in which the participants in the situation act as if they expected such
behaviors to be appropriate or correct.

Such norms are not just arbitrary belief systems, idiosyncratic and completely
changeable; they are norms of interaction between teacher, students, and specific
content and are thus ascribed not to individuals but to the specific instructional
situation where that interaction happens. They have a particular purpose; they
regulate the division of labor over time between student and teacher vis-a-vis a
specific kind of instructional exchange. In this case, this norm regulates the
exchange between the work students do when proving a proposition and the
claim (that the teacher needs to substantiate in high school Geometry) that
students know how to do proofs. In that sense, this norm is different in scope
than the more general norms of the didactical contract, which are present across

different instructional exchanges (e.g., the expectation that when the teacher asks
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students a question, she already knows the answer). In trying to understand the
practical rationality that underlies that norm and the possibilities to depart from
it we are therefore asking not a question about instruction in general (e.g., Do
teachers see it as possible, desirable, or appropriate to have students work on
tasks where they determine the givens or the goal?) but rather a question about
what counts as doing a proof in high school geometry: Do teachers see it as
possible, desirable, or appropriate to hold students accountable for doing a proof
and to do so in the context of tasks where students are in charge of providing the
givens or the conclusion of the proof problem? To us it seems that such tasks
would enable students to experience and learn about the methodological role of
proof: Its instrumentality in finding new knowledge. But, such tasks are not
common in classrooms.

“Doing proofs” in high school geometry illustrates what we mean by an
instructional situation. These are frames for the encounter among teacher,
students, and specific content: In these encounters an instructional exchange
takes place —the exchange between the work that students do, for example, on a
particular task, and the knowledge claim that such work enables the teacher to
make by virtue of having done that work. Instructional situations can be
modeled as systems of norms such as the one described above. Instructional
situations are content-specific in two regards: They accommodate or make room
for specific tasks, and they permit the exchange of work on those tasks for

specific items of knowledge. The instructional situation “doing proofs” does not
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customarily accommodate students” work in which students produce the givens
or the “prove’ for a proof problem; rather, if they are ever involved in such work,
their involvement does not count as knowledge of proof. Based on our
understanding of the methodological role of proof in mathematics (Lakatos,
1976) we argue that such work (figuring out the givens or the conclusion) does
not always precede but it is often part of the work of proving in mathematics.

Is it Feasible to Change Instructional Situations?

A motivation for our work has been to understand better whether the kind of
mathematical work described above —the use of proof as a tool to know with—
could feasibly be deployed in classrooms. One way of addressing that question
focuses on the design of resources that can support that work. And some of our
instructional experiments (e.g., Herbst, 2003, 2006) have included developing
resources, including special lessons and units co-developed with teachers. In
those, problems were designed to create contexts where proving could help
students come up with an answer to the problem. Our focus on the feasibility of
that work led us not only to investigate whether proof could play a role as a tool
to know with (see Herbst, 2005) but also to investigate what kinds of disruptions
of the work of teaching those tasks would cause (Herbst, 2003) and what sorts of
negotiations a teacher needed to make to restore a sense of normalcy (Herbst,
2006).

Another way of addressing the feasibility question goes beyond investigating

what is possible when teachers use different tasks to engage students in proving
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and taps into the source of arguments that teachers could draw upon to justify or
rebuff such tasks. Behind that version of the feasibility question is the
fundamental hypothesis that classrooms are complex systems where actions are
not merely a projection of the will or capacity of the actors or the richness of their
resources. Rather, actions of individual actors contribute to the deployment of a
joint activity system whose performance also feeds back, and thus gives shape, to
the actions that the participants can take in that system. And at least tacitly and
as a group, teachers of a given course know the demands of that system to the
point that we should be well advised to canvass that knowledge if we intend to
understand whether a particular improvement will be feasible or not. The
question then is not simply how to design materials that enable desirable
mathematical work or how to create in teachers the desire to promote that work.
We also need to ask about the structure and function of the activity system where
that work might be deployed and how this system might accommodate or resist
attempts to deploy that work. In particular this requires thinking of mathematics
instruction in school classrooms as a system of relationships that are deployed
under various conditions and constraints. A conceptualization of this system
could enable us to think in a more sophisticated and potentially accurate way
about what teacher and students do and thus be able to foresee if given
improvement efforts have a prospect of success.

An analogy with how mathematics educators have evolved in their thinking

about students’ errors can illuminate this conceptualization of instruction as a



Herbst & Chazan

system. There used to be a time when student errors were seen as indications of
misfit, mishaps, or forgetfulness. Things changed when research on students’
mathematical work started to be treated within a cognitive paradigm. For
example, an international study led by Lauren Resnick, Pearla Nesher, and
Frangois Leonard (see Resnick, Nesher, Leonard, Magone, Omanson, & Peled,
1989) on students’ sorting of decimal fractions showed that students” errors had a
conceptual basis: Their errors could be explained by the existence of conceptual,
tacit controls such as the “fraction rule” or the “natural number rule.” These
were mathematical quasi-truths, or epistemological obstacles (Brousseau, 1997),
true within a limited domain but false when that domain was extended. Students
that made errors did so not out of the lack of knowledge but out of the
possession of some knowledge. As a field, our stance toward students’ errors
thus changed from an early judgment stance to a later inquiry stance: Rather
than judging students as irrational when they make errors, we now strive to
understand what rationality leads them to make those errors.

We propose that we should think of the actions of teachers (and students) in
the classroom by analogy with how we have come to think about error in
children’s mathematical thinking. The analogy we propose is that we could think
of “error” in instruction—really teaching that deviates from what might be
deemed desirable —not as an indication of misfit, ill will, or lack of knowledge,
on the part of the practitioner. Rather, we should think of this “error” as an

indication of the possible presence of some knowledge, knowledge of what to do,
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which is subject to a practical rationality that justifies it. This is a rationality that
we should try to understand better before judging teachers or attempting to
legislate their practice. It is this rationality, rather than simple stubbornness, that
explains why many reforms are not able to make their way into classrooms.
Teachers and students act in classrooms in ways that attest to the existence of
specialized knowledge of what to do; knowledge that outsiders to those
classrooms are less likely to have even if they know the knowledge domain being
taught and learned. For example, as it relates to the scenario narrated above,
teachers and students of geometry would likely see it as strange for Mr. Jones to
ask the students for the givens of the problem. We focus here on the rationality
associated with the role of the teacher and how this might warrant or refute
actions like that one.
Practical Rationality and the Role of the Teacher

The “teacher” of a specific course of mathematical studies, such as high
school geometry, is an institutional role, not just a name to describe an aspect of
an individual’s identity (Buchmann, 1986). There is a person who plays the role,
for sure; that person comes to play the role with personal assets that are likely to
matter in what he or she chooses to do. These assets are likely to include
mathematical knowledge for teaching and skill at doing some tasks of teaching
(Ball, Thames, and Phelps, 2008). It is widely believed that those assets make a
difference; that teachers who have those assets may be able to figure out and do

things that others may not be able to do. But while teachers’ causes and motives
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to do things may have personal grounds, it is unlikely that their actions could be
justified on personal grounds. One could imagine that Mr. Jones in the scenario
above might have been bored with the prospect of giving his students another
routine proof exercise or wanted to have a fun day teaching geometry. But we
could not really expect him to use any of that as the warrant for doing what he
did —his job is not to find activities that amuse him, but rather to teach geometry
to his students. Even if the actual basis for his actions had been his own
amusement, how could he justify having done that when talking with his peers?
Those grounds for justification are what we call practical rationality.

The notion of practical rationality points to a container of dispositions that
could have currency in a collective, for example, within the set of colleagues who
teach geometry in similar settings. These are dispositions to abide by the norms of
the specific instructional situation a teacher is engaged in (i.e., the norms of the
situation of doing proofs in high school geometry) as well as dispositions to
honor the obligations to the profession of mathematics teaching.

By dispositions we mean what Bourdieu (1998) describes as the categories of
perception and appreciation that compel agents in a practice to act in specific
ways. We interpret categories of perception to include the taken as shared ways
in which practitioners perceive people, events, things, and ideas in the shared
world of the classroom, as instantiated, for example in the language tokens they
use to talk about the world of the classroom. We interpret categories of

appreciation to include the principles and qualities on which practitioners rely to
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establish an attitude toward people, events, things, or ideas. Dispositions tend to
be tacit but they can be articulated to others when justifying to one’s peers (or to
other stakeholders) why one might or might not do something like what Mr.
Jones did with that proof problem. The high school geometry course and the
work of doing proofs, in particular, have been particularly fertile grounds for us
to develop theory about instruction and the practical rationality of mathematics
teaching.
Didactical Contract and the Role of the Teacher

To conceptualize the work of the teacher as the playing of a role, we start
from the notion of the didactical contract (Brousseau, 1997): The hypothesis that
student and teacher have some basic roles and responsibilities vis-a-vis a body of
knowledge at stake. What does it mean that there is knowledge at stake? The
relationship between teacher and students exists because of the assumption that
there is knowledge that can be communicated from one to the other; this
knowledge is at stake because such communication may or may not happen. The
didactical contract is a tacit assignment of rights and responsibilities between
teacher and student vis-a-vis the communication of that knowledge. These
responsibilities include the expectation for the teacher to give students work to
do that is supposed to create opportunities to learn elements of that body of
knowledge, and the expectation for the student to engage in the work assigned,
producing work that can be assessed as evidence of having (or not yet having)

acquired that knowledge.
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We use the word norm to designate each of those statements that an observer
makes in an effort to articulate what regulates a practice: Actors act as if they held
such statement as a norm, though they may be quite unaware of it. Each class has
a didactical contract that can be modeled by listing its norms. From the
perspective of the teacher, the didactical contract authorizes a basic exchange
economy of knowledge that he or she has to manage: An exchange between
work designed for, assigned to, and completed by students and elements of
knowledge, prescribed by the curriculum, at stake in that work, and hopefully
embodied in students” productions. The role of the teacher includes managing
those exchanges between work and knowledge. This management includes, first,
enabling and supporting mathematical work; and second, interpreting the results
of this work, exchanging it for the knowledge at stake.

The hypothesis of a didactical contract only says that a contract exists that
fulfills those goals; the hypothesis means to describe any mathematics teaching
inside an educational institution. But it is also obvious that the teacher and
student roles and responsibilities are under-described by that hypothesis: There
are many ways in which the didactical contract could be enacted that would
have at least those characteristics; contracts could be quite different from each
other not the least because the mathematics at stake could be very different from
course to course and thus require very different forms of work to be learned.
Even for the same course of studies, say high school geometry, different contracts

could further stipulate the roles and responsibilities of teacher and student
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differently. In particular, it is conceivable that some contracts might include the
expectation that every new task would require negotiation about how the
general norms of the contract apply (e.g., What is it required of the teacher to get
students to work on a particular task? What does it mean for students to work on
that task?). It is also conceivable, and we argue more likely, that contracts rely on
a manifold of instructional situations that forego the need for some of those
negotiations much of the time. These instructional situations include mostly tacit
but specific norms that specify how the didactical contract applies for a range of
tasks and the specific items of knowledge to be exchanged for the students” work
on those tasks.

While some research has endeavored to conceptualize, enact, and study the
characteristics of alternative contracts (e.g., Chazan, 2000; Lampert, 1990, 2001;
Yackel & Cobb, 1996), the first author has been interested in using a variety of
approaches to study the usual high school geometry contract and the practical
rationality behind the teachers” work managing the exchanges enabled by that
contract. The reason for that is founded on the considerations about
improvement made earlier. Sustainable improvement in instruction will not only
need to provide new and better resources but also to be able to deal
constructively with the inertia and possible reactions from established practice.
Knowledge of how instruction usually works and what rationality underpins its
usual operations is key for the design of reforms that are viable and sustainable.

Furthermore, knowledge of how wusual instruction works can encourage
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piecemeal, incremental changes that don’t throw the proverbial baby with the
bathwater.
Instructional Situations and the Role of the Teacher

The situation of “doing proofs” has been a useful starting point in that
research agenda. Historical analysis (Herbst, 2002b; Gonzalez & Herbst, 2006)
has showed how the general skill “how to do proofs” became an object of study
in and of itself, leaving behind the important relationships between proofs and
specific concepts, theorems, and theories. The work that students do has also
evolved to the current state in which what a student can prove from available
givens matters much less than whether and how well they carry out a proof. In
exchange for a claim on that knowledge (to show that they know “how to do
proofs”) students are to show that they can connect a “given” with a “prove” by
making a sequence of statements justified with prior knowledge (regardless of
the strength or the importance of the proposition proved): In other words
students are learning the logical form of proof at the expense of its
methodological function. In describing such exchange as an instructional
situation, we posit that this exchange is facilitated by a specialized set of norms
that elaborate how the didactical contract applies.

From observing work in geometry classrooms we have noted that implicit
expectations of who is to do what and when vary depending on the specifics of
the object of study. In relation to diagrams, for example, the extent to which

students can draw objects into a diagram or draw observations from a diagram
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varies according to whether the work is framed as a construction, an exploration,
or a proof (Herbst, 2004). While the didactical contract for a course may have
some general norms that differentiate it from a contract for a different course,
there is also differentiation between the more specific norms within a given
course of studies, depending again on what is at stake. Much of those rules are
cued in classroom interaction through the use of selected words such as prove,
construct, or conjecture. These words frame classroom interaction by summoning
special, mutual expectations, or norms, of who can do what and when. As noted
above, we use the expression instructional situation to refer to each of those
frames. Instructional situations are specialized, local versions of the didactical
contract that frame particular exchanges of work for knowledge, obviating the
need to negotiate how the contract applies for a specific chunk of work.

“Doing proofs” is an example of an instructional situation in high school
geometry; “solving equations” is an example of an instructional situation in
algebra I (Chazan & Lueke, 2009). We contend that these frames for classroom
interaction, these instructional situations, are defaults for classroom interaction,
tacit knowledge held by the classroom as an organization (Cook & Brown, 1999)
that specifies what to do; knowledge perpetuated through socialization (and
with the aid of textbooks and colleagues) that, in particular, provides cues for the
teacher on what to do and what to expect the student to do. Instructional
situations are sociotechnical units of analysis; they organize joint action with

specific content.
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Our perspective centers on the situation rather than the individual and has
the power to explain why the same individual might happen to do quite
different things in different situations by no fault of their own. To implement this
focus on the situations thus far we have created models of those situations. A
model is not a portrait of what is desirable but rather a simplified operational
description of a reality, in this case a human activity. Our models consist of
arrays of norms that describe each situation in terms of who has to do what and
when (Herbst & Miyakawa, 2008). Those models facilitate research on the
content of practical rationality.

Practical rationality is a container whose content includes the categories of
perception and appreciation that are viable within the profession of mathematics
teaching to warrant (or refute) courses of action in teaching. The notions of
instructional situation, norm, and breach of a norm are the points of departure to
study this rationality empirically. Based on the ethnomethodological notion of a
breaching experiment (Mehan & Wood, 1975) we propose, as a methodological
hypothesis, that if participants in an instructional situation are immersed in an
instance of a situation where one of its norms has been breached, they will
engage in repair strategies that not only confirm the existence of the norm but
also elaborate on the role that the norm plays in the situation or on what might
justity departing from the norm.

Our data collection technique relies on representations of breached instances

of instructional situations —representations made in videos, slideshows, or comic
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strips, sometimes using real teachers and students (e.g., Nachlieli & Herbst, 2009)
or using cartoon characters (Herbst, Nachlieli, & Chazan, 2011). We confront
usual participants in an instructional situation with a breached representation.
For example, the classroom scenario narrated above is quite close in content to an
animated classroom story, “A Proof about Rectangles,” that we produced in
order to study the rationality behind the tacit norm that the teacher is in charge
of spelling out the givens and the prove. To find out about that rationality we
attend to participants’ reactions to the representation: Do they perceive the
breach of the norm? Do they accept the situation in spite of the breach? What do
they identify as being at risk because of the breach? What opportunities, if any,
do they see being created or lost because of the breach?

Our aim is not to understand the participants themselves; our aim is to use
the participants” experience with the situation to understand the situation better.
In particular we want to discover the elements of the practical rationality of
mathematics teaching that teachers consider viable justifications of breaches of
situations that would arguably be desirable, say because they might create a
more authentic kind of mathematical work (see Weiss, Herbst, & Chen, 2009). In
the case of the story narrated above we would pose the following concrete
question: On what account could a teacher justify (or rebuff) an action like the
one Mr. Jones took? Clearly, researchers might be able to justify Mr. Jones” action
and we have tried to articulate that from a mathematical perspective. But in spite

of the fact that some of us have had experience teaching we don’t know teaching
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now in the way practitioners do. By virtue of the role that they play and the
position from which they take on that role, teachers have to respond to specific
obligations that shape their decisions.
Experimentation and Teachers” Responses to a Breach of a Norm

In the previous section we noted that our technique to study the practical
rationality with which practitioners might justify abiding by or departing from a
norm in an instructional situation consists in creating a representation of practice
that instantiates the situation and where the norm in question has been breached,
then listening to how teachers respond to that representation. When teachers
respond to a breach in an instructional situation, they might reject the situation
or might repair the situation. By reject the situation we mean that they would
come across as saying “this class is not doing a proof;” key in such a
categorization is (1) the recognition that someone might argue that the target
situation (doing proofs) describes the scenario being enacted and (2) their denial
of the validity of such a description. By repair the situation we mean a softer
version of rejection: participants come across as describing the events using a
different situation or as conforming to a contract different than the normative.
For example, some teachers have said that Mr. Jones is leading students in an

exploration rather than a proof.
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“the only thing I could see him doing is that he was trying to get them the
idea of making conjectures, okay? What, what can we assume about this
picture” (ITH062806, 4, 81, Tina)?2

“Maybe it's just like a -- kind of a like a blank canvas for just discussing

without all of the restrictions tied on at this point just y'know lighter form

of conversation y'know.” (ThEMaT082206, 10, 109, Lucille)

Key in categorizing those expressions as repairs of the situation are that (1)
participants are describing the events in terms of the larger grain size of the
teacher’s instructional goal and that (2) participants are using some conventional
labels for recurrent classroom activity to describe what happened in ways that
fail to recognize the situation as one of “doing proofs” (e.g., conversation,
making conjectures).

A third alternative, also present in our data, can be described as
participants’ acceptance of the situation, namely recognized it as a case of “doing
proofs.” For the sake of coding data, whenever participants don’t reject or repair
the situation we take that as an acceptance, even if this is tacit. In some of these
cases their acceptance of the situation came with comments that indicated that
something about the particular task in which “doing proofs” was embodied had
not been done as it should have been done. For example, some of our

participants said

> References to session data follow the convention (sessionid, interval, turn, speaker).
All names are pseudonyms.
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“So the fact that he's y'’know not marking anything and asking them to

kinda trust that drawing is kind of odd” (ThEMaT082206, 20,227, Edwin)

“we tell them not to assume anything that we draw.” (ThEMaT082206,
5,112,Tina)
Among those comments accepting the situation as doing proofs, some comments
indicated a positive appraisal of what the teacher had done. For example:

“In the books we always go given-prove, right? So we don't really give

them the option to even explore some of the nature of the figures.”

(ThEMaT082206, 10,116, Jillian)
We describe those responses as accepting the situation (the participant identifies
or at least does not deny that the goal of the activity is to “do a proof”) but
repairing the task (while the participant does not cast the situation as different
than doing proofs, the participant recognizes some actions as deviating from the
norm in that situation). A complete enumeration of contingencies includes, at
least conceptually, the possibility that participants may accept the situation and
accept the task: However, empirically one might observe those cases to be
unmarked (e.g., the participant talks about something other than the breach).
Incidentally, note that in this discussion we are proceeding rather globally and
omitting considerations of the possible complexities of the unit of analysis for the
sake of proposing how the experimental data could be aggregated: While the
present considerations might be used to examine data gathered from individual

practitioners providing a one-time response to a representation (for example,
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responding to a multimedia questionnaire), data gathered from groups of
practitioners in more extended conversations (such as those reported by Chazan
& Herbst, 2012, or Herbst, Nachlieli, & Chazan, 2011) require more sophisticated
considerations of the unit of analysis.

From those broad considerations about the way we might code data from
practitioners’ responses to a representation of an instructional situation we can
anticipate a way of using this data to gauge the extent to which a hypothesized
norm pertains to the situation under consideration—and in that way use
experimentation to build basic knowledge about the practice of mathematics
teaching. Consider first the case of practitioners responding to a representation
of an instructional situation in which a hypothesized norm of that situation has
been breached (e.g., the teacher asks students to provide the givens for a proof
exercise). Consider further that the encounter between practitioners and
representations is framed for them as a case of the situation (e.g., the instrument
declares something to the effect of “we are going to see how a class works on a
proof”) but no mention is made of the possibility that a norm might be breached
nor is attention explicitly directed to the actions by which the breach is manifest.
After the encounter, participants are asked to comment on how appropriately the
teacher handled the situation (e.g., “what do you think of the way the teacher
managed the class’s engagement in proving”). The data is then coded in ways
that permit the aggregation shown in the contingency table below (and drawing

on the definitions of reject, repair, and accept given above).
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Accept Situation Reject or  Repair
Situation
Reject or Repair Task | 2 1
Accept Task 4 3

The hypothesis that the norm breached is a norm for the situation being
represented would justify the expectation that data would aggregate in cells 2
and 3. Cell 2 represents responses of the kind “in this situation you’d rather do
this other work instead” (e.g., if you want students to do a proof, you give them
the givens and the prove). Cell 3 represents responses of the kind “the kind of
work you are doing there fits better in this other kind of situation” (e.g., a
question like that would be better off in a conversation than in a proof). Data that
could be classified in any of those cells would provide evidence that adds
credibility to the hypothesis that the norm applies. (Note that this evidence could
but would not solely include repairs that specifically mention the norm
breached —norms could stay tacit in spite of being breached and the evidence
provided by participants might just reveal their sense that something has gone
awry.) In contrast, cells 1 and 4 provide evidence that contradicts or at least
provides no evidence in favor of the normative nature of the hypothesized norm.

Intuitively, under the hypotheses that the norm applies to the situation, that

the representation breaches the norm, and that the participants are experienced
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enactors of the situation, one would expect the aggregate of Cells 2 and 3 (repairs
of situation or of task) to be higher than the aggregate of Cells 1 and 4. One could
define a measure of the extent to which the representation elicits repairs (2 + 3)
or percentage of teachers who repaired over those who provided comments..
More generally, given a representation (related to a norm N of a situation S) and
a sample of practitioners, the representation could be classified a priori as
breaching or non breaching N, and each practitioner could be classified as
experienced or not experienced in S. The percentages of repairs could be used in
particular, to test (this time using the modern sense of experiment) the extent to
which experienced practitioners in a situation hold norm N.

Imagine a sample of experienced practitioners randomly assigned to one of
the following two conditions. In the experimental condition the practitioners
consider a breached representation, while in the control condition the
practitioners consider a compliant representation. = The responses from
practitioners would then be summarized in corresponding repair ratios r1.. and
ro. as defined above and the difference between these proportions could be
tested for significance. Similarly, one could pose the question of whether this
norm is significantly more salient for teachers experienced in the situation of
interest than for teachers who do not have such experience. This question could
lead one to compare the ratios ri1 and rio, that is, the repair ratios for
experienced and non experienced practitioners confronting a breached

representation. Finally, one could consider randomly assigning practitioners who
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are either experienced or inexperienced in the situation to either a breached or a
compliant representation, and analyzing the table of contingencies below. The
Chi Square test could be used to examine whether acknowledgment of Norm N

is specific to teachers experienced in Situation S.

Experienced in S Inexperienced in S
Breached Representation (of Ns) [r11 1,0
Compliant Representation (of S) [ro1 0,0

Of course the preceding argument is only a sketch of what the research ahead
requires. In addition to the problem of determining the unit of analysis noted
above, there remains the problem of finding operational ways of determining
repairs, rejections, and acceptances of task and situation. While we have made
some important progress identifying norms of situations to be researched and
creating representations that breach those norms, the work of developing
measures of the repairs that practitioners produce in response to those
representations is still incipient. Our current work in this area investigates the
use of elements of systemic functional linguistics, particularly the notions of
modality and appraisal (Halliday & Matthiessen, 2004; Martin & White, 2007), to
anchor the notion of repair in linguistic performance. Furthermore, as far as the
implementation of the technique, these considerations oversimplify the certainty

with which one can say that a representation of a situation breaches a norm or
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complies with all norms—it isn’t only that the provisional nature of models
challenges the extent to which one can ever say that a representation will be
compliant, but the multidimensional and interactive nature of human activity
makes it hard to represent breaches of a norm without other remarkable
entailments needed for continuity’s sake. Along those lines, and because of the
extent to which an instance of a situation may instantiate more than the actions
specific to a norm, a third challenge consists of being able to reproduce the
phenomenon (participants” recognition of the norm) independently of the
representation used: Would representations R and R’ of different instances of the
same situation S, each of which breaches the same norm N, produce similar
responses from practitioners experienced in S? Considering those
methodological challenges, it is fitting to say that so far we have only been able
to show how our theoretical agenda and basic research goals could use an
experimental paradigm and within that to indicate more specific methodological
goals.

The sketch above does indicate a path for using an experimental approach in
basic research on mathematics teaching —specifically, research that identifies and
confirms the existence of specific norms for specific instructional situations. But
as noted above, practical rationality includes more than the norms of
instructional situations; it includes the categories of perception and appreciation
with which practitioners can relate to actual and possible actions in teaching. In

particular, practical rationality includes the grounds on which a breach of a norm
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might be recognized as a breach and yet appraised favorably. Notwithstanding
the possible use of the experimental design sketched above to test hypotheses, it
is probably just as important for theory and practice to deepen the descriptive
research that can lead to more refined hypotheses, especially hypotheses that can
account for the difference between justifiable and unjustifiable breaches of
norms.
Practical Rationality and the Justifications for Breaches of Norms

The data that we collect from practitioners in response to breached
representations usually contains more than repairs of those breaches.
Practitioners not only recognize the presence of a norm when they repair its
breach, quite often they do so using discourse that commits a stance toward such
a breach. Those stances are not always negative; when these stances are positive,
practitioners may engage in a rather visible practical argument to justify an
action in spite of the norm against it. As part of the agenda to flesh out the
content of practical rationality we are interested in inventorying and accounting
for the dispositions used by practitioners to warrant actions that breach norms
(as well as those actions that comply with norms).

Sometimes, teachers’ responses to breaches of a norm may indict the
teacher for breaching a norm and justify it with an argument that explicates why
the norm exists. In the case presented above, the evidence we found suggests
that the norm of providing the given and the “prove” may be justified on the

grounds that it keeps students from making knowledge claims by relying on the
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looks of a diagram. Indeed the line between, on the one hand, assuming
something as given so as to start drawing necessary consequences from it and, on
the other hand, assuming something else as true while one is drawing those
consequences, may be blurry enough to justify keeping students from having to
manage it. One could represent this argument for a norm by adapting Toulmin’s
(1969; see also Inglis, Mejia-Ramos, & Simpson, 2007) argument layout, as shown

in Figure 4 (where instead of data and claim we use circumstances and action

respectively).
Modal qualifier
itis
appropriate
that
Circumstances Action
If a teacher wants
students to produce ‘ :::vtlg:z'::;

a proof about a

ﬁg ure

givens

Rebuttal condition

Backing

Figure 4. A practical argument using Toulmin’s layout.

The data also shows that teachers’ responses sometimes acknowledge the breach,
but rather than indicting the teacher for the breach they might justify it while
relaying whatever reasons they might have for that justification. In this sense, the

breaching experiments give access to other elements of the practical rationality of
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mathematics teaching. In the data shown above, one of the comments appeared

to justify the breach by elaborating on the grounds for exception noted above.

Backing

Warrant

Modal qualifier

The teacher
invites students
to identify
givens

Circumstances
Il a teacher wanls =
students to produce
a proof about &
figure

the teacher
provides the
givens

unless this is
a "lighter
conversation"

Rebuttal condition

Figure 5. A practical argument for and against an action using Toulmin’s layout.

The Norms and Obligations that Span Practical Rationality

From our work in the past five years, looking at the responses from teachers
to animations that represent breaches of situations in geometry and algebra, we
have built an initial model of this practical rationality. In this model, conceivable
moves by a teacher are justified or rebuffed on the basis of principles or warrants

that attest to the presence of two sets of regulatory elements. One of those sets of
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regulatory elements describes the roles the teacher is called to play in the
contract, the instructional situations, or in mathematical tasks. As noted above,
we call all of those norms: Some are norms of the contract (they regulate work
across the many objects of knowledge in a course of studies), while others are
norms of the instructional situation (they regulate work that is specific to an
object of knowledge). A third kind of norms, norms of the task (regulating how
the teacher supports the milieu for the students” mathematical task) is also part
of the model but is not discussed here (see Herbst, 2003; also Brousseau, 1997).
The other set of regulations, which we explicate below, includes the professional
obligations that tie an individual to the position of mathematics teacher, beyond
the specific demands of a particular contract, situation, or task.

In general, the first set of regulations for actions in teaching come from the
structure of the different ‘games’ the teacher and the student play with specific
content. The various norms that justify teachers’ actions respond to the
requirements of the role the teacher is called to play in the contract for a course of
studies, the situation that frames the different kinds of work that exchange for a
particular object of knowledge, and a specific mathematical task. But these norms
by themselves don’t explain why practitioners see some breaches of norms as
acceptable (see, for example, Nachlieli & Herbst, 2009; Herbst, Nachlieli, &
Chazan, 2011). The data that we have gathered shows not only that the norm
exists and what problems it would help solve, but also on what grounds it could

be breached. As we analyze the data from study groups that considered the
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many animations we created in ThEMaT, a more systematic way of accounting
for those warrants has become useful to us.

Both the presence of norms and the breaches of norms can be accounted for
by appeal to various professional obligations that we posit apply to the
mathematics teacher (to some extent these obligations may also apply to the
elementary teacher who teaches mathematics part of their time, but they likely
need to be adapted). We propose that four professional obligations can organize
the justifications (or refutations) that participants might give to actions that
depart from a situational (or contractual) norm. We call these four obligations
disciplinary, individual, interpersonal, and institutional (Herbst & Balacheff, 2009;
see also Ball, 1993).

The disciplinary obligation says that the mathematics teacher is obligated to
steward a valid representation of the discipline of mathematics. This may include
the obligation to steward representations of mathematical knowledge,
mathematical practices, and mathematical applications.

The individual obligation says that a teacher is obligated to attend to the well
being of the individual student. This may include being obligated to attend to
individual students’ identities and to their behavioral, cognitive, emotional, or
social needs.

The interpersonal obligation says that the teacher is obligated to share and

steward their medium of interaction with other human beings in the classroom.
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This may include attending to the needs and resources of shared discursive,
physical, and social spaces within shared time.

And the institutional (schooling) obligation says that the teacher is obligated to
observe various aspects of the schooling regime. These include attending to
school policies, calendars, schedules, examinations, curriculum, extra curricular
activities, and so on.

These obligations are not specific to a contract for a course of studies; they
describe equally the teacher of AP Calculus and the teacher of informal
geometry. They coalesce to justify contracts and their instructional situations;
and they may combine with norms of contract, situation, or task in order to
justify extraordinary actions. In general, combined with the norms of contracts,
situations, and tasks these obligations span the practical rationality of
mathematics teaching. The dispositions that compose practical rationality could
be accounted for as combinations of norms and obligations. One can then say
that the justifications for actions in teaching, either those actions that are usual or
those that are unusual but viable, can be found by combining norms of the
contract and situations that the teacher is enacting with obligations the teacher
has to the profession of mathematics teaching.

Within that rationality one can see specific contracts (high school geometry,
algebra I) and their instructional situations (doing proofs, solving equations) as
sociohistorical constructions that have persisted over time by complying in some

way with those obligations. To the extent that the obligations could contradict
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each other, it is quite an accomplishment for teaching to have been able to
develop stable contracts and situations over time (Herbst, 2002a).
Conclusion: Practical Rationality and Instructional Improvement

The theory of practical rationality is a way of accounting for existing, stable
practices. To the extent that our interest in improving practice stresses the need
for improvements to be responsible, incremental, and sustainable, it is
appropriate for us to try to understand what justifies the norms of stable
contracts and situations, even if we might want to modify or do away with some
of them: Understanding stable systems of practices as well as understanding how
those systems react to perturbations is fundamental for the design of new
practices. Indeed, since improved practices will need to subject themselves to
similar grounds for justification, practices that are close to those that are normal
in existing instructional situations (as gauged by how many norms of a situation
a practice breaches) may be easier to justify than others.

The theory also provides the means for the researcher to anticipate how
instruction may respond to new practices: A novel task such as “what is
something interesting that could be proved about the object in Figure 1” conjures
up by resemblance one or more instructional situations (e.g., “doing proofs” and
“exploration”) as possible frames for the work to be done. Models of those
situations provide the researcher with a baseline of norms that could be breached
as the work proceeds. Researchers can then use the obligations to anticipate what

kinds of reactions teachers may have to the enactment those breaches. This
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anticipation can be useful in examining the potential derailments in the
implementation of new practices in classrooms. That anticipation may also be
useful in the examination of teachers’ responses to assessments or development,
or their reactions to instructional interventions.

Thus the theory provides not only the basis for the design of probes for the
rationality of teaching (Herbst & Miyakawa, 2008) but also a framework for an
analysis of the reactions from participants. Combined with finer tools from
discourse analysis (e.g., Halliday & Matthiessen, 2004) teachers’ responses to
representations of breaching (but arguably valuable) instances of an instructional
situation can help us understand not only what justifies teaching as it exists
today but also whether and how proposed new practices could be justified in
ways that practitioners find compelling.

Along these lines, the theory also provides a framework for teacher
development. This framework puts a premium on the teachers’ noticing of
actions in teaching, their consideration of alternative actions, and the
consideration of justifications for those different actions. The various tools we
have created, which include not only the animations and the cartoon characters
but also software to create scenarios with them, software to annotate the

scenarios individually or in forums, and software to author online sessions?® that

3 A dedicated software tool enables teacher educators to create an agenda for users to
interact with representations of practice (e.g., videos, images), prompts and questions,
and tools for the user to interact with the media (e.g., annotating, marking moments, etc.)
and with each other.



Herbst & Chazan

use the materials, can be useful in implementing this development program.4 It is
important to note that at the core of these developments there is a theory of
teaching and its rationality that accounts for the teaching that is customarily seen
in classrooms: At its base the theory attempts to be descriptive and explanatory
rather than axiological or prescriptive. This is particularly visible in our
identification of the obligations: We posit the institutional obligation in all its
strength not necessarily out of advocacy for it but out of our recognition that
practitioners are obligated to it regardless of anybody’s feelings about it.

The theory does identify mechanisms for exploring empirically teaching that
might be conceivable and desirable: The notions of situation, norm, breach,
repair, and obligation can help examine a priori attempts to improve teaching
and examine a posteriori the data from implementation. In that sense, the theory
can support the piecemeal exploration of instructional improvement. The theory
is a basic theory of mathematics instruction, a basic account of the activity of
teaching mathematics in the school classroom—not an applied theory that
reduces that phenomenon to the psychology of individual teachers. The
psychology of mathematics teachers may still be useful to inform what enables
and motivates individual teachers to do things, but the logic of action in
mathematics teaching addressed by practical rationality may help us understand

why some of those actions can be responsible, viable, and sustainable.

* These tools and content, including examples of these learning experiences are available
at www.lessonsketch.org
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An important limitation of the theory in its current formulation is that it does
not quite incorporate an explicit account of learning® either by students or by
teachers. Indeed the theory described above represents instruction as composed
of stable patches of specific practices (contracts, situations, and tasks) and one
might conclude that the theory describes only how knowledge is used by
students and attested by teachers. Building on situated and socio-cultural
accounts of learning and practice (e.g., Engestrom, 1992; Wenger, 1999) we
contend that learning (by students and by the teacher) is accomplished in and
through their practice in contracts, situations, and tasks. Additionally, the notion
that contracts and situations can be breached by tasks that fall outside the norms
of a situation or a contract is key in describing how the teacher might promote
adaptive learning deliberately; and it has been foundational for Brousseau’s
(1997) theory of didactical situations. An explicit account of how this theory of
instructional practice interfaces or complements accounts of student and teacher

learning is needed and it remains a goal as we move ahead.

°> We appreciate Ron Tzur’s comment to this effect in the occasion of the first author’s
plenary lecture at the 2010 PME-NA Conference.
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Grossman and McDonald (2008) recently argued that the research community
needs to move its “attention beyond the cognitive demands of teaching ... to an
expanded view of teaching that focuses on teaching as a practice (p. 185).”
Building on the work of Bourdieu (Bourdieu and Wacquent, 1992; Bourdieu,
1985, 1998), Herbst and Chazan (2003, 2006) have written about mathematics
teaching as a practice, just as law and medicine are considered practices, in an
attempt to better understand the rationality that produces, regulates, and
sustains mathematics instruction. This practical rationality is the commonly held
system of dispositions or the “feel for the game” (Bourdieu, 1998, p. 25) that
influences practitioners as to those actions that are appropriate in the classroom.

It is practical rationality that:

not only enables practices to reproduce themselves over time as the

people who are the practitioners change, but also regulates how
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instances of the practice are produced and what makes them count

as instances. (Herbst and Chazan, 2003, p. 2)

To better understand the practice of mathematics teaching, whether to
improve it or communicate it to others, one must understand the practical
rationality that guides it. However, practical rationality often “erases its own
tracks” (Herbst and Chazan, 2003, p. 2) so that its practitioners come to view
these practices as being natural. This rationality provides the regulatory
framework that socializes its current and future practitioners into ways of
thinking and acting that conform to expectations. For that reason, it is important
to bring to the forefront a deliberate, conscious understanding of the rationality
that drives the practice of mathematics teaching.

While practical rationality allows for a certain amount of diversity in its
similarity, it is nevertheless given structure and cohesion by a complex system of
norms. The word “norms” is used here not in the sense of a “standard” or
something that is necessarily desirable, nor in the sense of an absolute
requirement, but rather to denote that which is customary, typical, commonplace
— behavior that passes without remark. Departures from a norm may occur, but
when they do they are usually remarked upon and justified, thereby
simultaneously confirming the norm and articulating the conditions under which
it may be breached. These norms, and the grounds to which practitioners appeal

to justify the norms and their breaches, provide the persistent continuity of the
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practice.

Although norms are held in common among practitioners, they are usually
not explicitly taught to novices. On the contrary, well before future teachers ever
enroll in education courses, they already have firmly-established ideas about
schools in general and mathematics instruction in particular (Ball, 1988a, 1988b).
Through an apprenticeship of observation, they develop deep-seated ideas about
mathematics and its teaching and learning (Lortie, 1975). These ideas often form
the foundation on which they will eventually build their own practice of

mathematics teaching (Millsaps, 2000; Skott, 2001).

A Look at Geometry

What do we know about the rationality that underpins geometry instruction?
Herbst and Brach (2006) draw our attention to the practice of geometry
instruction and provoke thought regarding the norms surrounding the teaching
of proof,? but what about other key components of geometry courses? For
example, definitions play a critical role in geometry. What norms exist for the
teaching of definitions in geometry? Is the norm for students to be presented
with finalized definitions? Under what conditions are students given
opportunities to create, reflect on, and compare definitions (de Villiers, 1998)?

What is normative in regards to the introduction and use of the diagrammatic

register (Weiss & Herbst, 2007) commonly encountered in geometry classes?

? Additional information on norms surround proving and proof is found at Herbst and Brach (2006).
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What rationality guides teachers’” and students” expectations in regard to the role
of perception in the reading of geometric diagrams? What norms influence the
teaching of subtle, yet key, concepts of geometry like existence and uniqueness?
Are students given impossible problems® as a means to discover existence? Are

students allowed to explore situations that demonstrate uniqueness?+

Mathematics: Teachers’ Beliefs and Practices

While many of the above questions are particular to geometry, others apply
to the many branches of mathematics. Is it normative to encourage students to
modify a problem (either to make it tractable, or to generate new avenues for
exploration), or to introduce their own assumptions when solving problems? Do
teachers commonly encourage students to pose their own problems? Do teachers
model or introduce strategies like Brown and Walters” (2004) “what-if-not”
strategy as a relatively simple means of generating new problems in their

teaching practice?>

3 Questions of existence (or non-existence) arise in a wide range of problems, such as: Can one form a
triangle with sides of lengths 2 cm, 3 cm and 10 cm? Can one locate a point in the interior of any polygon
that is equidistant from all of its vertices? Under what conditions can a circle be constructed tangent to two
intersecting lines at two specified points? This last problem is shown as a part of an instructional episode
modeled in the ThEMaT (Thought Experiments in Mathematics Teaching) animations found at
http:grip.umich.edu/themat.

* Questions of uniqueness in geometry likewise arise in a range of problems, such as: Given two sides of a
triangle and a non-included angle, how many different triangles can be constructed? Given any
parallelogram, is there a uniquely determined quadrilateral whose midpoints are the vertices of the given
parallelogram?

> For example of a what-if-not application, consider how a compass and straightedge are used to construct a
perpendicular bisector for a given line segment. Applying the “what-if-not” strategy could lead to the
following questions. What if you wanted to construct a bisector that was not perpendicular to the line
segment? How could you construct a perpendicular that did not bisect the segment?
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Unfortunately, a large number of teachers view mathematics “as a discipline
with a priori rules and procedures that ... students have to learn by rote”
(Handal, 2003, p. 54). For many teachers in the U.S. “knowing” mathematics is
taken to mean being efficient and skillful in performing rule-bound procedures
and manipulating symbols (Thompson, 1992). Ball (1988b), in her doctoral study
of preservice teachers’ ideas about the sources of mathematics and how
mathematics is justified, found that many of them viewed mathematics as a
mostly arbitrary collection of facts. While there are surely many factors that
influence teachers’ practices, it would be naive to assume that these and other
beliefs teachers hold do not play a significant role. As a consequence,
mathematics students often are “not expected to develop mathematical meanings
and they are not expected to use meanings in their thinking” (Thompson, 2008, p.

45).

Targeting the Disciplinary Obligation

Herbst and Balacheff (2009) have suggested four obligations of teachers that
frame their practical rationality. These obligations — which they refer to as the
disciplinary, individual, interpersonal, and institutional obligations — may be
invoked by teachers to justify normal instruction, but they also have the potential
to organize a departure from normative practice.

Of the four, we focus here on the disciplinary obligation — the obligation of

the teacher to faithfully represent the discipline of mathematics. We begin from
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the premise that if teachers come to a more textured and authentic view of
mathematics, this could lead to changes in what teachers deem as valid
representations of mathematics, in the mathematical tasks they assign students,
and in the ideas and attitudes they foster in students. Following Yackel and Cobb
(1996) we note that what is taken as
mathematically normative in a classroom is constrained by the current
goals, beliefs, suppositions, and assumptions of the classroom
participants. At the same time these goals and largely implicit
understandings are themselves influenced by what is legitimized as
acceptable mathematical activity. (p. 460)
This focus on the disciplinary obligation brings into focus the question of
what kind of work is “legitimized as acceptable mathematical activity” (in the
words of Yackel and Cobb)? How does it correspond to the kind of work that

mathematicians do?

Authentic Mathematical Practices

In Weiss, Herbst and Chen (2009) it was noted that, while the notion of
“authentic mathematics” is frequently invoked in the literature, nevertheless
“many of those who call for “authentic mathematics” (or who use similar words
or phrases, such as ‘genuine’ or ‘real’) in the classroom are actually talking about
different things” (p. 276). In particular, Weiss, Herbst and Chen identify four

distinct meanings of the slogan “authentic mathematics education”. Of particular
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interest to us here is the one they refer to as AMp, i.e. the call for the cultivation of
the practices that characterize the work of research mathematicians. Note,
however, that in acknowledging the polysemy of the phrase “authentic
mathematics” we allow for, and even anticipate, the possibility that these
multiple kinds of “authenticity” may come into conflict with one another.

Mathematicians, those whose goals are to generate new and refine existing
mathematical ideas and methods, are more than just proficient at mathematics.
While they demonstrate exactly those qualities and competencies that have been
identified by the National Research Council (2001) as goals of mathematics
learning (namely conceptual understanding, procedural fluency, strategic
competence, adaptive reasoning, and productive disposition), mathematicians
also demonstrate habits of “mathematical wondering” and an appreciation of
mathematics that extends past their professional careers into their personal lives.
They spend much of their time crafting new problems from existing ones, both
out of pragmatism (some problems are more tractable than others at a given
time) and out of curiosity.

In seeking to articulate the elements of the sensibility that characterizes
mathematicians’ practices, Weiss (2009) analyzed a collection of narratives
written by and about research mathematicians. This analysis reveals the
fundamentally generative nature of mathematical practice, in which problem
posing (asking fruitful and difficult questions of oneself and others) plays a role

just as important as problem solving. The result of Weiss” analysis is a partial
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model of the mathematical sensibility, consisting of 15 mathematical
dispositions, organized in 8 dialectical pairs (one disposition is its own dialectical
counterpart). Weiss refers to the first five of those dispositions as generative moves
by which a problem currently under consideration (whether solved or unsolved)
can spawn a number of related problems. The five generative moves are shown

in Fig. 1.

'
¥

(strengthen/weaken) hypothesis
generalize
consider converse

(strengthen/weaken) conclusion
specialize
consider converse

'y
Ir ]r

F
¥

Figure 1. Generative moves for problem posing taken from Weiss (2009), p. 81.

Authentic Mathematical Practice in the Work of Teachers

To what extent do the mathematical activities commonly seen in classrooms
reflect authentic mathematical work? Do current norms in mathematics
instruction promote either mathematical proficiency or curiosity? Does the
rationality that drives mathematics teaching help encourage an appreciation of
mathematics?

Herbst and Chazan (2011) has suggested that it is crucial that we recognize
how instruction typically works, understanding the practical rationality that
underpins teaching, if we are to design reforms that are viable and sustainable.
It is through incremental changes, which recognize current practice, that

permanent transformation is most likely to occur, but how might incremental
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changes be introduced? What form might such changes take?

The key role of problem posing in mathematics instruction has long been
recognized. Silver (1994) noted that problem posing is not only a prominent
feature of mathematical activity; it also features heavily in “inquiry-oriented
instruction” and can serve to create an environment in which students are more
engaged.

Here we describe briefly how the five generative moves for problem posing
(Fig. 1) could be relevant when describing the potential for secondary
mathematics education to include instances of “authentic mathematical work”.
Suppose a high school geometry class has been studying the properties of
triangles, and has found (either through empirical exploration, deductive proof,
or a combination of the two) that the three angle bisectors of any acute triangle
always intersect in a single point. The following scenarios show how
instructional interventions can change the direction of the task and have the
potential to depart from normative geometry instruction.t

e One possibility is that the teacher might ask, “Does it really matter

whether the triangle is acute or not?” Investigating this question could
lead the class to the conclusion that, in fact, the initial restriction to the

case of acute triangles was unnecessary, and that the conclusion obtains

® The end goal is not for the instructor to make such interventions, but that all classroom participants,
including students, begin to adopt this problem posing mindset.
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for all triangles — a case of weakening the hypothesis, the first generative
move in Fig. 1.

e Another possibility is that the teacher might encourage the class to seek to
strengthen the conclusion of what has been proven, for example by
providing additional properties that characterize the intersection point of
the three angle bisectors of a triangle such as offering, “Not only do they
intersect at a single point, but that point is the center of a circle that can be
inscribed in the triangle.”

e A third possibility is that the class might seek to generalize their findings,
for example by asking, “What happens if you construct the angle bisectors
of other polygons? Do they meet at a point, and if not, what do you get?”

e A fourth possibility is that the class might seek to specialize their findings,
for example by observing, “If you do this with an equilateral triangle, there
seems to be more than can be said about the resulting figure — for
example the point of intersection seems to equidistant from the three
corners of the triangle as well.”

e A class that has observed this last property might then consider the converse
question: “If the angle bisectors of a particular triangle meet at a point
that is equidistant from the three corners of the triangle, does that mean

that the triangle in question must be equilateral?”
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The examples above illustrate how the generative moves identified in Weiss
(2009) can be used to describe and promote the practice of wondering
mathematically about what is true, a core component of authentic mathematical
practice. More examples could be generated ad lib by iterating and recombining
these moves. For example, the generalization to the case of other polygons could
lead to a subsequent specialization to the case of quadrilaterals (which in turn
could be subsequently refined to the case of various “special quadrilaterals”).
The many variations on this “angle bisector problem” have played a key role in
the representations of mathematics teaching used by Herbst and his collaborators
as probes of geometry teachers’ practical rationality (see Aaron, 2010; Herbst &

Chazan, 2006; Weiss & Herbst, 2007; Weiss, 2009).

Authentic Mathematical Practice in Teacher Education

Many of the norms that characterize contemporary mathematics education
are at a great distance from authentic mathematical practice. Herbst and
Balacheff (2009) argue that an appeal to the disciplinary obligation can, in some
cases, provide grounds for departing from those norms. This, however, requires
that teachers hold a fuller and more nuanced view of authentic mathematical
practice. In this section we address the role of teacher education in cultivating
such a view.

Ball (1988b) identified a number of widespread views among preservice

teachers, including “Mathematics is a mostly arbitrary collection of facts,”
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“Doing mathematics means following set procedures,” and “Doing mathematics
means using remembered knowledge and working step-by-step” (pp. 104-108).
Her findings showed that preservice teachers predominantly view mathematics
as a “closed” field, one in which there are no new questions left to ask. When
asked to respond to the statements “Some problems in mathematics have no
answers” and “There are unsolved problems in mathematics”, the preservice
teachers in Ball's study expressed confusion. For them, “wondering
mathematically” simply does not exist as an activity.

The impact of these views of mathematical practice is significant. In a recent
study, Cross (2009) showed that teachers who understand mathematics to be
primarily about “formulas, procedures, and calculations” consistently defaulted
to an initiate-respond-evaluate pattern in their interactions with students. In
contrast, teachers who regard mathematics primarily as being about the “thought
processes and mental actions of the individual” were more likely to engage their
students in extended, continuous discourse (Cross, pp. 332-3). Cross concludes
that teachers who do not hold beliefs consonant with supporting “learner-
oriented classroom environments” should be engaged in programs intended to
transform their beliefs.

The responsibility for cultivating an awareness of authentic mathematical
practice in preservice teachers rests, by necessity, with teacher education.
Mathematics teacher educators “have the dual responsibility of preparing

teachers, both mathematically and pedagogically (Liljedahl, Chernoff, and Zazkis,
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2007, p. 239).” Although many colleges and universities preserve an institutional
separation between mathematics content courses and mathematics methods
courses, undergraduate mathematics courses should not be the only
opportunities for future teachers to develop a sense of and appreciation for
authentic mathematical work. Learning to wonder mathematically can, and
should, be a goal of teacher education courses. Experiences with mathematical
discovery have been shown to have a profound, transformative effect on future
teachers’ beliefs about the nature of mathematics and its teaching and learning
(Liljedahl, 2005). Mathematics teacher education should make the processes and
mechanisms of problem posing (including the generative moves of Table 1)
explicit, and draw attention to how they can be used to navigate productively
through open-ended problem spaces. Through engagement in, and explicit
attention to, such mathematical activities, teachers might come to view
mathematics differently. If they come to view mathematics differently, the
disciplinary obligation that partly frames their instruction could lead to changes
in what they deem valid representations of mathematics.

Besides implementing tasks that model authentic mathematical practice,
mathematics education classes could provide future teachers with exposure to
examples of the rich mathematical thinking that students are capable of and
often bring to the classroom. Mathematics education classes should also help
future teachers consider how to value and capitalize on students” wondering as

well as how to promote problem posing by and mathematical curiosity in their
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students. Future teachers need exposure to and interaction with representations
of classroom instruction (like case studies, videos, animations, etc.) that model
authentic mathematical practice. Ideally teacher educators should be able to
provide both actual and hypothetical episodes of instruction to show both what
is currently possible and being done as well as foreshadowing what might be
possible if current norms were questioned.

Mathematics educators could provide future (and also current) teachers
opportunities to witness episodes of instruction that depart from normative
practice but that exemplify authentic mathematical work. For teacher educators,
a direct encounter with teachers’ reactions to such breaches can help make visible
the (usually tacit) norms that guide the rationality of teaching. These encounters
have the potential to shape or transform teachers’ views of the nature of

mathematics and its teaching and learning.

Conclusions

The mathematics education community has a long history of efforts to
improve teaching, and yet teaching remains largely resilient in the face of reform.
One possible reason for this difficulty is that teacher education has struggled to
instill a mathematical sensibility in preservice teachers, many of whom have little
or no direct experience with authentic mathematical practice. A second possible
reason for this difficulty is that reform efforts often fail to consider the norms that

drive and sustain the practice of mathematics teaching as it exists currently. A
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strong case can be made for the use of practical rationality as a lens for viewing
both research and teacher education: if we are to design reforms that are viable
and sustainable, it is crucial to understand the practical rationality that
underpins teaching (Herbst & Chazan 2011).

It may be somewhat naive to expect that, simply by providing preservice
teachers with opportunities to experience authentic mathematical practice, we
will somehow transform them into a different kind of teacher, one who creates
opportunities for his or her own students to engage in such practices. On the
other hand, it seems to us unassailable that such preservice teacher education is a
necessary, even if not sufficient, condition for such an outcome. It is almost
impossible to imagine teachers engaging students in the processes of wondering
mathematically, when the teachers themselves have never experienced such
activity. Cultivating a richer vision of mathematics as a discipline may make it
possible (although by no means certain) that teachers can, in the future, appeal to

the disciplinary obligation as grounds for change.
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Introduction

In recent decades our global community has rapidly become a knowledge driven
society, one that is increasingly dependent on the distribution and exchange of
services and commodities (van Oers, 2009), and one that has become highly
inventive where creativity, imagination, and innovation are key players. At the
same time, the world has become governed by complex systems—financial
corporations, the World Wide Web, education and health systems, traffic jams,
and classrooms are just some of the complex systems we deal with on a regular
basis. For all citizens, an appreciation and understanding of the world as
interlocked complex systems is critical for making effective decisions about one’s
life as both an individual and as a community member (Bar-Yam, 2004; Jacobson
& Wilensky, 2006; Lesh, 2006).

Complexity —the study of systems of interconnected components whose
behavior cannot be explained solely by the properties of their parts but from the
behavior that arises from their interconnectedness—is a field that has led to
significant scientific methodological advances. With the proliferation of complex
systems have come new technologies for communication, collaboration, and
conceptualization. These technologies have led to significant changes in the
forms of mathematical thinking that are needed beyond the classroom. For
example, technology can ease the thinking needed in information storage,
representation, retrieval, and transformation, but places increased demands on

the complex thinking required for the interpretation of data and communication
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of results. Computational skills alone are inadequate here—the ability to
interpret, describe, and explain data and communicate results of data analyses is
essential (Hamilton, 2007; Lesh, 2007a; Lesh, Middleton, Caylor & Gupta, 2008).

The rapid increase in complex systems cannot be ignored in mathematics
education. Indeed, educational leaders from different walks of life are
emphasizing the importance of developing students’ abilities to deal with
complex systems for success beyond school. Such abilities include: constructing,
describing, explaining, manipulating, and predicting complex systems; working
on multi-phase and multi-component component projects in which planning,
monitoring, and communicating are critical for success; and adapting rapidly to
ever-evolving conceptual tools (or complex artifacts) and resources (Gainsburg,
2006; Lesh & Doerr, 2003; Lesh & Zawojewski, 2007).

In this article I first consider future-oriented learning and then address some
of the understandings and competencies needed for success beyond the
classroom, which I argue need to be incorporated within the mathematics
curriculum. A discussion on complex learners and complex learning, with

mathematical modeling as an example, is presented in the remaining section.

Future-oriented learning
Every advanced industrial country knows that falling behind in science and

mathematics means falling behind in commerce and property. (Brown, 2006).
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Many nations are highlighting the need for a renaissance in the mathematical
sciences as essential to the well-being of all citizens (e.g., Australian Academy of
Science, 2006, Pearce, Flavell, & Dao-Cheng, 2010; The National Academies,
2009). Indeed, the first recommendation of The National Academies’ Rising above
the Gathering Storm (2007) was to vastly improve K-12 science and mathematics
education. Likewise the Australian Academy of Science has indicated the need to
address the “critical nature” of the mathematical sciences in schools and
universities, especially given the unprecedented, worldwide demand for new
mathematical solutions to complex problems. In addressing such demands, the
Australian Academy emphasizes the importance of interdisciplinary research,
given that the mathematical sciences underpin many areas of society including
financial services, the arts, humanities, and social sciences.

The interdisciplinary nature of the mathematical sciences is further evident in
the rapid changes in the nature of the problem solving and reasoning needed
beyond the school years (Lesh, 2007b). Indeed, numerous researchers and
employer groups have expressed concerns that schools are not giving adequate
attention to the understandings and abilities that are needed for success beyond
school. For example, potential employees most in demand in the mathematical
sciences are those that can (a) interpret and work effectively with complex
systems, (b) function efficiently and communicate meaningfully within diverse
teams of specialists, (c) plan, monitor, and assess progress within complex, multi-

stage projects, and (d) adapt quickly to continually developing technologies
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(Lesh, 2008). Research indicates that such employees draw effectively on
interdisciplinary knowledge in solving problems and communicating their
findings. Furthermore, although such employees draw upon their school
learning, they do so in a flexible and creative manner, often generating or
reconstructing mathematical knowledge to suit the problem situation (unlike the
way in which they experienced mathematics in school; Gainsburg 2006;
Hamilton 2007; Zawojewski, Hjalmarson, Bowman, & Lesh, 2008). Indeed, such
employees might not even recognize the relationship between their school
mathematics and the mathematics they apply in solving problems in their daily
work activities. We thus need to rethink the nature of the mathematical learning
experiences we provide students, especially those experiences we classify as
“problem solving;” we also need to recognize the increased capabilities of
students in today’s era.

In his preface to the book, Foundations for the Future in Mathematics Education,
Lesh (2007b) pointed out that the kinds of mathematical understandings and
competencies that are targeted in textbooks and tests tend to “represent only a
shallow, narrow, and often non-central subset of those that are needed for
success when the relevant ideas should be useful in ‘real life” situations” (p. viii).
Lesh’s argument raises a number of issues, including;:

What kinds of understandings and competencies should be emphasized to

reduce the gap between the mathematics addressed in the classroom (and in

standardized testing), and the mathematics needed for success beyond the
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classroom?
How might we address the increasing complexity of learning and learners to
advance their mathematical understanding within and beyond the

classroom?

Understandings and competencies for success beyond the classroom

The advent of digital technologies changes the world of work for our students.
As Clayton (1999) and others (e.g., Hoyles, Noss, Kent, & Bakker, 2010; Jenkins,
Clinton, Purushotma, Robinson & Weigel, 2006; Lombardi & Lombardi, 2007;
Roschelle, Kaput, & Stroup, 2000) have stressed, the availability of increasingly
sophisticated technology has led to changes in the way mathematics is being
used in work place settings; these technological changes have led to both the
addition of new mathematical competencies and the elimination of existing
mathematical skills that were once part of the worker's toolkit.

Studies of the nature and role of mathematics used in the workplace and other
everyday settings (e.g., nursing, engineering, grocery shopping, dieting,
architecture, fish hatcheries) are important in helping us identify some of the key
understandings and competencies for the 21st century (e.g., de Abreu, 2008;
Gainsburg, 2006; Hoyles et al., 2010; Roth, 2005). A major finding of the 2002
report on workplace mathematics by Hoyles, Wolf, Molyneux-Hodgson and
Kent was that basic numeracy is being displaced as the minimum required

mathematical competence by an ability to apply a much wider range of
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mathematical concepts in using technological tools as part of working practice.
Although we cannot simply list a number of mathematical competencies and
assume these can be automatically applied to the workplace setting, there are
several that employers generally consider to be essential to productive outcomes
(e.g., Doerr & English, 2003; English, 2008; Gainsburg, 2006; Lesh & Zawojewski,
2007). In particular, the following are some of the core competencies that have
been identified as key elements of productive and innovative work place
practices (English, Jones, Bartolini Bussi, Lesh, Tirosh, & Sriraman, 2008; Hoyles
et al., 2010). I believe these competencies need to be embedded within our
mathematics curricula:

- Problem solving, including working collaboratively on complex problems
where planning, overseeing, moderating, and communicating are essential
elements for success;

- Applying numerical and algebraic reasoning in an efficient, flexible, and

creative manner;

Generating, analyzing, operating on, and transforming complex data sets;

- Applying an understanding of core ideas from ratio and proportion,
probability, rate, change, accumulation, continuity, and limit;

- Constructing, describing, explaining, manipulating, and predicting complex
systems;

- Thinking critically and being able to make sound judgments, including

being able to distinguish reliable from unreliable information sources;
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- Synthesizing, where an extended argument is followed across multiple
modalities;

- Engaging in research activity involving the investigation, discovery, and
dissemination of pertinent information in a credible manner;

- Flexibility in working across disciplines to generate innovative and effective
solutions.

- Techno-mathematical literacy (a “techno-mathematical literacy, where the
mathematics is expressed through technological artefacts.” Hoyles et al., 2010, p.

14).

Although a good deal of research has been conducted on the relationship
between the learning and application of mathematics in and out of the classroom
(e.g., de Abreu 2008, Nunes & Bryant 1996; Saxe 1991), we still know
comparatively little about students’” mathematical capabilities, especially
problem solving, beyond the classroom. We need further knowledge on why
students have difficulties in applying the mathematical concepts and abilities
(that they presumably have learned in school) outside of school—or in classes in
other disciplines.

A prevailing explanation for these difficulties is the context-specific nature of
learning and problem solving, that is, competencies that are learned in one
situation take on features of that situation; transferring them to a new problem

situation in a new context poses challenges (Lobato 2003). This suggests we need
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to reassess the nature of the typical mathematical problem-solving experiences
we give our students, with respect to the nature of the content and how it is
presented, the problem contexts and the extent of their real-world links, the
reasoning processes likely to be fostered, and the problem-solving tools that are
available to the learner (English & Sriraman, 2010). This reassessment is
especially needed, given that “problems themselves change as rapidly as the
professions and social structures in which they are embedded change”
(Hamilton, 2007, p. 2). The nature of learners and learning changes likewise.
With the increasing availability of technology and exposure to a range of
complex systems, children are different types of learners today, with a potential

for learning that cannot be underestimated.

Complex learners, complex learning

Winn (2006) warned of the “dangers of simplification” when researching the
complexity of learning, noting that learning is naturally confronted by three
forms of complexity—the complexity of the learner, the complexity of the
learning material, and the complexity of the learning environment (p. 237). We
cannot underestimate these complexities. In particular, we need to give greater
recognition to the complex learning that children are capable of—they have
greater learning potential than they are often given credit for by their teachers
and families (English, 2004; Lee & Ginsburg, 2007; Perry & Dockett, 2008; Curious

Minds, 2008). They have access to a range of powerful ideas and processes and
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can use these effectively to solve many of the mathematical problems they meet
in daily life. Yet their mathematical curiosity and talent appear to wane as they
progress through school, with current educational practice missing the goal of
cultivating students” capacities (National Research Council, 2005; Curious Minds,
2008). The words of Johan van Benthem and Robert Dijkgraaf, the initiators of
Curious Minds (2008), are worth quoting here:

What people say about children is: “They can’t do this yet.”

We turn it around and say: “Look, they can already do this.”

And maybe it should be: “They can still do this now.”

As Perry and Dockett (2008) noted, one of our main challenges here is to find
ways to utilize the powerful mathematical competencies developed in the early
years as a springboard for further mathematical power as students progress
through the grade levels. I offer three interrelated suggestions for addressing this
challenge:

1. Recognize that learning is based within contexts and environments that we,

as educators shape, rather than within children’s maturation (Lehrer &

Schauble, 2007).

2. Promote active processing rather than just static knowledge (Curious Minds,

2008).

3. Create learning activities that are of a high cognitive demand (Silver et al.,

2009).
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In the remainder of this paper I give brief consideration to these suggestions.
In doing so, I argue for fostering complex learning through activities that
encourage knowledge generation and active processing. While complex learning
can take many forms and involve numerous factors, there are four features that I
consider especially important in advancing students’ mathematical learning.

These appear in figure 1.

DN

Students construct Describe, explain,

important ideas compare, assess,
and processes justify

Use creations to Create multiple
make predictions representations
in format of
choice

/)

Figure 1. Key Features of Complex Learning

Research in the elementary and middle school indicates that, with carefully
designed and implemented learning experiences, we can capitalize on children’s

conceptual resources and bootstrap them towards advanced forms of reasoning
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not typically observed in the regular classroom (e.g., English & Watters, 2005;
Ginsburg, Cannon, Eisenband, & Pappas, 2006; Lehrer & Schauble, 2007). Most
research on young students’ mathematical learning has been restricted to an
analysis of their actual developmental level, which has failed to illuminate their
potential for learning under stimulating conditions that challenge their
thinking —“Research on children's current knowledge is not sufficient”
(Ginsburg et al., 2006, p.224). We need to redress this situation by exploring
effective ways of fashioning learning environments and experiences that
challenge and advance students’ mathematical reasoning and optimize their
mathematical understanding.

Recent research has argued for students to be exposed to learning situations in
which they are not given all of the required mathematical tools, but rather, are
required to create their own versions of the tools as they determine what is
needed (e.g.,, English & Sriraman, 2010; Hamilton, 2007; Lesh, Hamilton, &
Kaput, 2007). For example, long-standing perspectives on classroom problem
solving have treated it as an isolated topic, with problem-solving abilities
assumed to develop through the initial learning of basic concepts and procedures
that are then practised in solving word (“story”) problems. In solving such word
problems, students generally engage in a one- or two-step process of mapping
problem information onto arithmetic quantities and operations. These traditional
word problems restrict problem-solving contexts to those that often artificially

house and highlight the relevant concept (Hamilton, 2007). These problems thus
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preclude students from creating their own mathematical constructs. More
opportunities are needed for students to generate important concepts and
processes in their own mathematical learning as they solve thought-provoking,
authentic problems. Unfortunately, such opportunities appear scarce in many
classrooms, despite repeated calls over the years for engaging students in tasks
that promote high-level mathematical thinking and reasoning (e.g., Henningsen
& Stein, 1997; Silver et al., 2009; Stein & Lane, 1996).

Silver et al’s recent research (2009) analyzing portfolios of “showcase”
mathematics lessons submitted by teachers seeking certification of highly
accomplished teaching, showed that activities were not consistently intellectually
challenging across topics. About half of the teachers in the sample (N=32) failed
to include a single activity that was cognitively demanding, such as those that
call for reasoning about ideas, linking ideas, solving complex problems, and
explaining and justifying solutions. Furthermore, the teachers were more likely
to use cognitively demanding tasks for assessment purposes than for teaching to
develop student understanding. While Silver et al.’s research revealed positive
features of the teachers’ lessons, it also indicated that the use of cognitively
demanding tasks in promoting mathematical understanding needs systematic
attention.

Modeling Activities
One approach to promoting complex learning through intellectually

challenging tasks is mathematical modeling. Mathematical models and modeling
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have been interpreted variously in the literature (e.g., Romberg, Carpenter, &
Kwako, 2005, Gravemeijer, Cobb, Bowers, & Whitenack, 2000; English &
Sriraman, 2010; Greer, 1997; Lesh & Doerr, 2003). It is beyond the scope of this
paper to address these various interpretations, however, but the perspective of
Lesh and Doerr (e.g., Doerr & English, 2003; Lesh & Doerr, 2003) is frequently
adopted, that is, models are “systems of elements, operations, relationships, and
rules that can be used to describe, explain, or predict the behavior of some other
familiar system” (Doerr & English, 2003, p.112). From this perspective, modeling
problems are realistically complex situations where the problem solver engages
in mathematical thinking beyond the usual school experience and where the
products to be generated often include complex artifacts or conceptual tools that
are needed for some purpose, or to accomplish some goal (Lesh & Zawojewski,
2007).

In one such activity, the Water Shortage Problem, two classes of 11-year-old
students in Cyprus were presented with an interdisciplinary modeling activity
that was set within an engineering context (English & Mousoulides, in press). In
the Water Shortage Problem, constructed according to a number of design
principles, students are given background information on the water shortage in
Cyprus and are sent a letter from a client, the Ministry of Transportation, who
needs a means of (model for) selecting a country that can supply Cyprus with
water during the coming summer period. The letter asks students to develop

such a model using the data given, as well as the Web. The quantitative and
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qualitative data provided for each country include water supply per week, water
price, tanker capacity, and ports’ facilities. Students can also obtain data from the
Web about distance between countries, major ports in each country, and tanker
oil consumption. After students have developed their model, they write a letter
to the client detailing how their model selects the best country for supplying
water. An extension of this problem gives students the opportunity to review
their model and apply it to an expanded set of data. That is, students receive a
second letter from the client including data for two more countries and are asked
to test their model on the expanded data and improve their model, if needed.
Modeling problems of this nature provide students with opportunities to
repeatedly express, test, and refine or revise their current ways of thinking as
they endeavor to create a structurally significant product—structural in the sense
of generating powerful mathematical (and scientific) constructs. The problems
are designed so that multiple solutions of varying mathematical and scientific
sophistication are possible and students with a range of personal experiences and
knowledge can participate. The products students create are documented,
shareable, reusable, and modifiable models that provide teachers with a window
into their students’ conceptual understanding. Furthermore, these modeling
problems build communication (oral and written) and teamwork skills, both of

which are essential to success beyond the classroom.
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Concluding Points

The world’s increasing complexity, competitiveness, interconnectivity, and
dependence on technology generate new challenges for nations and individuals
that cannot be met by “continuing education as usual” (The National Academies,
2009). In this paper I have emphasized the need to incorporate future-oriented
understandings and competencies within the mathematics curriculum, through
intellectually stimulating activities that draw upon multidisciplinary content and
contexts. I have also argued for greater recognition of children’s learning
capabilities, as increasingly complex learners able to deal with cognitively
demanding tasks.

The need for more intellectually stimulating and challenging activities within
the mathematics curriculum has also been highlighted. It is worth citing the
words of Greer and Mukhopadhyay (2003) here, who commented that “the most
salient features of most documents that lay out a K-12 program for mathematics
education is that they make an intellectually exciting program boring,” a feature
they refer to as “intellectual child abuse” (p. 4). Clearly, we need to make the
mathematical experiences we include for our students more challenging,
authentic, and meaningful. Developing students” abilities to work creatively with
and generate mathematical knowledge, as distinct from working creatively on
tasks that provide the required knowledge (Bereiter & Scardamalia, 2006) is
especially important in preparing our students for success in a knowledge-based

economy. Furthermore, establishing collaborative, knowledge-building
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communities in the mathematics classroom is a significant and challenging goal

for the advancement of students” mathematical learning (Scardamalia, 2002).

References
Australian Academy of Science (2006). Critical skills for Australia’s future.

www.review.ms.unimelb.edu.au (accessed February, 2010).

Bar-Yam, Y. (2004). Making things work: Solving complex problems in a complex
world. NECI: Knowledge Press.

Bereiter, C., & Scardamalia, M. (2006). Education for the knowledge age: Design-
centered models of teaching and instruction. In P. A. Alexander, & P. H.

Winne (Eds.), Handbook of educational psychology (pp. 695-714). Mahwah, NJ:
Lawrence Erlbaum.

Brown, G. (March, 2006). UK Chancellor of the Exchequer, Budget Speech.

Clayton, M. (1999). What skills does mathematics education need to provide? In C.
Hoyles, C. Morgan, & G. Woodhouse (Eds.), Rethinking the mathematics
curriculum (pp. 22-28). London: Falmer Press.

Curious Minds (2008). The Hague: TalentenKracht.

de Abreu, G. (2008). From mathematics learning out-of-school to multicultural
classrooms (pp.352-384). In L. D. English (Ed.), Handbook of International

Research in Mathematics Education (2nd Ed.). New York: Routledge.



English

Doerr, H. M., & English, L. D. (2003). A modeling perspective on students’
mathematical reasoning about data. Journal for Research in Mathematics
Education, 34(2), 110-136.

English, L. D. (Ed.). (2004). Mathematical and Analogical Reasoning of Young
Learners. Mahwah, New Jersey: Lawrence Erlbaum Associates.

English, L. D. (2008). Setting an agenda for international research in mathematics
education. In L. D. English (E.D.) Handbook of international research in
mathematics education: Directions for the 21st century (2nd edn) (pp.3-19). New
York: Routledge.

English, L. D., Jones, G. A., Bartolini Bussi, M. G., Lesh, R., Sriraman, B., &
Tirosh, D. (2008). Moving forward in international mathematics education
research. In L. D. English (Ed.). Handbook of international research in
mathematics education: Directions for the 21st century (2nd edn). (pp. 872-905).
New York: Routledge.

English, L. D. & Mousoulides, N. (In press). Engineering-based modelling
experiences in the elementary classroom. In M. S. Khine, & I. M. Saleh (Eds.),
Dynamic modeling: Cognitive tool for scientific enquiry. Springer.

English, L. D., & Sriraman, B. (2010). Problem solving for the 21st century. In B.
Sriraman & L. D. English (Eds.), Theories of mathematics education: Seeking new
frontiers (pp. 263-285). Advances in Mathematics Education, Series: Springer.

English, L. D., & Watters, J. J. (2005). Mathematical modelling in third-grade

classrooms. Mathematics Education Research Journal, 16(3), 59-80.



TME, vol8, no.3, p .501

Gainsburg, J. (2006). The mathematical modeling of structural engineers.
Mathematical Thinking and Learning, 8(1), 3-36.

Ginsburg, H. P., Cannon, J., Eisenband, J. G., & Pappas, S. (2006). Mathematical
thinking and learning. In K. McCartney & D. Phillips (Eds.), Handbook of early
child development (pp.208-230). Oxford, England: Blackwell.

Gravemeijer, K., Cobb, P., Bowers, J., & Whitenack, J. (2000). Symbolizing,
modeling, and instructional design. In P. Cobb, E. Yackel, & K. McClain
(Eds.), Symbolizing and communicating in mathematics classrooms. Mahwah, NJ:
Lawrence Erlbaum.

Greer, B. (1997.) Modeling reality in mathematics classroom: The case of word
problems. Learning and Instruction, 7, 293-307.

Greer, B., & Mukhopadhyay, S. (2003). What is mathematics education for?
Mathematics Educator, 13(2), 2-6.

Hamilton, E. (2007). What changes are needed in the kind of problem solving
situations where mathematical thinking is needed beyond school? In R. Lesh,
E. Hamilton, & ]. Kaput (Eds.), Foundations for the Future in Mathematics
Education (pp. 1-6). Mahwah, NJ: Lawrence Erlbaum.

Henningsen, M., & Stein, M. K. (1997). Mathematical task and student cognition:
Classroom-based factors that support and inhibit high-level mathematical
thinking and reasoning. Journal for Research in Mathematics Education, 29, 514-

549.



English

Hoyles, C., Noss, R., Kent, P., & Bakker, A. (2010). Improving mathematics at work.
London: Routledge.

Hoyles, C., Wolf, A., Molyneux-Hodgson, S., & Kent, P. (2002). Mathematical skills
in the workplace. London: Science, Technology and Mathematics Council.
Retrieved May 24, 2006, from
http:/ /www.ioe.ac.uk/tlrp/technomaths/skills2002/

Jacobson, M., & Wilensky, U. (2006). Complex systems in education: Scientific
and educational importance and implications for the learning sciences. The
Journal of the Learning Sciences, 15(1), 11-34.

Jenkins, H., Clinton, K., Purushotma, R., Robinson, A. J., & Weigel, M. (2006).
Confronting the challenges of participatory culture: Media education for the 21st
century. Chicago: IL: MacArthur Foundation.

Lee, J. S, & Ginsburg, H. P. (2007). What is appropriate for mathematics
education for four-year-olds? Journal of Early Childhood Research, 5(1), 2-31.

Lehrer, R.,, & Schauble, L. (2007). Contrasting emerging conceptions of
distribution in contexts of error and natural variation. In M. C. Lovett & P.
Shah (Eds.), Thinking with data (pp. 149-176). NY: Taylor & Francis.

Lesh, R. (2006). Modeling students modeling abilities: The teaching and learning
of complex systems in education. The Journal of the Learning Sciences, 15(1), 45-

52.



TME, vol8, no.3, p .503

Lesh, R. (2007a).Preface: Foundations for the future in mathematics education. In
R. Lesh, E. Hamilton, & ]J. Kaput (Eds.), Foundations for the Future in
Mathematics Education (pp. vii-x). Mahwah, NJ: Lawrence Erlbaum.

Lesh, R. (2007b). What changes are occurring in the kind of elementary-but-
powerful mathematics concepts that provide new foundations for the future?
In R. Lesh, E. Hamilton, & ]. Kaput (Eds.), Foundations for the Future in
Mathematics Education (pp. 155-160). Mahwah, NJ: Lawrence Erlbaum.

Lesh, R. (2008). Directions for future research and development in engineering
education. In J. Zawojewski, H. A. Diefes-Dux, & K. Bowman, Models and
Modeling in Engineering Education: Designing Experiences for all Students.
Netherlands: Sense Publishers.

Lesh, R., & Doerr, H. (2003). Foundation of a models and modeling perspective
on mathematics teaching and learning. In R. A. Lesh & H. Doerr (Eds.),
Beyond constructivism: A models and modeling perspective on mathematics teaching,
learning, and problem solving (pp. 9-34). Mahwah, NJ: Erlbaum.

Lesh, R., Hamilton, E, & Kaput, ]J. (Eds.) (2007) Foundations for the Future in
Mathematics Education. Mahwah, NJ: Lawrence Erlbaum Associates.

Lesh, R. Middleton, J., Caylor, E., & Gupta, S. (2008). A science need: Designing
tasks to engage students in modeling complex data. Educational Studies in

Mathematics, 68(2), 113-130.



English

Lesh, R. & Zawojewski, J. S. (2007). Problem solving and modeling. In F. Lester
(Ed.). The Second Handbook of Research on Mathematics Teaching and Learning.
(pp. 763-804). Charlotte, NC: Information Age Publishing.

Lobato, J. (2003). How design experiments can inform a rethinking of transfer
and vice versa. Educational Researcher, 32(1), 17-20.

Lombardi, J., & Lombardi, M. M. (2007). Croquet learning space and collaborative
scalability. Paper presented at DLAC-II Symposium, June 11-14, Singapore.

National Research Council (2005). Mathematical and scientific development in
early childhood. Washington, DC.: National Academic Press.

Nunes, T., & Bryant, P. (1996). Children doing mathematics. Oxford: Blackwell.

Pearce, A., Flavell, K., & Dao-Cheng, N. (2010). Scoping our future: Addressing
Australia’s engineering skills shortage. Australian National Engineering
Taskforce.

Perry, B., & Dockett, S. (2008). Young children's access to powerful mathematical
ideas. In L. D. English (Ed.), Handbook of international research in mathematics
education, 2nd edn (pp. 75-108). NY: Routledge.

Romberg, T. A., Carpenter, T. P., & Kwako, J. (2005). Standards-based reform and
teaching for understanding. In T. A. Romberg, T. P. Carpenter, & F. Dremock
(Eds.), Understanding mathematics and science matters. Mahwah, NJ: Lawrence

Erlbaum Associates.



TME, vol8, no.3, p .505

Roschelle, J., Kaput, J., & Stroup, W. (2000). SimCalc: Accelerating students’
engagement with the mathematics of change. In M. J. Jacobson & R. B. Kozma
(Eds.), Innovations in science and mathematics education (pp. 47-76). Mahwah, NJ:
Lawrence Erlbaum.

Roth, W-M. (2005). Mathematical inscriptions and the reflexive elaboration of
understanding: An ethnography of graphing and numeracy in a fish hatchery.
Mathematical Thinking and Learning, 7, 75-110.

Saxe, G. (1991). Culture and cognitive development: Studies in mathematical
understanding. Hillsdale, NJ: Lawrence Erlbaum.

Scardamalia, M. (2002). Collective cognitive responsibility for the advancement
of knowledge. In B. Smith (Ed.), Liberal education in a knowledge society (pp.
67-98). Chicago: Open Court.

Silver, E. A., Mesa, V. M., Morris, K. A., Star, J. R, & Benken, B. M. (2009).
Teaching Mathematics for understanding: An analysis of lessons submitted
by teachers seeking NBPTS certification. American Educational Research Journal,
46(2), 501-531.

Stein, M. K., & Lane, S. (1996). Instructional tasks and the development of
student capacity to think and reason: An analysis of the relationship between
teaching and learning in a reform mathematics project. Educational Research

and Evaluation, 2(1), 50-80.



English

The National Academies (2007). Rising above the storm: Energizing and employing
America for a brighter economic future. www,national-academies.org (accessed
2/24/2010).

The National Academies (2009). Rising above the gathering storm: Two years later.

http:/ /www.nap.edu/catalog/12537 . html (accessed 2/24/2010).

van Oers, B. (2009). Emergent mathematical thinking in the context of play.
Educational Studies of Mathematics

Winn, W. (2006). System theoretic designs fro researching complex events. In J.
Elen & R. Clark (Eds.), Handling complexity in learning environments: Theory and
research (pp. 238-2540. Elesvier.

Zawojewski, J., Hjalmarson, J. S.,, Bowman, K., & Lesh, R. (2008). A modeling
perspective on learning and teaching in engineering education. In J.
Zawojewski, H. Diefes-Dux, & K. Bowman (Eds.), Models and modeling in
engineering education: Designing experiences for all students (pp. 1-16)..

Rotterdam: Sense Publications.



TME, vol8, no.3, p .507

Conceptualizations and Issues Related to Learning Progressions,
Learning Trajectories, and Levels of Sophistication!
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Abstract: In this paper the nature of learning progressions and related concepts are
discussed. The notions of learning progressions and learning trajectories are
conceptualized and their usage is illustrated with the help of examples. In particular the
nuances of instructional interventions utilizing these concepts are also discussed with
implications for the teaching and learning of mathematics.

Keywords: Learning progressions; Learning trajectories; teaching; Instructional
interventions

Learning progressions (LP) are playing an increasingly important role in
mathematics and science education (NRC, 2001, 2007; Smith, Wiser, Anderson, &
Krajcik, 2006). They are strongly suggested for use in assessment, standards, and
teaching. In this article, I discuss the nature of learning progressions and related
concepts in mathematics education, and I illustrate issues in their construction
and use. I emphasize the different ways that LP and related constructs represent

learning for teaching. Finally, I illustrate the need that teachers have for LP.
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Definitions and Constructs

According to the National Research Council, “Learning progressions are
descriptions of the successively more sophisticated ways of thinking about a
topic that can follow one another as children learn about and investigate a topic”
(2007, p. 214). A similar description of learning progressions is given by Smith et
al. who define a learning progression “as a sequence of successively more
complex ways of thinking about an idea that might reasonably follow one
another in a student’s learning” (2006, pp. 5-6). Unlike Piaget's stages, but
similar to van Hiele's levels?, it is assumed that progress through learning
progressions is 'not developmentally inevitable" but depends on instruction
(Smith et al., 2006).
Common Characteristics of the LP Construct

In the research literature, descriptions of the LP construct possess both
differences and similarities. The characteristics that seem most common to
different views of learning progressions are as follows:

e LP "are based on research syntheses and conceptual analyses” (Smith et
al.,, 2006, p. 1); "Learning progressions should make systematic use of
current research on children’s learning " (NRC, 2007, p. 219).

e LP "are anchored on one end by what is known about the concepts and

reasoning of students. ... At the other end, learning progressions are

3 . . . . .
Because many of my examples refer to the van Hiele levels, | have included a very brief synopsis of the levels in
Appendix 1.
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anchored by societal expectations. ... [LP also] propose the intermediate
understandings between these anchor points that ... contribute to
building a more mature understanding" (NRC, 2007, p. 220).

e LP focus on core ideas, conceptual knowledge, and connected procedural
knowledge, not just skills. LP organize "conceptual knowledge around
core ideas" (NRC, 2007, p. 220). LP "Suggest how well-grounded
conceptual understanding can develop" (NRC, 2007, p. 219).

e LP "recognize that all students will follow not one general sequence, but
multiple (often interacting) sequences" (NRC, 2007, p. 220).

Differences in LP Construct

There are several differences in how the learning progressions construct is

used in the literature.

e LP differ in the time spans they describe. Some progressions describe the
development of students' thinking over a span of years; others describe
the progression of thinking through a particular topic or instructional
unit.

e LP differ in the grain size of their descriptions. Some are appropriate for
describing minute-to-minute changes in students' development of
thought, while others better describe more global progressions through

school curricula.



Battista

LP differ in the audience for which they are written. Some LP are written
for researchers, some for standards writers, some for assessment
developers (formative and summative), and some for teachers.

LP differ in the research foundation on which they are built. Some LP are
syntheses of extant research; some synthesize extant research then
perform additional research that elaborates the syntheses (the additional
research may be cross-sectional or longitudinal).

LP differ in how they describe student learning. Some focus on
numerically '"measuring" student progress, while others focus on
describing the nature or categories of students' cognitive structures and

reasoning.

Learning Trajectories

Another important construct that is similar to, different from, and

importantly related to, learning progressions is that of a "learning trajectory+." I

define a learning trajectory as a detailed description of the sequence of thoughts,

ways of reasoning, and strategies that a student employs while involved in

learning a topic, including specification of how the student deals with all

instructional tasks and social interactions during this sequence. There are two

types of learning trajectories, hypothetical and actual. Simon (1995) proposed

that a "hypothetical learning trajectory is made up of three components: the

4 Although some people use the terms "learning progression" and "learning trajectory” similarly, I think it
is extremely useful to carefully distinguish learning progressions and learning trajectories.
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learning goal..., the learning activities, and the hypothetical learning process —a
prediction of how the students' thinking and understanding will evolve in the
context of the learning activities" (p. 136). In contrast, descriptions of actual
learning trajectories can be specified only during and after a student has
progressed through such a learning path. Simon states that an "actual learning
trajectory is not knowable in advance" (p. 135). Steffe described an actual
learning trajectory as "a model of [children's] initial concepts and operations, an
account of the observable changes in those concepts and operations as a result of
the children's interactive mathematical activity in the situations of learning, and
an account of the mathematical interactions that were involved in the changes.
Such a learning trajectory of children is constructed during and after the
experience in intensively interacting with children" (2004, p. 131).

Clements and Sarama's (2004) "conceptualize learning trajectories as
descriptions of children's thinking and learning in a specific mathematical
domain and a related, conjectured route through a set of instructional tasks
designed to engender those mental processes or actions hypothesized to move
children through a development